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CHAPTER 1 Unit 1: Introduction to
Trigonometric Functions

Chapter Outline
1.1 RELATIONSHIPS OF SIDES IN 30-60-90 RIGHT TRIANGLES

1.2 RIGHT TRIANGLE TRIGONOMETRY

1.3 INTRODUCTION TO ANGLES OF ROTATION, COTERMINAL ANGLES, AND REF-
ERENCE ANGLES

1.4 COTERMINAL ANGLES

1.5 ANGLES OF ROTATION IN STANDARD POSITIONS

1.6 ANGLES IN RADIANS AND DEGREES

1.7 CONVERSION BETWEEN DEGREES AND RADIANS

1.8 LENGTH OF AN ARC

1.9 INTRODUCTION TO THE UNIT CIRCLE AND RADIAN MEASURE

1.10 TRIGONOMETRIC RATIOS ON THE UNIT CIRCLE

1.11 AMPLITUDE AND PERIOD
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1.14 GRAPHING SINE AND COSINE
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1.1 Relationships of Sides in 30-60-90 Right
Triangles

Here you’ll learn what a 30-60-90 triangle is, the relationship between the lengths of the sides, and how to find the
length of an unknown side.

You are working on a project in your Industrial Arts class. You have been instructed to design a building. You have
a plastic triangular piece that helps you with straight edges and designs. This triangle has interior angles of 30◦, 60◦,
and 90◦. Laying the triangle flat on the paper, you decide to use it to help you with the right angle at the building’s
base.

You trace out the bottom and left edge of the triangle on the paper to serve as the side and bottom of the structure.
Looking at the length of the base of the building, you see that it is 7 inches long. Can you determine what the height
of the building is from this information?

30-60-90 Right Triangles

30−60−90 refers to each of the angles in this special right triangle.

2
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/176400

To understand the ratios of the sides, start with an equilateral triangle with an altitude drawn from one vertex.

Recall from geometry that an altitude, h, cuts the opposite side directly in half. So we know that one side, the
hypotenuse, is 2s and the shortest leg is s. Also, recall that the altitude is a perpendicular and angle bisector, which
is why the angle at the top is split in half. To find the length of the longer leg, use the Pythagorean Theorem:

s2 +h2 = (2s)2

s2 +h2 = 4s2

h2 = 3s2

h = s
√

3

From this we can conclude that the length of the longer leg is the length of the short leg multiplied by
√

3 or s
√

3.
Just like the isosceles right triangle, we now only need one side in order to determine the other two in a 30−60−90
triangle. The ratio of the three sides is written x : x

√
3 : 2x, where x is the shortest leg, x

√
3 is the longer leg and 2x

is the hypotenuse.

Notice, that the shortest side is always opposite the smallest angle and the longest side is always opposite 90◦.

3
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Find the lengths of the missing side of the triangle.

Find the lengths of the two missing sides in the 30−60−90 triangle.

Determine which side in the 30−60−90 ratio is given and solve for the other two.

4
√

3 is the longer leg because it is opposite the 60◦. So, in the x : x
√

3 : 2x ratio, 4
√

3 = x
√

3, therefore x = 4 and
2x = 8. The short leg is 4 and the hypotenuse is 8.

Find the lengths of the two missing sides in the

Determine which side in the 30−60−90 ratio is given and solve for the other two.

17 is the hypotenuse because it is opposite the right angle. In the x : x
√

3 : 2x ratio, 17 = 2x and so the short leg is
17
2 and the long leg is 17

√
3

2 .

Find the lengths of the two missing sides in the

Determine which side in the 30−60−90 ratio is given and solve for the other two.

15 is the long leg because it is opposite the 60◦. Even though 15 does not have a radical after it, we can still set it
equal to x

√
3.

4
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x
√

3 = 15

x =
15√

3
·
√

3√
3
=

15
√

3
3

= 5
√

3 So, the short leg is 5
√

3.

Multiplying 5
√

3 by 2, we get the hypotenuse length, which is 10
√

3.

Examples

Example 1

Earlier, you were asked to design a building.

Since you know the ratios of sides of a 30-60-90 triangle, you know that since the bottom side has a length of 7 cm,
the left side must have a length of 7

√
3≈ 12.12 cm.

Example 2

Find the lengths of the two missing sides in the 30−60−90 triangle.

Since the given side has a length of 8 and is the side which is opposite the right angle, we know that this is the "2x"
side of the triangle. Therefore, the short side of the triangle is 8

2 = 4 and the third side of the triangle is 4
√

3.

Example 3

Find the lengths of the two missing sides in the 30-60-90 triangle below.

5
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We can see that the shortest side of the triangle has a length of 3 while the longest side has a length of 6 and the other
side has a length of 3

√
3. This means that the 30◦ angle is opposite the side with length 3, the 60◦ angle is opposite

the side with length 3
√

3, and the 90◦ angle is opposite the side with length 6.

Example 4

Find the angles in the 30−60−90 triangle.

6
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The length of the given side is 3
√

3, and is opposite the 60◦ angle. This means that the side opposite the 30◦ angle
is 3, and the length of the side opposite the 90◦ angle is 6

Review

1. In a 30-60-90 triangle, if the shorter leg is 8, then the longer leg is __________ and the hypotenuse is _____-
______.

2. In a 30-60-90 triangle, if the shorter leg is 12, then the longer leg is __________ and the hypotenuse is
___________.

3. In a 30-60-90 triangle, if the longer leg is 10, then the shorter leg is __________ and the hypotenuse is
___________.

4. In a 30-60-90 triangle, if the shorter leg is 16, then the longer leg is __________ and the hypotenuse is
___________.

5. In a 30-60-90 triangle, if the longer leg is 3, then the shorter leg is __________ and the hypotenuse is _____-
______.

6. In a 30-60-90 triangle, if the shorter leg is x, then the longer leg is __________ and the hypotenuse is _____-
______.

7. In a 30-60-90 triangle, if the longer leg is x, then the shorter leg is __________ and the hypotenuse is _____-
______.

8. A rectangle has sides of length 7 and 7
√

3. What is the length of the diagonal?
9. Two (opposite) sides of a rectangle are 15 and the diagonal is 30. What is the length of the other two sides?

10. What is the height of an equilateral triangle with sides of length 6 in?
11. What is the area of an equilateral triangle with sides of length 10 ft?
12. A regular hexagon has sides of length 3 in. What is the area of the hexagon?
13. The area of an equilateral triangle is 36

√
3. What is the length of a side?

14. If a road has a grade of 30◦, this means that its angle of elevation is 30◦. If you travel 3 miles on this road,
how much elevation have you gained in feet (5280 ft = 1 mile)?

7
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15. If a road has a grade of 30◦, this means that its angle of elevation is 30◦. If you travel x miles on this road,
how much elevation have you gained in feet (5280 ft = 1 mile)?

Review (Answers)

To see the Review answers, open this PDF file and look for section 1.6.
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1.2 Right Triangle Trigonometry

Here you will learn the six right triangle ratios and how to use them to completely solve for the missing sides and
angles of any right triangle.

Trigonometry is the study of triangles. If you know the angles of a triangle and one side length, you can use the
properties of similar triangles and proportions to completely solve for the missing sides.

Imagine trying to measure the height of a flag pole. It would be very difficult to measure vertically because it could
be several stories tall. Instead walk 10 feet away and notice that the flag pole makes a 65 degree angle with your
feet. Using this information, what is the height of the flag pole?

Trigonometric Functions

The six trigonometric functions are sine, cosine, tangent, cotangent, secant and cosecant. Opp stands for the side
opposite of the angle θ, hyp stands for hypotenuse and adj stands for side adjacent to the angle θ.

sinθ = opp
hyp

cosθ = ad j
hyp

tanθ = opp
ad j

cotθ = ad j
opp

secθ = hyp
ad j

cscθ = hyp
opp

The reason why these trigonometric functions exist is because two triangles with the same interior angles will have
side lengths that are always proportional. Trigonometric functions are used by identifying two known pieces of
information on a triangle and one unknown, setting up and solving for the unknown. Calculators are important
because the operations of sin, cos and tan are already programmed in. The other three (cot, sec and csc) are not
usually in calculators because there is a reciprocal relationship between them and tan, cos and sec.

sinθ = opp
hyp = 1

cscθ

cosθ = ad j
hyp = 1

secθ

tanθ = opp
ad j =

1
cotθ

9
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Keep in mind that your calculator can be in degree mode or radian mode. Be sure you can toggle back and forth so
that you are always in the appropriate units for each problem.

Note that the images throughout this concept are not drawn to scale. If you were given the following triangle and
asked to solve for side b, you would use sine to find b.

sin
(

2π

7

)
=

b
14

b = 14 · sin
(

2π

7

)
≈ 10.9 in

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/58116

Examples

Example 1

Earlier, you were asked about the height of a flagpole that you are 10 feet away from. You notice that the flag pole
makes a 65◦ angle with your feet.

If you are 10 feet from the base of a flagpole and assume that the flagpole makes a 90◦ angle with the ground, you
can use the following triangle to model the situation.
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tan65◦ =
x

10
x = 10tan65◦ ≈ 30.8 f t

Example 2

Solve for angle A.

This problem can be solved using sin, cos or tan because the opposite, adjacent and hypotenuse lengths are all given.

The argument of a sin function is always an angle. The arcsin or sin−1
θ function on the calculator on the other hand

has an argument that is a side ratio. It is useful for finding angles that have that side ratio.

sinA =
5
13

A = sin−1
(

5
13

)
≈ 0.39 radian≈ 22.6◦

Example 3

Given a right triangle with a = 12 in, m6 B = 20◦, and m6 C = 90◦, find the length of the hypotenuse.

11
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cos20◦ =
12
c

c =
12

cos20◦
≈ 12.77 in

Example 4

Given4ABC where B is a right angle, m6 C = 18◦, and c = 12. What is a?

Drawing out this triangle, it looks like:

tan18◦ =
12
a

a =
12

tan18◦
≈ 36.9

Example 5

Given4MNO where O is a right angle, m = 12, and n = 14. What is the measure of angle M?

Drawing out the triangle, it looks like:

12
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tanM =
12
14

M = tan−1
(

12
14

)
≈ 0.7 radian≈ 40.6◦

Review

For 1-15, information about the sides and/or angles of right triangle ABC is given. Completely solve the triangle
(find all missing sides and angles) to 1 decimal place.

TABLE 1.1:

Problem
Number

A B C a b c

1. 90◦ 4 7
2. 90◦ 37◦ 18
3. 90◦ 15◦ 32
4. 90◦ 6 11
5. 90◦ 12◦ 19
6. 90◦ 17 10
7. 90◦ 10◦ 2
8. 4◦ 90◦ 0.3
9. π

2 radian 1 radian 15
10. π

2 radian 12 15
11. π

2 radian 9 14
12. π

4 radian π

4 radian 5
13. π

2 radian 26 13
14. π

2 radian 19 16
15. π

2 radian 10 10
√

2

Review (Answers)

To see the Review answers, open this PDF file and look for section 4.4.
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1.3 Introduction to Angles of Rotation, Coter-
minal Angles, and Reference Angles

In which quadrant does the terminal side of the angle −500◦ lies and what is the reference angle for this angle?

Angles of Rotation

Angles of rotation are formed in the coordinate plane between the positive x-axis (initial side) and a ray (terminal
side). Positive angle measures represent a counterclockwise rotation while negative angles indicate a clockwise
rotation.

Since the x and y axes are perpendicular, each axis then represents an increment of ninety degrees of rotation. The
diagrams below show a variety of angles formed by rotating a ray through the quadrants of the coordinate plane.

An angle of rotation can be described infinitely many ways. It can be described by a positive or negative angle of
rotation or by making multiple full circle rotations through 360◦. The example below illustrates this concept.

14
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For the angle 525◦, an entire 360◦ rotation is made and then we keep going another 165◦ to 525◦. Therefore, the
resulting angle is equivalent to 525◦−360◦, or 165◦. In other words, the terminal side is in the same location as the
terminal side for a 165◦ angle. If we subtract 360◦ again, we get a negative angle, −195◦. Since they all share the
same terminal side, they are called coterminal angles.

Solve the following problem

Determine two coterminal angles to 837◦, one positive and one negative.

To find coterminal angles we simply add or subtract 360◦ multiple times to get the angles we desire. 837◦−360◦ =
477◦, so we have a positive coterminal angle. Now we can subtract 360◦ again to get 477◦−360◦ = 117◦.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/182864

Reference Angle

A reference angle is the acute angle between the terminal side of an angle and the x - axis. The diagram below
shows the reference angles for terminal sides of angles in each of the four quadrants.

Note: A reference angle is never determined by the angle between the terminal side and the y - axis. This is a
common error for students, especially when the terminal side appears to be closer to the y - axis than the x - axis.
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Solve the following problems

Determine the quadrant in which −745◦ lies and hence determine the reference angle.

Since our angle is more than one rotation, we need to add 360◦ until we get an angle whose absolute value is less
than 360◦: −745◦+360◦ =−385◦, again −385◦+360◦ =−25◦.

Now we can plot the angle and determine the reference angle:

Note that the reference angle is positive 25◦. All reference angles will be positive as they are acute angles (between
0◦ and 90◦).

Give two coterminal angles to 595◦, one positive and one negative, find the reference angle.

To find the coterminal angles we can add/subtract 360◦. In this case, our angle is greater than 360◦ so it makes sense
to subtract 360◦ to get a positive coterminal angle: 595◦−360◦ = 235◦. Now subtract again to get a negative angle:

16

http://www.ck12.org


www.ck12.org Chapter 1. Unit 1: Introduction to Trigonometric Functions

235◦−360◦ =−125◦.

By plotting any of these angles we can see that the terminal side lies in the third quadrant as shown.

Since the terminal side lies in the third quadrant, we need to find the angle between 180◦ and 235◦, so 235◦−180◦ =
55◦.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/182865

Examples

Example 1

Earlier, you were asked what is the reference angle.

Since our angle is more than one rotation, we need to add 360◦ until we get an angle whose absolute value is less
than 360◦: −500◦+360◦ =−200◦.

If we plot this angle we see that it is −200◦ clockwise from the origin or 160◦ counterclockwise. 160◦ lies in the
second quadrant.

Now determine the reference angle: 180◦−160◦ = 20◦.

Example 2

Find two coterminal angles to 138◦, one positive and one negative.

138◦+360◦ = 498◦ and 138◦−360◦ =−222◦
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Example 3

Find the reference angle for 895◦.

895◦−360◦ = 535◦,535◦−360◦ = 175◦. The terminal side lies in the second quadrant, so we need to determine the
angle between 175◦ and 180◦, which is 5◦.

Example 4

Find the reference angle for 343◦.

343◦ is in the fourth quadrant so we need to find the angle between 343◦ and 360◦ which is 17◦.

Review

Find two coterminal angles to each angle measure, one positive and one negative.

1. −98◦

2. 475◦

3. −210◦

4. 47◦

5. −1022◦

6. 354◦

7. −7◦

Determine the quadrant in which the terminal side lies and find the reference angle for each of the following angles.

8. 102◦

9. −400◦

10. 1307◦

11. −820◦

12. 304◦

13. 251◦

14. −348◦

15. Explain why the reference angle for an angle between 0◦ and 90◦ is equal to itself.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.5.
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1.4 Coterminal Angles

Here you’ll learn how to identify coterminal angles.

While playing a game with friends, you use a spinner that looks like this:

As you can see, the angle that the spinner makes with the horizontal is 60◦. Is it possible to represent the angle any
other way?

Coterminal Angles

Consider the angle 30◦, in standard position.
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Now consider the angle 390◦. We can think of this angle as a full rotation (360◦), plus an additional 30 degrees.

Notice that 390◦ looks the same as 30◦. Formally, we say that the angles share the same terminal side. Therefore we
call the angles co-terminal. Not only are these two angles co-terminal, but there are infinitely many angles that are
co-terminal with these two angles. For example, if we rotate another 360◦, we get the angle 750◦. Or, if we create
the angle in the negative direction (clockwise), we get the angle −330◦. Because we can rotate in either direction,
and we can rotate as many times as we want, we can continuously generate angles that are co-terminal with 30◦.

20
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/176397

Is the following angle co-terminal with

−45◦

No, it is not co-terminal with 45◦

Is the following angle co-terminal with

405◦ Yes, 405◦ is co-terminal with 45◦.

Is the following angle co-terminal with

−315◦

Yes, −315◦ is co-terminal with 45◦.

Examples

Example 1

Earlier, you were asked if it is possible to represent the angle any other way.

You can either think of 60◦ as 420◦ if you rotate all the way around the circle once and continue the rotation to where
the spinner has stopped, or as −300◦ if you rotate clockwise around the circle instead of counterclockwise to where
the spinner has stopped.

Example 2

Find a coterminal angle to 23◦

A coterminal angle would be an angle that is at the same terminal place as 23◦ but has a different value. In this case,
−337◦ is a coterminal angle.

Example 3

Find a coterminal angle to −90◦
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A coterminal angle would be an angle that is at the same terminal place as −90◦ but has a different value. In this
case, 270◦ is a coterminal angle.

Example 4

Find two coterminal angles to 70◦ by rotating in the positive direction around the circle.

Rotating once around the circle gives a coterminal angle of 430◦. Rotating again around the circle gives a coterminal
angle of 790◦.

Review

1. Is 315◦ co-terminal with −45◦?
2. Is 90◦ co-terminal with −90◦?
3. Is 350◦ co-terminal with −370◦?
4. Is 15◦ co-terminal with 1095◦?
5. Is 85◦ co-terminal with 1880◦?

For each diagram, name the angle in 3 ways. At least one way should use negative degrees.

6.

7.

8.
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9.

10.
11. Name the angle of the 8 on a standard clock two different ways.
12. Name the angle of the 11 on a standard clock two different ways.
13. Name the angle of the 4 on a standard clock two different ways.
14. Explain how to determine whether or not two angles are co-terminal.
15. How many rotations is 4680◦?

Review (Answers)

To see the Review answers, open this PDF file and look for section 1.16.
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1.5 Angles of Rotation in Standard Positions

Here you’ll learn how to express angles of rotation.

While playing a game with friends, you are using a spinner. You know that the best number to land on is 7. The
spinner looks like this:

Can you determine how to represent the angle of the spinner if it lands on the 7?

Angles of Rotation in Standard Positions

Consider our game that is played with a spinner. When you spin the spinner, how far has it gone? You can answer
this question in several ways. You could say something like “the spinner spun around 3 times.” This means that the
spinner made 3 complete rotations, and then landed back where it started.
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/70418

We can also measure the rotation in degrees. In the previous lesson we worked with angles in triangles, measured in
degrees. You may recall from geometry that a full rotation is 360 degrees, usually written as 360◦. Half a rotation
is then 180◦ and a quarter rotation is 90◦. Each of these measurements will be important in this Concept. We can
use our knowledge of graphing to represent any angle. The figure below shows an angle in what is called standard
position.

The initial side of an angle in standard position is always on the positive x−axis. The terminal side always meets the
initial side at the origin. Notice that the rotation goes in a counterclockwise direction. This means that if we rotate
clockwise, we will generate a negative angle. Below are several examples of angles in standard position.
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The 90 degree angle is one of four quadrantal angles. A quadrantal angle is one whose terminal side lies on an
axis. Along with 90◦, 0◦, 180◦ and 270◦ are quadrantal angles.
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These angles are referred to as quadrantal because each angle defines a quadrant. Notice that without the arrow
indicating the rotation, 270◦ looks as if it is a −90◦, defining the fourth quadrant. Notice also that 360◦ would look
just like 0◦.

Find the angle of rotation

Identify what the angle is in this graph:
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The angle drawn out is 135◦.
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Identify what the angle is in this graph:

The angle drawn out is 0◦.
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Identify what the angle is in this graph:

The angle drawn out is 30◦

Examples

Example 1

Earlier, you were asked to determine how to represent the angle of the spinner if it lands on the 7.

Since you know that the angle between the horizontal and vertical directions is 90◦, each number on the spinner
takes up 30◦. Therefore, since you are on the 7, you know that you are 2

3 of the way to the vertical. Therefore, the
angle of the spinner when it lands on 7 is 60◦.

Example 2

Identify what the angle is in this graph, using negative angles:
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The angle drawn out is −135◦.

Example 3

Identify what the angle is in this graph, using negative angles:
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The angle drawn out is −180◦.

Example 4

Identify what the angle is in this graph, using negative angles:
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The angle drawn out is −225◦.

Review

1. Draw an angle of 90◦.
2. Draw an angle of 45◦.
3. Draw an angle of −135◦.
4. Draw an angle of −45◦.
5. Draw an angle of −270◦.
6. Draw an angle of 315◦.

For each diagram, identify the angle. Write the angle using positive degrees.

7.
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8.

9.

For each diagram, identify the angle. Write the angle using negative degrees.

10.

11.

12.
13. Explain how to convert between angles that use positive degrees and angles that use negative degrees.
14. At what angle is the 7 on a standard 12-hour clock? Use positive degrees.
15. At what angle is the 2 on a standard 12-hour clock? Use positive degrees.

Review (Answers)

To see the Review answers, open this PDF file and look for section 1.15.
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1.6 Angles in Radians and Degrees

Here you will learn how to translate between different ways of measuring angles.

Most people are familiar with measuring angles in degrees. It is easy to picture angles like 30◦, 45◦or 90◦and the
fact that 360◦makes up an entire circle. Over 2000 years ago the Babylonians used a base 60 number system and
divided up a circle into 360 equal parts. This became the standard and it is how most people think of angles today.

However, there are many units with which to measure angles. For example, the gradian was invented along with the
metric system and it divides a circle into 400 equal parts. The sizes of these different units are very arbitrary.

A radian is a unit of measuring angles that is based on the properties of circles. This makes it more meaningful than
gradians or degrees. How many radians make up a circle?

Radians and Degrees

A radian is defined to be the central angle where the subtended arc length is the same length as the radius.

Another way to think about radians is through the circumference of a circle. The circumference of a circle with
radius r is 2πr. Just over six radii (exactly 2π radii) would stretch around any circle.

To define a radian in terms of degrees, equate a circle measured in degrees to a circle measured in radians.

360 degrees = 2π radians, so 180
π

degrees = 1 radian

Alternatively; 360 degrees = 2π radians, so 1 degree = π

180 radians

The conversion factor to convert degrees to radians is: π

180◦

The conversion factor to convert radians to degrees is: 180◦
π

If an angle has no units, it is assumed to be in radians.

If you were to convert 150◦ into radians, you would multiply 150◦ by the correct conversion factor. You would get:

150◦ · π

180◦ =
15π

18 = 5π

6 radians

You can check your work by making sure the degree units cancel.

If you were to convert π

6 radians into degrees, you would multiply π

6 by the correct conversion factor. You would
get π

6 ·
180◦

π
= 180◦

6 = 30◦
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Often the π’s will cancel.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/58059

Examples

Example 1

Earlier, you were asked how many radians make up a circle. Exactly 2π radians describe a circular arc. This is
because 2π radii wrap around the circumference of any circle.

Example 2

Convert (6π)◦ into radians.

Don’t be fooled just because this has π. This number is about 19◦

(6π)◦ · π

180◦ =
6π2

180 = π2

3

It is very unusual to ever have a π2 term, but it can happen.

Example 3

Convert 5π

6 into degrees.
5π

6 ·
180◦

π
= 5·30◦

1 = 150◦

Example 4

Convert 210◦ into radians.

INSERT 4

210◦ · π

180◦ =
7·30·π
6·30 = 7π

6

Example 5

Draw a π

2 angle by first drawing a 2π angle, halving it and halving the result.
π

2 = 90◦
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Review

Find the radian measure of each angle.

1. 120◦

2. 300◦

3. 90◦

4. 330◦

5. 270◦

6. 45◦

7. (5π)◦

Find the degree measure of each angle.

8. 7π

6

9. 5π

4

10. 3π

2

11. 5π

3

12. π

13. π

6

14. 3

15. Explain why if you are given an angle in degrees and you multiply it by π

180 you will get the same angle in
radians.

Review (Answers)

To see the Review answers, open this PDF file and look for section 4.1.
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1.7 Conversion between Degrees and Radians

Here you’ll learn how to convert degrees to radians, and vice versa.

You are hard at work in the school science lab when your teacher asks you to turn a knob on a detector you are using
75◦ degrees. Unfortunately, you have been working in radians for a while, and so you’re having trouble remembering
how far to turn the knob. Is there a way to translate the instructions in degrees to radians?

Conversion between Degrees and Radians

Since degrees and radians are different ways of measuring the distance moved around the circumference of a circle,
it is reasonable to suppose that there is a conversion formula between these two units. This formula works for all
degrees and radians. Remember that: π radians = 180◦. If you divide both sides of this equation by π, you will have
the conversion formula:

radians× 180
π

= degrees

If we have a degree measure and wish to convert it to radians, then manipulating the equation above gives:

degrees× π

180
= radians

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/70436

Convert

From the last section, you should recognize that this angle is a multiple of π

3 (or 60 degrees), so there are 11, π

3 ’s in
this angle, π

3 ×11 = 60◦×11 = 660◦.
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Here is what it would look like using the formula:

radians× 180
π

= degrees

Convert

degrees× π

180
= radians

−120◦× π

180
=
−120◦π

180

and reducing to lowest terms gives us −2π

3

You could also have noticed that 120 is 2× 60. Since 60◦ is π

3 radians, then 120 is 2, π

3 ’s, or 2π

3 . Make it negative
and you have the answer, −2π

3 .

Express

radians× 180
π

= degrees

Note: Sometimes students have trouble remembering if it is 180
π

or π

180 . It might be helpful to remember that radian
measure is almost always expressed in terms of π. If you want to convert from radians to degrees, you want the π to
cancel out when you multiply, so it must be in the denominator.

Examples

Example 1

Earlier, you were asked is there a way to translate the instructions in degrees to radians.

Since you now know that the conversion for a measurement in degrees to radians is

degrees× π

180
= radians

you can find the solution to convert 75◦ to radians:
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75◦× π

180
=

75π

180
=

5π

12

Example 2

Convert the following degree measures to radians. All answers should be in terms of π.

240◦, 270◦, 315◦, −210◦, 120◦

4π

3 , 3π

2 , 7π

4 , −7π

6 , 2π

3

Example 3

Convert the following degree measures to radians. All answers should be in terms of π.

15◦, −450◦, 72◦, 720◦, 330◦

π

12 , −5π

2 , π

5 , 4π, 11π

6

Example 4

Convert the following radian measures to degrees
π

2 , 11π

5 , 2π

3 , 5π, 7π

2

90◦, 396◦, 120◦, 540◦, 630◦

Review

Convert the following degree measures to radians. All answers should be in terms of π.

1. 90◦

2. 360◦

3. 50◦

4. 110◦

5. 495◦

6. −85◦

7. −120◦

Convert the following radian measures to degrees.

8. 5π

12
9. 3π

5
10. 8π

15
11. 7π

10
12. 5π

2
13. 3π
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14. 7π

2
15. Why do you think there are two different ways to measure angles? When do you think it might be more

convenient to use radians than degrees?

Review (Answers)

To see the Review answers, open this PDF file and look for section 2.2.
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1.8 Length of an Arc

Here you’ll learn how to find the length of a portion of the circumference of a circle using an angle in radians and
the radius of the circle.

You have taken your little cousin to the amusement park for the day. While there, she decides she would like a ride
on the carousel. After the ride, she excitedly bounces over to you. She is amazed that she went around, but in a way
”didn’t go anywhere”, since she ended up where she started.

”How far did I go when I was halfway around the turn?”, she asks.

You know that the radius of the carousel is 7 meters. Can you tell your little cousin how far she went in one half of
a turn around the ride?

Length of an Arc

The length of an arc on a circle depends on both the angle of rotation and the radius length of the circle. If you recall
from the last lesson, the measure of an angle in radians is defined as the length of the arc cut off by one radius length.
What if the radius is 4 cm? Then, the length of the half-circle arc would be π multiplied by the radius length, or 4π

cm in length.

This results in a formula that can be used to calculate the length of any arc.

s = rθ,

where s is the length of the arc, r is the radius, and θ is the measure of the angle in radians.

Solving this equation for θ will give us a formula for finding the radian measure given the arc length and the radius
length.
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/143254

Find the length of the arcs

The free-throw line on an NCAA basketball court is 12 ft wide. In international competition, it is only about 11.81
ft. How much longer is the half circle above the free-throw line on the NCAA court?

Find both arc lengths.

NCAA INTERNATIONAL

s1 = rθ s2 = rθ

s1 =
12
2
(π) s2 ≈

11.81
2

(π)

s1 = 6π s2 ≈ 5.905π

So the answer is approximately 6π−5.905π≈ 0.095π
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This is approximately 0.3 ft, or about 3.6 inches longer.

Find the angle

Two connected gears are rotating. The smaller gear has a radius of 4 inches and the larger gear’s radius is 7 inches.
What is the angle through which the larger gear has rotated when the smaller gear has made one complete rotation?

Because the blue gear performs one complete rotation, the length of the arc traveled is:

s = rθ

s = 4×2π

So, an 8π arc length on the larger circle would form an angle as follows:

θ =
s
r

θ =
8π

7
θ≈ 3.6

So the angle is approximately 3.6 radians.

3.6× 180
π
≈ 206◦
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Find the arc length

The radius of a standard car tire is 27.94 cm. How far does a car go in one revolution of the tire?

Since the distance traveled by the tire is equal to the distance around the tire, we can use the circumference of the
tire to answer the question.

s = rθ

s = (27.94)(2π)

s = 175.46

Examples

Example 1

Earlier, you were asked can you tell your little cousin how far she went in one half of a turn around the ride.

Since you now know that you can measure an arc length using s = rθ, you can use this to find a solution to your
cousin’s question. Since your cousin wants to know how far she went around when she went 1

2 of a rotation, and the
radius of the ride is 7 meters, you can calculate her arc length:

s = rθ = 7π≈ 21.98meters
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Example 2

You are trying to push your car after it has broken down. Unfortunately, you aren’t very strong, and so the car is just
rocking back and forth instead of rolling as you push. If the radius of your car’s tire is 14 inches, and the change in
the tire’s angle is π

2 radians, how far did the tire move?

Since the distance the tire moved is equal to the length of the arc the tire rolled, you can use the equation s = rθ to
determine how far the tire went:

s = rθ

s = (14)(
π

2
)

s = 7π

s≈ 21.98in

Example 3

If an object with a radius of 10 cm spins so that its arc covers 54 cm, what is the change in angle of the object?

You can again use the equation s = rθ to solve this problem:

s = rθ

θ =
s
r
=

54
10

= 5.4

The disk moves 5.4 radians, which is a little less than a complete rotation, since a complete rotation is approximately
6.28 radians.

Example 4

If your DVD has a radius of 4.5 inches, how far does a point on the disk spin if the player turns it π

2 radians?

Using s = rθ,

s = rθ

s = (4.5)(
π

2
)

s = 2.25π≈ 7.065

A point on the disk turns 7.065 inches.
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Review

The radius of a carousel is 8 meters. Use this information to answer questions 1-3.

1. You are half way around the carousel. How far did you travel?
2. You are all the way around the carousel. How far did you travel?
3. You have now traveled all the way around the carousel twice. How far did you travel?

A pizza has a radius of 10in. Use this information to answer questions 4-6.

4. A slice is removed. The length of the crust of the missing slice is 3in. What is the central angle of the missing
slice?

5. You eat three pieces with a central angle of 4π

5 . What is the length of the crust you ate?
6. A large pizza has a radius of 12in. What is the length of the crust of half of the large pizza?

The diameter of a tire is 35in. Use this information to answer questions 7-10.

7. What is the length around the whole tire?
8. The tire travels one mile (5280 ft). How many revolutions did the tire make?
9. You roll the tire so it rotates 7π radians. How far did it move?

10. The tire travels half a mile. How many radians did the tire rotate?

Consider a standard 12 hour clock like the one below with a radius of 5 inches. Use this to answer questions 11-15.

11. What is the length of the arc between the 3 and the 7?
12. What is the length of the arc between the 3 and the 2?
13. It is 12:30. What is the length of the arc between the minute and hour hands?
14. It is 7:20. What is the length of the arc between the minute and hour hands?
15. It is 1:25. What is the length of the arc between the minute and hour hands?

Review (Answers)

To see the Review, open this PDF file and look for section 2.5.
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1.9 Introduction to the Unit Circle and Radian
Measure

Here you’ll learn about the unit circle, radians, and how to convert between radians and degrees.

An odd-shaped house in Asia is built at a 135◦ angle. How many radians is this angle equal to?

Unit Circle and Radian Measure

The unit circle is the circle centered at the origin with radius equal to one unit. This means that the distance from
the origin to any point on the circle is equal to one unit.

Using the unit circle, we can define another unit of measure for angles, radians. Radian measure is based upon the
circumference of the unit circle. The circumference of the unit circle is 2π (2πr, where r = 1). So a full revolution,
or 360◦, is equal to 2π radians. Half a rotation, or 180◦ is equal to π radians.

One radian is equal to the measure of θ, the rotation required for the arc length intercepted by the angle to be equal
to the radius of the circle. In other words the arc length is 1 unit for θ = 1 radian.

We can use the equality, π = 180◦ to convert from degrees to radians and vice versa.

To convert from degrees to radians, multiply by π

180◦ .

To convert from radians to degrees, multiply by 180◦
π

.
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/91982

Convert the following problems

Convert 250◦ to radians.

To convert from degrees to radians, multiply by π

180◦ . So, 250π

180 = 25π

18 .

Convert 3π to degrees.

To convert from radians to degrees, multiply by 180◦
π

. So, 3π× 180◦
π

= 3×180◦ = 540◦.

Solve the following problems

Find two angles, one positive and one negative, coterminal to 5π

3 and find its reference angle, in radians.

Since we are working in radians now we will add/subtract multiple of 2π instead of 360◦. Before we can add, we
must get a common denominator of 3 as shown below.

5π

3
+2π =

5π

3
+

6π

3
=

11π

3
and

5π

3
−2π =

5π

3
− 6π

3
=−π

3

Now, to find the reference angle, first determine in which quadrant 5π

3 lies. If we think of the measures of the angles
on the axes in terms of π and more specifically, in terms of π

3 , this task becomes a little easier.

Consider π is equal to 3π

3 and 2π is equal to 6π

3 as shown in the diagram. Now we can see that the terminal side of
5π

3 lies in the fourth quadrant and thus the reference angle will be:
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6π

3
− 5π

3
=

π

3

Find two angles coterminal to 7π

6 , one positive and one negative, and find its reference angle, in radians.

This time we will add multiples of 2π with a common denominator of 6, or 2π

1 ×
6
6 = 12π

6 . For the positive angle, we
add to get 7π

6 + 12π

6 = 19π

6 . For the negative angle, we subtract to get 7π

6 −
12π

6 = 5π

6 .

In this case π is equal to 6π

6 and 2π is equal to 12π

6 as shown in the diagram. Now we can see that the terminal side
of 7π

6 lies in the third quadrant and thus the reference angle will be:

7π

6
− 6π

6
=

π

6

Examples

Example 1

Earlier, you were asked how many radians does the angle equal to.
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To convert from degrees to radians, multiply by π

180◦ . So, 135π

180 = 3π

4 .

Convert the following angle measures from degrees to radians.

Example 2

−45◦

−45◦× π

180◦ =−
π

4

Example 3

120◦

120◦× π

180◦ =
2π

3

Example 4

330◦

330◦× π

180◦ =
11π

6

Convert the following angle measures from radians to degrees.

Example 5

5π

6

5π

6 ×
180◦

π
= 150◦

Example 6

13π

4
13π

4 ×
180◦

π
= 585◦

Example 7

−5π

2

−5π

2 ×
180◦

π
=−450◦

Example 8

Find two coterminal angles to 11π

4 , one positive and one negative, and its reference angle.

There are many possible coterminal angles, here are some possibilities:

positive coterminal angle: 11π

4 + 8π

4 = 19π

4 or 11π

4 −
8π

4 = 3π

4 ,
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negative coterminal angle: 11π

4 −
16π

4 =−5π

4 or 11π

4 −
24π

4 =−13π

4

Using the coterminal angle, 3π

4 , which is π

4 from 4π

4 . So the terminal side lies in the second quadrant and the reference
angle is π

4 .

Review

For problems 1-5, convert the angle from degrees to radians. Leave answers in terms of π.

1. 135◦

2. 240◦

3. −330◦

4. 450◦

5. −315◦

For problems 6-10, convert the angle measure from radians to degrees.

6. 7π

3
7. −13π

6
8. 9π

2
9. −3π

4
10. 5π

6

For problems 11-15, find two coterminal angles (one positive, one negative) and the reference angle for each angle
in radians.

11. 8π

3
12. 11π

4
13. −π

6
14. 4π

3
15. −17π

6

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.6.
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1.10 Trigonometric Ratios on the Unit Circle

Here you’ll learn how to determine exact value of trigonometric ratios for multiples of 0◦,30◦ and 45◦ (or 0, π

6 ,
π

4
radians).

What are the exact values of the following trigonometric functions?

a. sin495◦

b. tan 5π

3

Trigonometric Ratios on the Unit Circle

Recall special right triangles from Geometry. In a (30◦−60◦−90◦) triangle, the sides are in the ratio 1 :
√

3 : 2.

In an isosceles triangle (45◦−45◦−90◦), the congruent sides and the hypotenuse are in the ratio 1 : 1 :
√

2.

In a (30◦−60◦−90◦) triangle, the sides are in the ratio 1 :
√

3 : 2.

Now let’s make the hypotenuse equal to 1 in each of the triangles so we’ll be able to put them inside the unit circle.
Using the appropriate ratios, the new side lengths are:
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Using these triangles, we can evaluate sine, cosine and tangent for each of the angle measures.

sin45◦ =

√
2

2
sin60◦ =

√
3

2
sin30◦ =

1
2

cos45◦ =

√
2

2
cos60◦ =

1
2

cos30◦ =

√
3

2

tan45◦ = 1 tan60◦ =

√
3

2
1
2

=
√

3 tan30◦ =
1
2√
3

2

=

√
3

2

These triangles can now fit inside the unit circle.

Putting together the trigonometric ratios and the coordinates of the points on the circle, which represent the lengths of
the legs of the triangles, (∆x,∆y), we can see that each point is actually (cosθ,sinθ), where θ is the reference angle.

For example, sin60◦ =
√

3
2 is the y - coordinate of the point on the unit circle in the triangle with reference angle

60◦. By reflecting these triangles across the axes and finding the points on the axes, we can find the trigonometric
ratios of all multiples of 0◦,30◦ and 45◦ (or 0, π

6 ,
π

4 radians).
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Solve the following problems using the unit circle

Find sin 3π

2 .

Find 3π

2 on the unit circle and the corresponding point is (0,−1). Since each point on the unit circle is (cosθ,sinθ),sin 3π

2 =
−1.

Find tan 7π

6 .

This time we need to look at the ratio sinθ

cosθ
. We can use the unit circle to find sin 7π

6 =−1
2 and cos 7π

6 =−
√

3
2 . Now,

tan 7π

6 =
− 1

2

−
√

3
2

= 1√
3
=

√
3

3 .
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Quadrants in a Unit Circle

Another way to approach these exact value problems is to use the reference angles and the special right triangles.
The benefit of this method is that there is no need to memorize the entire unit circle. If you memorize the special
right triangles, can determine reference angles and know where the ratios are positive and negative you can put the
pieces together to get the ratios. Looking at the unit circle above, we see that all of the ratios are positive in Quadrant
I, sine is the only positive ratio in Quadrant II, tangent is the only positive ratio in Quadrant III and cosine is the only
positive ratio in Quadrant IV.

Keeping this diagram in mind will help you remember where cosine, sine and tangent are positive and negative. You
can also use the pneumonic device - All Students Take Calculus, or ASTC, to recall which is positive (all the others
would be negative) in which quadrant.

The coordinates on the vertices will help you determine the ratios for the multiples of 90◦ or π

2 .

Find the exact values for the following trigonometric functions using the alternative method.

cos120◦

First, we need to determine in which quadrant the angles lies. Since 120◦ is between 90◦ and 180◦ it will lie in
Quadrant II. Next, find the reference angle. Since we are in QII, we will subtract from 180◦ to get 60◦. We can use
the reference angle to find the ratio, cos60◦ = 1

2 . Since we are in QII where only sine is positive, cos120◦ =−1
2 .

sin 5π

3

This time we will need to work in terms of radians but the process is the same. The angle 5π

3 lies in QIV and the

reference angle is π

3 . This means that our ratio will be negative. Since sin π

3 =

√
3

2 ,sin 5π

3 =−
√

3
2 .

tan 7π

2

The angle 7π

2 represents more than one entire revolution and it is equivalent to 2π+ 3π

2 . Since our angle is a multiple
of π

2 we are looking at an angle on an axis. In this case, the point is (0,−1). Because tanθ = sinθ

cosθ
, tan 7π

2 = −1
0 , which

is undefined. Thus, tan 7π

2 is undefined.
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Examples

Example 1

Earlier, you were asked what is the exact values of the following trigonometric function.

sin495◦

First, we need to determine in which quadrant the angle lies. Since 495◦−360◦ = 135◦ is between 90◦ and 180◦ it
will lie in Quadrant II. Next, find the reference angle. Since we are in QII, we will subtract from 180◦ to get 45◦.

We can use the reference angle to find the ratio, cos45◦ =
√

2
2 . Since we are in QII where only sine is positive,

cos495◦ =−
√

2
2 .

tan 5π

3

In the previous example we established that the angle 5π

3 lies in QIV and the reference angle is π

3 . This means that
the tangent ratio will be negative. Since tan π

3 =
√

3, tan 5π

3 =−
√

3.

Find the exact trigonometric ratios. You may use either method.

Example 2

cos 7π

3
7π

3 has a reference angle of π

3 in QI. cos π

3 = 1
2 and since cosine is positive in QI, cos 7π

3 = 1
2 .

Example 3

tan 9π

2

9π

2 is coterminal to π

2 which has coordinates (0, 1). So tan 9π

2 =
sin 9π

2
cos 9π

2
= 1

0 which is undefined.

Example 4

sin405◦

405◦ has a reference angle of 45◦ in QI. sin45◦ =
√

2
2 and since sine is positive in QI, sin405◦ =

√
2

2 .

Example 5

tan 11π

6

11π

6 is coterminal to π

6 in QIV. tan π

6 =

√
3

3 and since tangent is negative in QIV, tan 11π

6 =−
√

3
3 .

Example 6

2π

3 is coterminal to π

3 in QII. cos π

3 = 1
2 and since cosine is negative in QII, cos 2π

3 = 1
2 .
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Review

Find the exact values for the following trigonometric functions.

1. sin 3π

4
2. cos 3π

2
3. tan300◦

4. sin150◦

5. cos 4π

3
6. tanπ

7. cos
(
−15π

4

)
8. sin225◦

9. tan 7π

6
10. sin315◦

11. cos450◦

12. sin
(
−7π

2

)
13. cos 17π

6
14. tan270◦

15. sin(−210◦)

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.7.
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1.11 Amplitude and Period

Here you’ll learn how to solve problems that involve both the amplitude and period of a trig function.

You are working in science lab one afternoon when your teacher asks you to do a little more advanced work with
her on sound. Excited to help, you readily agree. She gives you a device that graphs sound waves as they come in
through a microphone. She then gives you a "baseline" graph of what the sound wave’s graph would look like:

She then asks you to plot the sound wave she’s about to generate. However, she tells you that the sound wave will
be twice as loud and twice as high in pitch as the baseline sound wave she gave you.

Can you determine how large the graph needs to be to plot the new sound wave? What about the spacing of numbers
on the "x" axis?

Amplitude and Period

In other Concepts you have dealt with how find the amplitude of a wave, or the period of a wave. Here we’ll take
a few minutes to work problems that involve both the amplitude and period, giving us two variables to work with
when thinking about sinusoidal equations.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/70562
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Find the period, amplitude and frequency

Find the period, amplitude and frequency of y = 2cos 1
2 x and sketch a graph from 0 to 2π.

This is a cosine graph that has been stretched both vertically and horizontally. It will now reach up to 2 and down to
-2. The frequency is 1

2 and to see a complete period we would need to graph the interval [0,4π]. Since we are only
going out to 2π, we will only see half of a wave. A complete cosine wave looks like this:

This means that this half needs to be stretched out so it finishes at 2π, which means that at π the graph should cross
the x−axis:

The final sketch would look like this:
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amplitude = 2, frequency = 1
2 ,period = 2π

1
2
= 4π

Find the period, amplitude and frequency

Identify the period, amplitude, frequency, and equation of the following sinusoid:

The amplitude is 1.5. Notice that the units on the x−axis are not labeled in terms of π. This appears to be a sine
wave because the y−intercept is 0.

One wave appears to complete in 1 unit (not 1π units!), so the period is 1. If one wave is completed in 1 unit, how
many waves will be in 2π units? In previous examples, you were given the frequency and asked to find the period
using the following relationship:

p =
2π

B

Where B is the frequency and p is the period. With just a little bit of algebra, we can transform this formula and
solve it for B:
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p =
2π

B
→ Bp = 2π→ B =

2π

p

Therefore, the frequency is:

B =
2π

1
= 2π

If we were to graph this out to 2π we would see 2π (or a little more than 6) complete waves.

Replacing these values in the equation gives: f (x) = 1.5sin2πx.

Find the period, amplitude and frequency

Find the period, amplitude and frequency of y = 3sin2x and sketch a graph from 0 to 6π.

This is a sine graph that has been stretched both vertically and horizontally. It will now reach up to 3 and down to
-3. The frequency is 2 and so we will see the wave repeat twice over the interval from 0 to 2π.

amplitude = 3, frequency = 2,period = 2π

2 = π

Examples

Example 1

Earlier, you were asked can you determine how large the graphs needs to be to plot the new sound wave.

You know that the amplitude of the wave is the maximum height it makes above zero. You also know that the
frequency is the number of cycles in a second. The scale of the graph you make should be able to take into account a
maximum height of the wave that has been doubled, as well as a frequency that is twice as high. Your graph should
look like this:
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Example 2

Identify the amplitude, period, and frequency of y = cos2x

period: π, amplitude: 1, frequency: 2

Example 3

Identify the amplitude, period, and frequency of y = 3sinx

period: 2π, amplitude: 3, frequency: 1

Example 4

Identify the amplitude, period, and frequency of y = 2sinπx

period: 2, amplitude: 2, frequency: π

Review

Find the period, amplitude, and frequency of the following functions.

1. y = 2sin(3x)
2. y = 5cos(3

4 x)
3. y = 3cos(2x)
4. y =−2sin(1

2 x)
5. y =−sin(2x)
6. y = 1

2 cos(4x)

Identify the equation of each of the following graphs.
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7.

8.

9.
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10.

Graph each of the following functions from 0 to 2π.

11. y = 2cos(4x)
12. y = 3sin(5

4 x)
13. y =−cos(2x)
14. y =−2sin(1

2 x)
15. y = 4sec(3x)
16. y = 1

2 cos(3x)
17. y = 4tan(3x)
18. y = 1

2 csc(3x)

Review (Answers)

To see the Review answers, open this PDF file and look for section 2.16.
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1.12 Amplitude

Here you’ll learn how to find the amplitude of a trig function from either the graph or the algebraic equation.

While working on a sound lab assignment in your science class, your instructor assigns you an interesting problem.
Your lab partner is assigned to speak into a microphone, and you are to record how "loud" the sound is using a device
that plots the sound wave on a graph. Unfortunately, you don’t know what part of the graph to read to understand
"loudness". Your instructor tells you that "loudness" in a sound wave corresponds to "amplitude" on the graph, and
that you should plot the values of the amplitude of the graph that is being produced.

Here is a picture of the graph:

Amplitude

The amplitude of a wave is basically a measure of its height. Because that height is constantly changing, amplitude
can be different from moment to moment. If the wave has a regular up and down shape, like a cosine or sine wave,
the amplitude is defined as the farthest distance the wave gets from its center. In a graph of f (x) = sinx, the wave is
centered on the x−axis and the farthest away it gets (in either direction) from the axis is 1 unit.

So the amplitude of f (x) = sinx (and f (x) = cosx) is 1.

Recall how to transform a linear function, like y= x. By placing a constant in front of the x value, you may remember
that the slope of the graph affects the steepness of the line.
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The same is true of a parabolic function, such as y = x2. By placing a constant in front of the x2, the graph would be
either wider or narrower. So, a function such as y = 1

8 x2, has the same parabolic shape but it has been “smooshed,”
or looks wider, so that it increases or decreases at a lower rate than the graph of y = x2.

No matter the basic function; linear, parabolic, or trigonometric, the same principle holds. To dilate (flatten or
steepen, wide or narrow) the function, multiply the function by a constant. Constants greater than 1 will stretch the
graph vertically and those less than 1 will shrink it vertically.

Look at the graphs of y = sinx and y = 2sinx.

Notice that the amplitude of y = 2sinx is now 2. An investigation of some of the points will show that each y−value
is twice as large as those for y = sinx. Multiplying values less than 1 will decrease the amplitude of the wave as in
this case of the graph of y = 1

2 cosx:
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/70562

Find the amplitude

Determine the amplitude of f (x) = 10sinx.

The 10 indicates that the amplitude, or height, is 10. Therefore, the function rises and falls between 10 and -10.
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Graph the function

Graph g(x) =−5cosx

Even though the 5 is negative, the amplitude is still positive 5. The amplitude is always the absolute value of the
constant A. However, the negative changes the appearance of the graph. Just like a parabola, the sine (or cosine) is
flipped upside-down. Compare the blue graph, g(x) =−5cosx, to the red parent graph, f (x) = cosx.

So, in general, the constant that creates this stretching or shrinking is the amplitude of the sinusoid. Continuing with
our equations from the previous section, we now have y = D±Asin(x±C) or y = D±Acos(x±C). Remember, if
0 < |A|< 1, then the graph is shrunk and if |A|> 1, then the graph is stretched. And, if A is negative, then the graph
is flipped.

Graph the function

Graph h(x) =−1
4 sin(x)
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As you can see from the graph, the negative inverts the graph, and the 1
4 makes the maximum height the function

reaches reduced from 1 to 1
4 .

Examples

Examples 1

Earlier, you were asked to find the amplitude of the graph.

Since you now know what the amplitude of a graph is and how to read it, it is straightforward to see from this graph
of the sound wave the distance that the wave rises or falls at different times. For this graph, the amplitude is 7.

Example 2

Identify the minimum and maximum values of y = cosx.

The cosine function ranges from -1 to 1, therefore the minimum is -1 and the maximum is 1.

Example 3

Identify the minimum and maximum values of y = 2sinx
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The sine function ranges from -1 to 1, and since there is a two multiplied by the function, the minimum is -2 and the
maximum is 2.

Example 4

Identify the minimum and maximum values of y =−sinx

The sine function ranges between -1 and 1, so the minimum is -1 and the maximum is 1.

Review

Determine the amplitude of each function.

1. y = 3sin(x)
2. y =−2cos(x)
3. y = 3+2sin(x)
4. y =−1+ 2

3 sin(x)
5. y =−4+ cos(3x)

Graph each function.

6. y = 4sin(x)
7. y =−cos(x)
8. y = 1

2 sin(x)
9. y =−3

4 sin(x)
10. y = 2cos(x)

Identify the minimum and maximum values of each function.

11. y = 5sin(x)
12. y =−cos(x)
13. y = 1+2sin(x)
14. y =−3+ 2

3 sin(x)
15. y = 2+2cos(x)
16. How does changing the constant k change the graph of y = k tan(x)?
17. How does changing the constant k change the graph of y = k sec(x)?

Review (Answers)

To see the Review answers, open this PDF file and look for section 2.14.
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1.13 Period and Frequency

Here you’ll learn how to find the period and frequency of a trig function from either the graph or the algebraic
equation.

While working on an assignment about sound in your science class, your Instructor informs you that what you know
as the "pitch" of a sound is, in fact, the frequency of the sound waves. He then plays a note on a musical instrument,
and the pattern of the sound wave on a graph looks like this:

He then tells you to find the frequency of the sound wave from the graph? Can you do it?

Period and Frequency

The period of a trigonometric function is the horizontal distance traversed before the y−values begin to repeat. For
both graphs, y = sinx and y = cosx, the period is 2π. As you may remember, after completing one rotation of the
unit circle, these values are the same.

Frequency is a measurement that is closely related to period. In science, the frequency of a sound or light wave is
the number of complete waves for a given time period (like seconds). In trigonometry, because all of these periodic
functions are based on the unit circle, we usually measure frequency as the number of complete waves every 2π

units. Because y = sinx and y = cosx cover exactly one complete wave over this interval, their frequency is 1.

Period and frequency are inversely related. That is, the higher the frequency (more waves over 2π units), the lower
the period (shorter distance on the x−axis for each complete cycle).
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After observing the transformations that result from multiplying a number in front of the sinusoid, it seems natural
to look at what happens if we multiply a constant inside the argument of the function, or in other words, by the x
value. In general, the equation would be y = sinBx or y = cosBx. For example, look at the graphs of y = cos2x and
y = cosx.

Notice that the number of waves for y = cos2x has increased, in the same interval as y = cosx. There are now 2
waves over the interval from 0 to 2π. Consider that you are doubling each of the x values because the function is 2x.
When π is plugged in, for example, the function becomes 2π. So the portion of the graph that normally corresponds
to 2π units on the x−axis, now corresponds to half that distance—so the graph has been “scrunched” horizontally.
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The frequency of this graph is therefore 2, or the same as the constant we multiplied by in the argument. The period
(the length for each complete wave) is π.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/70562

Find the period and frequency

What is the frequency and period of y = sin3x?

If we follow the pattern from the previous example, multiplying the angle by 3 should result in the sine wave
completing a cycle three times as often as y = sinx. So, there will be three complete waves if we graph it from 0 to
2π. The frequency is therefore 3. Similarly, if there are 3 complete waves in 2π units, one wave will be a third of
that distance, or 2π

3 radians. Here is the graph:
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This number that is multiplied by x, called B, will create a horizontal dilation. The larger the value of B, the more
compressed the waves will be horizontally. To stretch out the graph horizontally, we would need to decrease the
frequency, or multiply by a number that is less than 1. Remember that this dilation factor is inversely related to the
period of the graph.

Adding, one last time to our equations from before, we now have: y=D±Asin(B(x±C)) or y=D±Acos(B(x±C)),
where B is the frequency, the period is equal to 2π

B , and everything else is as defined before.

Find the period and frequency

What is the frequency and period of y = cos 1
4 x?

Using the generalization above, the frequency must be 1
4 and therefore the period is

2π

1
1
4

, which simplifies to: 2π
1
4
=

2π

1
1
4
·

4
1
4
1
= 8π

1 = 8π

Thinking of it as a transformation, the graph is stretched horizontally. We would only see 1
4 of the curve if we

graphed the function from 0 to 2π. To see a complete wave, therefore, we would have to go four times as far, or all
the way from 0 to 8π.

Find the period and frequency

What is the frequency and period of y = sin 1
2 x?
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Like the previous two examples, we can see that the frequency is 1
2 , and so the period is

2π

1
1
2

, which becomes 2π× 2
1 =

4π

Examples

Example 1

Earlier, you were asked to find the frequency of the sound wave from the graph.

By inspecting the graph

You can see that the wave takes about 6.2 seconds to make one complete cycle. This means that the frequency of the
wave is approximately 1 cycle per second (since 2π is approximately 6.28). (You should note that in a real wave of
sound, you would need to use the speed of the wave and so the calculation would be different. But if you read the
graph the same way you read trigonometric functions to find the frequency, this is the result you would find.)

Example 2

Draw a sketch of y = 3sin2x from 0 to 2π.

The "2" inside the sine function makes the function "squashed" by a factor of 2 in the horizontal direction.
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Example 3

Draw a sketch of y = 2.5cosπx from 0 to 2π.

The π inside the sine function makes the function "squashed" by a factor of π in the horizontal direction.

Example 4

Draw a sketch of y = 4sin 1
2 x from 0 to 2π.

The 1
2 inside the sine function makes the function "stretched" by a factor of 1

2 in the horizontal direction.
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Review

Find the period and frequency of each function below.

1. y = sin(4x)
2. y = cos(2x)
3. y = cos(1

2 x)
4. y = sin(3

4 x)
5. y = sin(3x)

Draw a sketch of each function from 0 to 2π.

6. y = sin(3x)
7. y = cos(5x)
8. y = 3cos(2

5 x)
9. y = 1

2 sin(3
4 x)

10. y =−sin(2x)
11. y = tan(3x)
12. y = sec(2x)
13. y = csc(4x)

Find the equation of each function.

14.

15.
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16.

17.

Review (Answers)

To see the Review answers, open this PDF file and look for section 2.15.
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1.14 Graphing Sine and Cosine

Here you’ll learn how to graph and stretch the sine and cosine functions.

Your mission, should you choose to accept it, as Agent Trigonometry is to graph the function y = 2cosx. What are
the minimum and maximum of your graph?

Graphing Sine and Cosine

In this concept, we will take the unit circle, introduced in the previous chapter, and graph it on the Cartesian plane.

To do this, we are going to “unravel” the unit circle. Recall that for the unit circle the coordinates are (cosθ,sinθ)
where θ is the central angle. To graph, y = sinx rewrite the coordinates as (x,sinx) where x is the central angle, in
radians. Below we expanded the sine coordinates for 3π

4 .

Notice that the curve ranges from 1 to -1. The maximum value is 1, which is at x = π

2 . The minimum value is -1 at
x = 3π

2 . This “height” of the sine function is called the amplitude. The amplitude is the absolute value of average
between the highest and lowest points on the curve.

Now, look at the domain. It seems that, if we had continued the curve, it would repeat. This means that the sine
curve is periodic. Look back at the unit circle, the sine value changes until it reaches 2π. After 2π, the sine values
repeat. Therefore, the curve above will repeat every 2π units, making the period 2π. The domain is all real numbers.

Similarly, when we expand the cosine curve, y = cosx, from the unit circle, we have:
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Notice that the range is also between 1 and -1 and the domain will be all real numbers. The cosine curve is also
periodic, with a period of 2π. If we draw the graph past 2π, it would look like:

Comparing y = sinx and y = cosx (below), we see that the curves are almost identical, except that the sine curve
starts at y = 0 and the cosine curve starts at y = 1.

If we shift either curve π

2 units to the left or right, they will overlap. Any horizontal shift of a trigonometric function
is called a phase shift. We will discuss phase shifts more in the upcoming concepts.

Solve the following problem

Identify the highlighted points on y = sinx and y = cosx below.
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For each point, think about what the sine or cosine value is at those values. For point A, sin π

4 =

√
2

2 , therefore the

point is
(

π

4 ,

√
2

2

)
. For point B, we have to work backwards because it is not exactly on a vertical line, but it is on a

horizontal one. When is sinx =−1
2 ? When x = 7π

6 or 11π

6 . By looking at point B’s location, we know it is the second
option. Therefore, the point is

(11π

6 , 1
2

)
.

For the cosine curve, point C is the same as point A because the sine and cosine for π

4 is the same. As for point D, we
use the same logic as we did for point B. When does cosx =−1

2 ? When x = 2π

3 or 4π

3 . Again, looking at the location
of point D, we know it is the second option. The point is

(4π

3 , 1
2

)
.

Amplitude

In addition to graphing y = sinx and y = cosx, we can stretch the graphs by placing a number in front of the sine
or cosine, such as y = asinx or y = acosx. |a| is the amplitude of the curve. In the next concept, we will shift the
curves up, down, to the left and right.

Graph the functions

Graph y = 3sinx over two periods.

Start with the basic sine curve. Recall that one period of the parent graph, y= sinx, is 2π. Therefore, two periods will
be 4π. The 3 indicates that the range will now be from 3 to -3 and the curve will be stretched so that the maximum
is 3 and the minimum is -3. The red curve is y = 3sinx.
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Notice that the x-intercepts are the same as the parent graph. Typically, when we graph a trigonometric function, we
always show two full periods of the function to indicate that it does repeat.

Graph y = 1
2 cosx over two periods.

Now, the amplitude will be 1
2 and the function will be “smooshed” rather than stretched.

Graph y =−sinx over two periods.

The last two examples dealt with changing a and a was positive. Now, a is negative. Just like with other functions,
when the leading coefficient is negative, the function is reflected over the x-axis. y =−sinx is in red.
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Examples

Example 1

Earlier, you were asked what are the minimum and maximum of your graph.

The 2 in front of the cosine function indicates that the range will now be from 2 to -2 and the curve will be stretched
so that the maximum is 2 and the minimum is -2.

Example 2

Is the point
(5π

6 , 1
2

)
on y = sinx? How do you know?

Substitute in the point for x and y and see if the equation holds true.
1
2 = sin

(5π

6

)
This is true, so

(5π

6 , 1
2

)
is on the graph.

Graph the following functions for two full periods.

Example 3

y = 6cosx

Stretch the cosine curve so that the maximum is 6 and the minimum is -6.
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Example 4

y =−3cosx

The graph is reflected over the x-axis and stretched so that the amplitude is 3.

Example 5

y = 3
2 sinx

The fraction is equivalent to 1.5, making 1.5 the amplitude.
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Review

1. Determine the exact value of each point on y = sinx or y = cosx.

2. List all the points in the interval [0,4π] where sinx = cosx. Use the graph from #1 to help you.
3. Draw from y = sinx from [0,2π]. Find f

(
π

3

)
and f

(5π

3

)
. Plot these values on the curve.

For questions 4-12, graph the sine or cosine curve over two periods.

4. y = 2sinx
5. y =−5cosx
6. y = 1

4 cosx
7. y =−2

3 sinx
8. y = 4sinx
9. y =−1.5cosx

10. y = 5
3 cosx

11. y = 10sinx
12. y =−7.2sinx
13. Graph y = sinx and y = cosx on the same set of axes. How many units would you have to shift the sine curve

(to the left or right) so that it perfectly overlaps the cosine curve?
14. Graph y = sinx and y = −cosx on the same set of axes. How many units would you have to shift the sine

curve (to the left or right) so that it perfectly overlaps y =−cosx?

Write the equation for each sine or cosine curve below. a > 0 for both questions.

15.
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16.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 14.1.
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1.15 Translating Sine and Cosine Functions

Here you’ll learn how to graph a translated sine or cosine function.

Your best friend asks you to describe how the graph of y = sin(x−π)− 2 is different from the graph of y = sinx.
What do you tell your friend?

Translating Sine and Cosine Functions

Just like other functions, sine and cosine curves can be moved to the left, right, up and down. The general equation
for a sine and cosine curve is y = asin(x− h)+ k and y = acos(x− h)+ k, respectively. Also, just like in other
functions, h is the horizontal shift, also called a phase shift, and k is the vertical shift. Notice, that because it is x−h
in the equation, h will always shift in the opposite direction of what is in the equation.

Graph the functions

Graph y = cos
(
x− π

4

)
.

This function will be shifted π

4 units to the right. The easiest way to sketch the curve, is to start with the parent graph
and then move it to the right the correct number of units.

Graph y = sin(x+2)+3.

Because -2 is not written in terms of π (like the x-axis), we need to estimate where it would be on the axis. −3π

4 =
2.35 . . . So, -2 will be shifted not quite to the −3π

4 tic mark. Then, the entire function will be shifted up 3 units. The
red graph is the final answer.
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Find the equation of the sine curve below.

First, we know the amplitude is 1 because the average between 2 and 0 (the maximum and minimum) is 1. Next,
we can find the vertical shift. Recall that the maximum is usually 1, in this equation it is 2. That means that the
function is shifted up 1 unit (2−1). The horizontal shift is the hardest to find. Because sine curves are periodic, the
horizontal shift can either be positive or negative.

Because π is 3.14 . . ., we can say that “moves back almost π units” is -3 units. So, the equation is y = sin(x+3)+1.
If we did the positive horizontal shift, we could say that the equation would be y = sin(x−3.28)+1.
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To determine the value of the horizontal shift, you might have to estimate. For example, we estimated that the
negative shift was -3 because the maximum value of the parent graph is at x = π

2 and the maximum to the left of it
didn’t quite make it to x =−π

2 (the distance between π

2 and −π

2 is π). Then, to determine the positive shift equation,
recall that a period is 2π, which is 6.28 . . . So, the positive shift would be 2π−3 or 6.28−3 = 3.28..

Examples

Example 1

Earlier, you were asked to help your friend graph y = sin(x−π)−2.

If you compare y = sin(x−π)−2 to the general equation y = asin(x−h)+ k, you see that h = π and k =−2.

h is the horizontal shift, so the function is π units to the right of y = sinx.

k is the vertical shift, so the function is 2 units down from y = sinx.

Therefore, the graph of y = sin(x− π)− 2 is shifted π units to the right and two units down from the graph of
y = sinx.

Graph the following functions from [π,3π].

Example 2

y =−1+ sinx

Shift the parent graph down one unit.
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Example 3

y = cos
(
x+ π

3

)
−2

Shift the parent graph to the left π

3 units and down 2 units.

Example 4

Find the equation of the cosine curve below.
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The parent graph is in green. It moves up 3 units and to the right 3π

4 units. Therefore, the equation is y =
cos
(
x− 3π

4

)
+3.

If you moved the cosine curve backward, then the equation would be y = cos
(
x+ 5π

4

)
+3.

Review

For questions 1-4, match the equation with its graph.
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1. y = sin
(
x− π

2

)
2. y = cos

(
x− π

4

)
+3

3. y = cos
(
x+ π

4

)
−2

4. y = sin
(
x− π

4

)
+2

Which graph above also represents these equations?

5. y = cos(x−π)
6. y = sin

(
x+ 3π

4

)
−2

7. Write another sine equation for graph A.
8. Writing How many sine (or cosine) equations can be generated for one curve? Why?
9. Fill in the blanks below.

a. sinx = cos(x− )
b. cosx = sin(x− )

For questions 10-15, graph the following equations from [−2π,2π].

10. y = sin
(
x+ π

4

)
11. y = 1+ cosx
12. y = cos(x+π)−2
13. y = sin(x+3)−4
14. y = sin

(
x− π

6

)
15. y = cos(x−1)−3
16. Critical Thinking Is there a difference between y = sinx+1 and y = sin(x+1)? Explain your answer.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 14.2.
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1.16 Changes in the Period of a Sine and Cosine
Function

Here you’ll learn how to change the period of a sine and cosine function.

What is the period of the cosine function y = cos[π(2x+4)]?

Period

The last thing that we can manipulate on the sine and cosine curve is the period.

The normal period of a sine or cosine curve is 2π. To stretch out the curve, then the period would have to be longer
than 2π. Below we have sine curves with a period of 4π and then the second has a period of π.

To determine the period from an equation, we introduce b into the general equation. So, the equations are y =
asinb(x−h)+ k and y = acosb(x−h)+ k, where a is the amplitude, b is the frequency, h is the phase shift, and k
is the vertical shift. The frequency is the number of times the sine or cosine curve repeats within 2π. Therefore, the
frequency and the period are indirectly related. For the first sine curve, there is half of a sine curve in 2π. Therefore
the equation would be y = sin 1

2 x. The second sine curve has two curves within 2π, making the equation y = sin2x.
To find the period of any sine or cosine function, use 2π

|b| , where b is the frequency. Using the first graph above, this

is a valid formula: 2π
1
2
= 2π ·2 = 4π.

Determine the period of the following sine and cosine functions.

y =−3cos6x

The 6 in the equation tells us that there are 6 repetitions within 2π. So, the period is 2π

6 = π

3 .

y = 2sin 1
4 x

The 1
4 in the equation tells us the frequency. The period is 2π

1
4
= 2π ·4 = 8π.
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y = sinπx−7

The π is the frequency. The period is 2π

π
= 2.

Graph

Graph y = −3cos6x from [0,2π]. Determine where the maximum and minimum values occur. Then, state the
domain and range.

The amplitude is -3, so it will be stretched and flipped. The period is π

3 (from above) and the curve should repeat
itself 6 times from 0 to 2π. The first maximum value is 3 and occurs at half the period, or x = π

6 and then repeats at
x = π

2 ,
5π

6 , 7π

6 , 3π

2 , . . . Writing this as a formula we start at π

6 and add π

3 to get the next maximum, so each point would
be
(

π

6 ±
π

3 n,3
)

where n is any integer.

The minimums occur at -3 and the x-values are multiples of π

3 . The points would be
(
±π

3 n,−3
)
, again n is any

integer. The domain is all real numbers and the range is y ∈ [−3,3].

Find all the solutions from the function y = 2sin 1
4 x from [0,2π].

Before this concept, the zeros didn’t change in the frequency because we hadn’t changed the period. Now that the
period can be different, we can have a different number of zeros within [0,2π]. In this case, we will have 6 times the
number of zeros that the parent function. To solve this function, set y = 0 and solve for x.

0 =−3cos6x

0 = cos6x

Now, use the inverse cosine function to determine when the cosine is zero. This occurs at the multiples of π

2 .
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6x = cos−1 0 =
π

2
,
3π

2
,
5π

2
,
7π

2
,
9π

2
,
11π

2
,
13π

2
,
15π

2
,
17π

2
,
19π

2
,
21π

2
,
23π

2

We went much past 2π because when we divide by 6, to get x by itself, all of these answers are going to also be
divided by 6 and smaller.

x =
π

12
,
π

4
,
5π

12
,
7π

12
,
3π

4
,
11π

12
,
13π

12
,
5π

4
,
17π

12
,
19π

12
,
21π

2
,
23π

12

23π

12 < 2π so we have found all the zeros in the range.

Examples

Example 1

Earlier, you were asked what is the period of y = cos[π(2x+4)]

First, we need to get the function in the form y = acosb(x−h)+ k. Therefore we need to factor out the 2.

y = cos[π(2x+4)]

y = cos[2π(x+2)]

The 2π is the frequency. The period is therefore 2π

2π
= 1.

Example 2

Determine the period of the function y = 2
3 cos 3

4 x.

The period is 2π
3
4
= 2π · 4

3 = 8π

3 .

Example 3

Find the zeros of the function from #1 from [0,2π].

The zeros would be when y is zero.

0 =
2
3

cos
3
4

x

0 = cos
3
4

x

3
4

x = cos−1 0 =
π

2
,
3π

2

x =
4
3

(
π

2
,
3π

2

)
x =

2π

3
,2π
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Example 4

Determine the equation of the sine function with an amplitude of -3 and a period of 8π.

The general equation of a sine curve is y = asinbx. We know that a =−3 and that the period is 8π. Let’s use this to
find the frequency, or b.

2π

b
= 8π

2π

8π
= b

1
4
= b

The equation of the curve is y =−3sin 1
4 x.

Review

Find the period of the following sine and cosine functions.

1. y = 5sin3x
2. y =−2cos4x
3. y =−3sin2x
4. y = cos 3

4 x
5. y = 1

2 cos2.5x
6. y = 4sin3x

Use the equation y = 5sin3x to answer the following questions.

7. Graph the function from [0,2π] and find the domain and range.
8. Determine the coordinates of the maximum and minimum values.
9. Find all the zeros from [0,2π].

Use the equation y = cos 3
4 x to answer the following questions.

10. Graph the function from [0,4π] and find the domain and range.
11. Determine the coordinates of the maximum and minimum values.
12. Find all the zeros from [0,2π].

Use the equation y =−3sin2x to answer the following questions.

13. Graph the function from [0,2π] and find the domain and range.
14. Determine the coordinates of the maximum and minimum values.
15. Find all the zeros from [0,2π].
16. What is the domain of every sine and cosine function? Can you make a general rule for the range? If so, state

it.

Write the equation of the sine function, in the form y = asinbx, with the given amplitude and period.

17. Amplitude: -2 Period: 3π

4
18. Amplitude: 3

5 Period: 5π

19. Amplitude: 9 Period: 6
20. Challenge Find all the zeros from [0,2π] of y = 1

2 sin3
(
x− π

3

)
.
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Answers for Review Problems

To see the Review answers, open this PDF file and look for section 14.4.

98

http://www.ck12.org
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-14-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-14-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-14-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf


www.ck12.org Chapter 1. Unit 1: Introduction to Trigonometric Functions

1.17 Secant, Cosecant, and Cotangent Func-
tions

Here you’ll learn the definition of secant, cosecant, and cotangent functions and how to apply them. While working
to paint your grandfather’s staircase, you are looking at the triangular shape made by the wall that support the stairs.
The staircase looks like this:

You are thinking about all of the possible relationships between sides. You already know that there are three common
relationships, called sine, cosine, and tangent.

How many others can you find?

Secant, Cosecant and Cotangent Functions

We can define three more functions also based on a right triangle. They are the reciprocals of sine, cosine and
tangent.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/176355
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If sinA = a
c , then the definition of cosecant, or csc, is cscA = c

a .

If cosA = b
c , then the definition of secant, or sec, is secA = c

b .

If tanA = a
b , then the definition of cotangent, or cot, is cotA = b

a .

Use the definition of secant, cosecant and cotangent to solve the problems.

Find the secant, cosecant, and cotangent of angle

First, we must find the length of the hypotenuse. We can do this using the Pythagorean Theorem:

52 +122 = H2

25+144 = H2

169 = H2

H = 13

Now we can find the secant, cosecant, and cotangent of angle B:
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secB =
hypotenuse

adjacent side
=

13
12

cscB =
hypotenuse

opposite side
=

13
5

cotB =
adjacent side
opposite side

=
12
5

Find the secant, cosecant, and cotangent of angle

secA =
hypotenuse

adjacent side
=

41
40

cscA =
hypotenuse

opposite side
=

41
9

cotA =
adjacent side
opposite side

=
40
9

Find the sine, cosine, and tangent of angle

sinA =
opposite side
hypotenuse

=
7
25

cosA =
adjacent side
hypotenuse

=
24
25

tanA =
opposite side
adjacent side

=
7
24

Since we know that cosecant is the reciprocal of sine, secant is the reciprocal of sine, and cotangent is the reciprocal
of tangent, we can construct these functions as follows:
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secA =
1

cosA
=

25
24

cscA =
1

sinA
=

25
7

cotA =
1

tanA
=

24
7

Examples

Example 1

Earlier, you were given a problem about your grandfather’s staircase.

Looking at a triangle-like the shape of the wall supporting your grandfather’s staircase:

We can see that there are several ways to make relationships between the sides. In this case, we are only interested
in ratios between the sides, which means one side will be divided by another. We’ve already seen some functions,
such as:

1) The side opposite the angle divided by the hypotenuse (the sine function)

2) The side adjacent the angle divided by the hypotenuse (the cosine function)

3) The side opposite the angle divided by adjacent side (the tangent function)

In this section we introduced the reciprocal of the above trig functions. These are found by taking ratios between the
same sides shown above, except reversing the numerator and denominator:

4) The hypotenuse divided by the side opposite the angle (the cosecant function)

5) The hypotenuse divided by the side adjacent to the angle (the secant function)

6) The adjacent side divided by the opposite side (the cotangent function)

Use the figure below to help solve the following examples.
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Example 2

Find the secant 6 A

The secant function is defined to be 1
cos . Since cos = ad jacent

hypotenuse , sec = hypotenuse
ad jacent .

sec = hypotenuse
ad jacent = 37

12 ≈ 3.08

Example 3

Find the cosecant of 6 A

The cosecant function is defined to be 1
sin . Since sin = opposite

hypotenuse , csc = hypotenuse
opposite .

csc = hypotenuse
opposite = 37

35 ≈ 1.06

Example 4

Find the cotangent of 6 A

The cotangent function is defined to be 1
tan . Since tan = opposite

ad jacent , cot = ad jacent
opposite .

cot = ad jacent
opposite = 12

35 ≈ .34

Review

Use the diagram below for questions 1-3.

1. Find cscA and cscC.
2. Find secA and secC.
3. Find cotA and cotC.
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Use the diagram to fill in the blanks below.

4. cotA = ?
?

5. cscC = ?
?

6. cotC = ?
?

7. secC = ?
?

8. cscA = ?
?

9. secA = ?
?

From questions 4-9, we can conclude the following. Fill in the blanks.

10. sec = cscA and csc = secA.
11. cotA and cotC are _________ of each other.
12. Explain why the csc of an angle will always be greater than 1.
13. Use your knowledge of 45-45-90 triangles to find the cosecant, secant, and cotangent of a 45 degree angle.
14. Use your knowledge of 30-60-90 triangles to find the cosecant, secant, and cotangent of a 30 degree angle.
15. Use your knowledge of 30-60-90 triangles to find the cosecant, secant, and cotangent of a 60 degree angle.
16. As the degree of an angle increases, will the cotangent of the angle increase or decrease? Explain.

Review (Answers)

To see the Review answers, open this PDF file and look for section 1.9.
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1.18 Tangent and Cotangent Graphs

Here you’ll learn to draw the graphs of the tangent and cotangent functions.

What if your instructor gave you a set of graphs like these:
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and asked you to identify which were the graphs of the tangent and cotangent functions?

Tangent and Cotangent Graphs

The name of the tangent function comes from the tangent line of a circle. This is a line that is perpendicular to the
radius at a point on the circle so that the line touches the circle at exactly one point.

If we extend angle θ through the unit circle so that it intersects with the tangent line, tanθ will be equal to the length
of the red segment. Below, this segment is labeled the "tangent segment".
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Why? The dashed segment is 1 because it is the radius of the unit circle. Recall that in general, tanθ = y
x . So here,

tanθ =
tangent segment

1 = tangent segment.

As the value of θ increases, the value of tanθ changes. As we rotate through the first quadrant, the value of tanθ will
increase very slowly at first and then more rapidly.
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As we get very close to the y−axis the segment gets infinitely large, until when the angle really hits 90◦, at which
point the extension of the angle and the tangent line will actually be parallel and therefore never intersect.
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This means there is no finite length of the tangent segment, or the tangent segment is infinitely large.

Let’s translate this portion of the graph onto the coordinate plane. Plot (θ, tanθ) as (x,y).
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In fact as we get infinitely close to 90◦, the tangent value increases without bound, until when we actually reach
90◦, at which point the tangent is undefined. Recall there are some angles (90◦ and 270◦, for example) for which the
tangent is not defined. Therefore, at these points, there are going to be vertical asymptotes.

Rotating past 90◦, the intersection of the extension of the angle and the tangent line is actually below the x−axis.
This fits nicely with what we know about the tangent for a 2nd quadrant angle being negative. At first, it will have
very large negative values, but as the angle rotates, the segment gets shorter, reaches 0, then crosses back into the
positive numbers as the angle enters the 3rd quadrant. The segment will again get infinitely large as it approaches
270◦. After being undefined at 270◦, the angle crosses into the 4th quadrant and once again changes from being
infinitely negative, to approaching zero as we complete a full rotation.
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The graph y = tanx over several rotations would look like this:
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Notice the x−axis is measured in radians. Our asymptotes occur every π radians, starting at π

2 . The period of the
graph is therefore π radians. The domain is all reals except for the asymptotes at π

2 ,
3π

2 ,−π

2 ,etc. and the range is all
real numbers.

Cotangent is the reciprocal of tangent, x
y , so it would make sense that where ever the tangent had an asymptote, now

the cotangent will be zero. The opposite of this is also true. When the tangent is zero, now the cotangent will have
an asymptote. The shape of the curve is generally the same, so the graph looks like this:
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When you overlap the two functions, notice that the graphs consistently intersect at 1 and -1. These are the angles
that have 45◦ as reference angles, which always have tangents and cotangents equal to 1 or -1. It makes sense that
1 and -1 are the only values for which a function and it’s reciprocal are the same. Keep this in mind as we look at
cosecant and secant compared to their reciprocals of sine and cosine.

The cotangent function has a domain of all real angles except multiples of π{. . .−2π,−π,0,π,2π . . .} The range is
all real numbers.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/143445

Sketch the graph

Sketch the graph of g(x) =−2+ cot 1
3 x over the interval [0,6π].

Starting with y = cotx, g(x) would be shifted down two and frequency is 1
3 , which means the period would be 3π,

instead of π. So, in our interval of [0,6π] there would be two complete repetitions. The red graph is y = cotx .
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Sketch the graph

Sketch the graph of y =−3tan
(
x− π

4

)
over the interval [−π,2π].

If you compare this graph to y = tanx, it will be stretched and flipped. It will also have a phase shift of π

4 to the right.
The red graph is y = tanx.

Sketch the graph

Sketch the graph of h(x) = 4tan
(
x+ π

2

)
+3 over the interval [0,2π].

The constant in front of the tangent function will cause the graph to be stretched. It will also have a phase shift of π

2
to the left. Finally, the graph will be shifted up three. Here you can see both graphs, where the red graph is y = tanx.

Examples

Example 1

Earlier, you were asked to identify which graphs are tangent and cotangent.

As you can tell after completing this Concept, when presented with the graphs:

1
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4
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The tangent and cotangent graphs are the third and sixth graphs.

Example 2

Graph y =−1+ 1
3 cot2x.

Example 3

Graph f (x) = 4+ tan(0.5(x−π)).
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Example 4

Graph y =−2tan2x.

Review

Graph each of the following functions.

1. f (x) = tan(x).
2. h(x) = tan(2x).
3. k(x) = tan(2x+π).
4. m(x) =− tan(2x+π).
5. g(x) =− tan(2x+π)+3.
6. f (x) = cot(x).
7. h(x) = cot(2x).
8. k(x) = cot(2x+π).
9. m(x) = 3cot(2x+π).

10. g(x) =−2+3cot(2x+π).
11. h(x) = tan( x

2).
12. k(x) = tan( x

2 +
π

4 ).
13. m(x) = 3tan( x

2 +
π

4 ).
14. g(x) = 3tan( x

2 +
π

4 )−1.
15. h(x) = cot( x

2).
16. k(x) = cot( x

2 +
3π

2 ).
17. m(x) =−3cot( x

2 +
3π

2 ).
18. g(x) = 2−3cot( x

2 +
3π

2 ).

Review (Answers)

To see the Review answers, open this PDF file and look for section 2.11.
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1.19 Graphs of Other Trigonometric Functions

Here you will extend what you know about rational functions and sine and cosine functions to produce graphs of
the four other trigonometric functions: tangent, secant, cosecant, and cotangent. You will also see how the four
coefficients of a general sinusoidal function affect the new functions in similar ways.

If you already know the relationship between the equation and graph of sine and cosine functions then the other four
functions can be found by identifying zeroes, asymptotes and key points. Are the four new functions transformations
of the sine and cosine functions?

Graphing Other Trigonometric Functions

Secant and Cosecant

Since secant is the inverse of cosine the graphs are very closely related.

Notice wherever cosine is zero, secant has a vertical asymptote and where cosx = 1 then secx = 1 as well. These
two logical pieces allow you to graph any secant function of the form:

f (x) =±a · sec(b(x+ c))+d

The method is to graph it as you would a cosine and then insert asymptotes and the secant curves so they touch the
cosine curve at its maximum and minimum values. This technique is identical to graphing cosecant graphs. Simply
use the sine graph to find the location and asymptotes.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61264
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Tangent and Cotangent

The tangent and cotangent graphs are more difficult because they are a ratio of the sine and cosine functions.

• tanx = sinx
cosx

• cotx = cosx
sinx

The way to think through the graph of f (x) = tanx is to first determine its asymptotes. The asymptotes occur
when the denominator, cosine, is zero. This happens at ±π

2 ,±
3π

2 . . . The next thing to plot is the zeros which occur
when the numerator, sine, is zero. This happens at 0,±π,±,2π . . . From the unit circle and basic right triangle
trigonometry, you already know some values of tanx:

• tan π

4 = 1
• tan

(
−π

4

)
=−1

By plotting all this information, you get a very good sense as to what the graph of tangent looks like and you can fill
in the rest.

Notice that the period of tangent is π not 2π, because it has a shorter cycle.

The graph of cotangent can be found using identical logic as tangent. You know cotx = 1
tanx . This means that

the graph of cotangent will have zeros wherever tangent has asymptotes and asymptotes wherever tangent has
zeroes. You also know that where tangent is 1, cotangent is also 1. Thus the graph of cotangent is:
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61266

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61267

Examples

Example 1

Earlier, you were asked if the four new functions are transformations of sine and cosine. The four new functions are
not purely transformations of the sine and cosine functions. However, secant and cosecant are transformations of
each other as are tangent and cotangent.

Example 2

Graph the function f (x) =−2 · csc(π(x−1))+1.
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Graph the function as if it were a sine function. Then insert asymptotes wherever the sine function crosses the
sinusoidal axis. Lastly add in the cosecant curves.

The amplitude is 2. The shape is negative sine. The function is shifted up one unit and to the right one unit.

Note that only the blue portion of the graph represents the given function.

Example 3

How do you write a tangent function as a cotangent function?

There are two main ways to go between a tangent function and a cotangent function. The first method was discussed
in Example A: f (x) = tanx = 1

cotx .

The second approach involves two transformations. Start by reflecting across the x or the y axis. Notice that this
produces an identical result. Next shift the function to the right or left by π

2 . Again this produces an identical result.
f (x) = tanx =−cot

(
x− π

2

)
.

Example 4

Find the equation of the function in the following graph.
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If you connect the relative maximums and minimums of the function, it produces a shifted cosine curve that is easier
to work with.

The amplitude is 3. The vertical shift is 2 down. The period is 4 which implies that b = π

2 . The shape is positive
cosine and if you choose to start at x = 0 there is no phase shift.

f (x) = 3 · csc
(

π

2 x
)
−2

Example 5

Where are the asymptotes for tangent and why do they occur?

Since tanx = sinx
cosx the asymptotes occur whenever cosx = 0 which is ±π

2 ,±
3π

2 , . . .

Review

1. What function can you use to help you make a sketch of f (x) = secx? Why?

2. What function can you use to help you make a sketch of g(x) = cscx? Why?

Make a sketch of each of the following from memory.

3. f (x) = secx

4. g(x) = cscx

5. h(x) = tanx

6. k(x) = cotx

Graph each of the following.

7. f (x) = 2csc(x)+1

8. g(x) = 2csc
(

π

2 x
)
+1

9. h(x) = 2csc
(

π

2 (x−3)
)
+1

10. j(x) = cot
(

π

2 x
)
+3

11. k(x) =−sec
(

π

3 (x+1)
)
−4

12. m(x) =− tan(x)+1
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13. p(x) =−2tan
(
x− π

2

)
+1

14. Find two ways to write secx in terms of other trigonometric functions.

15. Find two ways to write cscx in terms of other trigonometric functions.

Review (Answers)

To see the Review answers, open this PDF file and look for section 5.7.
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1.20 Vertical Translations

Here you’ll learn how to express vertical translations of graphs algebraically.

You are working on a graphing project in your math class, where you are supposed to graph several functions. You
are working on graphing a cosine function, and things seem to be going well, until you realize that there is a bold,
horizontal line two units above where you placed your "x" axis! As it turns out, you’ve accidentally shifted your
entire graph. You didn’t notice that your instructor had placed a bold line where the "x" axis was supposed to be.
And now, all of the points for your graph of the cosine function are two points lower than they are supposed to be
along the "y" axis.

You might be able to keep all of your work, if you can find a way to rewrite the equation so that it takes into account
the change in your graph.

Can you think of a way to rewrite the function so that the graph is correct the way you plotted it?

Vertical Translations

When you first learned about vertical translations in a coordinate grid, you started with simple shapes. Here is a
rectangle:

To translate this rectangle vertically, move all points and lines up by a specified number of units. We do this by
adjusting the y−coordinate of the points. So to translate this rectangle 5 units up, add 5 to every y−coordinate.
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This process worked the same way for functions. Since the value of a function corresponds to the y−value on its
graph, to move a function up 5 units, we would increase the value of the function by 5. Therefore, to translate y = x2

up five units, you would increase the y−value by 5. Because y is equal to x2, then the equation y = x2 +5, will show
this translation.
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Hence, for any graph, adding a constant to the equation will move it up, and subtracting a constant will move it
down. From this, we can conclude that the graphs of y = sinx and y = cosx will follow the same rules. That is, the
graph of y = sin(x)+2 will be the same as y = sinx, only it will be translated, or shifted, 2 units up.

To avoid confusion, this translation is usually written in front of the function: y = 2+ sinx.

Various texts use different notation, but we will use D as the constant for vertical translations. This would lead to
the following equations: y = D± sinx and y = D± cosx where D is the vertical translation. D can be positive or
negative.

Another way to think of this is to view sine or cosine curves “wrapped” around a horizontal line. For y = sinx and
y = cosx, the graphs are wrapped around the x−axis, or the horizontal line, y = 0.

For y = 3+ sinx, we know the curve is translated up 3 units. In this context, think of the sine curve as being
“wrapped” around the line, y = 3.

Either method works for the translation of a sine or cosine curve. Pick the thought process that works best for you.
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/70572

Find the min and max

Find the minimum and maximum of y =−6+ cosx

This is a cosine wave that has been shifted down 6 units, or is now wrapped around the line y = −6. Because the
graph still rises and falls one unit in either direction, the cosine curve will extend one unit above the “wrapping line”
and one unit below it. The minimum is −7 and the maximum is−5.

Graph the function

Graph y = 4+ cosx.

This will be the basic cosine curve, shifted up 4 units.
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Find the max and min

Find the minimum and maximum of y = sinx+3

This is a sine wave that has been shifted up 3 units, so now instead of going up and down around the ’x’ axis, it will
go up and down around the line y = 3. Since the sine function rises and falls one unit in each direction, the new
minimum is 2 and the new maximum is 4.

Examples

Example 1

Earlier, you were asked if you can think of a way to rewrite the function so that the graph is correct the way you
plotted it.

Since you now know how to shift a graph vertically by adding or removing a constant after the function, you can
keep your graph by changing the equation to y = cos(x)−2

Example 2

Which of the following is true for the equation: y = sin
(
x− π

2

)
The minimum value is 0.

The maximum value is 3.

The y−intercept is -2.

The y−intercept is -1.

This is the same graph as y = cos(x).

"This is the same graph as y = cos(x)." is the answer to this question, since the π

2 is a shift to the graph which makes
it the same as a cosine graph.

Example 3

Which of the following is true for the equation: y = 1+ sinx

The minimum value is 0.

The maximum value is 3.

The y−intercept is -2.

The y−intercept is -1.

This is the same graph as y = cos(x).

"The minimum value is 0." is the answer to this question, since this graph is the same as a regular sine graph, which
ranges from -1 to 1, but shifted upward one unit on the "y" axis, so it ranges from 0 to 2.

Example 4

Which of the following is true for the equation: y = 2+ cosx

The minimum value is 0.

The maximum value is 3.
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The y−intercept is -2.

The y−intercept is -1.

This is the same graph as y = cos(x).

"The maximum value is 3." is the answer to this question, since a cosine graph (which normally ranges between -1
and 1) shifted upward by two units. Therefore its new range is from 1 to 3.

Review

Use vertical translations to graph each of the following functions.

1. y = x3 +4
2. y = x2−3
3. y = sin(x)−4
4. y = cos(x)+7
5. y = sec(x)−3
6. y = tan(x)+2
7. y = 3+ sin(x)
8. y = cos(x)+1
9. y = 6+ sec(x)

10. y = tan(x)−4

Find the minimum and maximum value of each of the following functions.

11. y = sin(x)+6
12. y = cos(x)−1
13. y = sin(x)−4
14. y =−3+ cos(x)
15. y = 2+ cos(x)
16. Give an example of a sine function with a y-intercept of 6.
17. Give an example of a cosine function with a maximum of -1.
18. Give an example of a sine function with a minimum of 0.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 2.12.
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1.21 Horizontal Translations or Phase Shifts

Here you’ll learn how to express horizontal translations of graphs algebraically.

You are working on a graphing project in your math class, where you are supposed to graph several functions. Things
seem to be going well, until you realize that there is a bold, vertical line three units to the left of where you placed
your "y" axis! As it turns out, you’ve accidentally shifted your entire graph. You didn’t notice that your instructor
had placed a bold line where the "y" axis was supposed to be. And now, all of the points for your graph of the cosine
function are three points farther to the right than they are supposed to be along the "x" axis.

You might be able to keep all of your work, if you can find a way to rewrite the equation so that it takes into account
the change in your graph.

Can you think of a way to rewrite the function so that the graph is correct the way you plotted it?

Horizontal Translations

Horizontal translations involve placing a constant inside the argument of the trig function being plotted. If we return
to the example of the parabola, y = x2, what change would you make to the equation to have it move to the right or
left? Many students guess that if you move the graph vertically by adding to the y−value, then we should add to the
x−value in order to translate horizontally. This is correct, but the graph itself behaves in the opposite way than what
you may think.

Here is the graph of y = (x+2)2.

Notice that adding 2 to the x−value shifted the graph 2 units to the left, or in the negative direction.
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To compare, the graph y = (x−2)2 moves the graph 2 units to the right or in the positive direction.

We will use the letter C to represent the horizontal shift value. Therefore, subtracting C from the x−value will shift
the graph to the right and adding C will shift the graph C units to the left.

Adding to our previous equations, we now have y = D± sin(x±C) and y = D± cos(x±C) where D is the vertical
translation and C is the opposite sign of the horizontal shift.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/70572

Sketch the graph

Sketch y = sin
(
x− π

2

)
This is a sine wave that has been translated π

2 units to the right.
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Horizontal translations are also referred to as phase shifts. Two waves that are identical, but have been moved
horizontally are said to be “out of phase” with each other. Remember that cosine and sine are really the same waves
with this phase variation.

y = sinx can be thought of as a cosine wave shifted horizontally to the right by π

2 radians.

Alternatively, we could also think of cosine as a sine wave that has been shifted π

2 radians to the left.

Sketch the graph

Draw a sketch of y = 1+ cos(x−π)
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This is a cosine curve that has been translated up 1 unit and π units to the right. It may help you to use the quadrant
angles to draw these sketches. Plot the points of y = cosx at 0, π

2 ,π,
3π

2 ,2π (as well as the negatives), and then
translate those points before drawing the translated curve. The blue curve below is the final answer.

Graph the function

Graph y =−2+ sin
(
x+ 3π

2

)
This is a sine curve that has been translated 2 units down and moved 3π

2 radians to the left. Again, start with the
quadrant angles on y = sinx and translate them down 2 units.

Then, take that result and shift it 3π

2 to the left. The blue graph is the final answer.
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Examples

Example 1

Earlier, you were asked if you can think of a way to rewrite the function so that the graph is correct the way you
plotted it.

As you’ve now seen by reading this Concept, it is possible to shift an entire graph to the left or the right by changing
the argument of the graph.

So in this case, you can keep your graph by changing the function to y = cos(x−3)

Example 2

Draw a sketch of y = 3+ cos(x− π

2 )

As we’ve seen, the 3 shifts the graph vertically 3 units, while the −π

2 shifts the graph to the right by π

2 units.

Example 3

Draw a sketch of y = sin(x+ π

4 )
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The π

4 shifts the graph to the left by π

4 .

Example 4

Draw a sketch of y = 2+ cos(x+2π)

The 2 added to the function shifts the graph up by 2 units, and the 2π added in the argument of the function brings
the function back to where it started, so the cosine graph isn’t shifted horizontally at all.

Review

Graph each of the following functions.

1. y = cos(x− π

2 )
2. y = sin(x+ 3π

2 )
3. y = cos(x+ π

4 )
4. y = cos(x− 3π

4 )
5. y =−1+ cos(x− π

4 )
6. y = 1+ sin(x+ π

2 )

138

http://www.ck12.org


www.ck12.org Chapter 1. Unit 1: Introduction to Trigonometric Functions

7. y =−2+ cos(x+ π

4 )
8. y = 3+ cos(x− 3π

2 )
9. y =−4+ sec(x− π

4 )
10. y = 3+ csc(x− π

2 )
11. y = 2+ tan(x+ π

4 )
12. y =−3+ cot(x− 3π

2 )
13. y = 1+ cos(x− 3π

4 )
14. y = 5+ sec(x+ π

2 )
15. y =−1+ csc(x+ π

4 )
16. y = 3+ tan(x− 3π

2 )

Review (Answers)

To see the Review answers, open this PDF file and look for section 2.13.
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1.22 Putting it all Together

To graph sine and cosine functions where the amplitude is changed and horizontal and vertical shifts.

Your mission, should you choose to accept it, as Agent Trigonometry is to the find the domain and the range of the
function y = 1

2 sin(x+2)−3.

Graphing Functions

Here you’ll combine the previous two concepts and change the amplitude, the horizontal shifts, vertical shifts, and
reflections.

Graph the functions

Graph y = 4sin
(
x− π

4

)
. Find the domain and range.

First, stretch the curve so that the amplitude is 4, making the maximums and minimums 4 and -4. Then, shift the
curve π

4 units to the right.

As for the domain, it is all real numbers because the sine curve is periodic and infinite. The range will be from the
maximum to the minimum; y ∈ [−4,4].

Graph y =−2cos(x−1)+1. Find the domain and range.

The -2 indicates the cosine curve is flipped and stretched so that the amplitude is 2. Then, move the curve up one
unit and to the right one unit.

The domain is all real numbers and the range is y ∈ [−1,3].
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Find the equation of the sine curve below.

First, let’s find the amplitude. The range is from 1 to -5, which is a total distance of 6. Divided by 2, we find that the
amplitude is 3. Halfway between 1 and -5 is 1+(−5)

5 = −2, so that is our vertical shift. Lastly, we need to find the
horizontal shift. The easiest way to do this is to superimpose the curve y = 3sin(x)−2 over this curve and determine
the movement from one maximum to the closest maximum of this curve.
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Subtracting π

2 and π

6 , we have:
π

2 −
π

6 = 3π

6 −
π

6 = 2π

6 = π

3

Making the equation y = 3sin
(
x+ π

3

)
−2.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/182870

Examples

Example 1

Earlier, you were asked to find the domain and range of the function y = 1
2 sin(x+2)−3.

The 1
2 indicates the sine curve is smooshed so that the amplitude is 1

2 . Then, move the curve down two units and to
the left three units.

The domain is all real numbers and the range is y ∈ [−5
2 ,−

3
2 ].

Graph the following functions. State the domain and range. Show two full periods.

Example 2

y =−2sin
(
x− π

2

)
The domain is all real numbers and the range is y ∈ [−2,2].
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Example 3

y = 1
3 cos(x+1)−2

The domain is all real numbers and the range is y ∈
[
−2 1

3 ,−1 2
3

]
.

Example 4

Write one sine equation and one cosine equation for the curve below.
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The amplitude and vertical shift is the same, whether the equation is a sine or cosine curve. The vertical shift is
-2 because that is the number that is halfway between the maximum and minimum. The difference between the
maximum and minimum is 1, so the amplitude is half of that, or 1

2 . As a sine curve, the function is y =−2+ 1
2 sinx.

As a cosine curve, there will be a shift of π

2 ,y =
1
2 cos

(
x− π

2

)
−2.

Review

Determine if the following statements are true or false.

1. To change a cosine curve into a sine curve, shift the curve π

2 units.
2. For any given sine or cosine graph, there are infinitely many possible equations that can be written to represent

the curve.
3. The amplitude is the same as the maximum value of the sine or cosine curve.
4. The horizontal shift is always in terms of π.
5. The domain of any sine or cosine function is always all real numbers.

Graph the following sine or cosine functions such that x ∈ [−2π,2π]. State the domain and range.

6. y = sin
(
x+ π

4

)
+1

7. y = 2−3cosx
8. y = 3

4 sin
(
x− 2π

3

)
9. y =−5sin(x−3)−2

10. y = 2cos
(
x+ 5π

6

)
−1.5

11. y =−2.8cos(x−8)+4

Use the graph below to answer questions 12-15.
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12. Write a sine equation for the function where the amplitude is positive.
13. Write a cosine equation for the function where the amplitude is positive.
14. How often does a sine or cosine curve repeat itself? How can you use this to help you write different equations

for the same graph?
15. Write a second sine and cosine equation with different horizontal shifts.

Use the graph below to answer questions 16-20.

16. Write a sine equation for the function where the amplitude is positive.
17. Write a cosine equation for the function where the amplitude is positive.
18. Write a sine equation for the function where the amplitude is negative.
19. Write a cosine equation for the function where the amplitude is negative.
20. Describe the similarities and differences between the four equations from questions 16-19.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 14.3.

145

http://www.ck12.org
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-14-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-14-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-14-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf


www.ck12.org

CHAPTER 2 Unit 2: Trigonometric
Functions

Chapter Outline
2.1 EXACT VALUES FOR INVERSE SINE, COSINE, AND TANGENT

2.2 DOMAIN, RANGE, AND SIGNS OF TRIGONOMETRIC FUNCTIONS

2.3 INVERSE TRIGONOMETRIC FUNCTIONS

2.4 INVERSE TRIG FUNCTIONS AND SOLVING RIGHT TRIANGLES

2.5 TRIGONOMETRIC EQUATIONS

2.6 SIMPLER FORM OF TRIGONOMETRIC EQUATIONS

2.7 SOLVING TRIGONOMETRIC EQUATIONS USING ALGEBRA

2.8 GRAPHS OF INVERSE TRIGONOMETRIC FUNCTIONS
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2.1 Exact Values for Inverse Sine, Cosine, and
Tangent

Here you’ll learn to find the angle for common values of inverse trigonometric functions.

You are working with a triangular brace in shop class. The brace is a right triangle, and the length of one side of the
bracket is

√
3 ≈ 1.732 and it is connected to the other side at a right angle. The length of the other side is 1. You

need to find the angle that the third piece makes with the first piece, labelled below as "C":

Can you find the angle between the legs of the brace?

By the time you finish reading this Concept, you’ll be able to answer this question.

Inverse of Sine, Cosine and Tangent

Inverse trig functions can be useful in a variety of math problems for finding angles that you need to know. In many
cases, such as angles involving multiples of 30◦,60◦ and 90◦, the values of trig functions are often memorized, since
they are used so often.
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/176590

Recall the unit circle and the critical values. With the inverse trigonometric functions, you can find the angle value
(in either radians or degrees) when given the ratio and function. Make sure that you find all solutions within the
given interval.

Find the exact value

Find the exact value of the expression without a calculator, in [0,2π).

sin−1
(
−
√

3
2

)
This is a value from the special right triangles and the unit circle.

Recall that −
√

3
2 is from the 30−60−90 triangle. The reference angle for sin and

√
3

2 would be 60◦. Because this
is sine and it is negative, it must be in the third or fourth quadrant. The answer is either 4π

3 or 5π

3 .

Find the exact value

Find the exact value of the expression without a calculator, in [0,2π).

cos−1
(
−
√

2
2

)
This is a value from the special right triangles and the unit circle.

−
√

2
2 is from an isosceles right triangle. The reference angle is then 45◦. Because this is cosine and negative, the

angle must be in either the second or third quadrant. The answer is either 3π

4 or 5π

4 .

Find the exact value

Find the exact value of the expression without a calculator, in [0,2π).

tan−1
√

3

This is a value from the special right triangles and the unit circle.
√

3 is also from a 30−60−90 triangle. Tangent is
√

3 for the reference angle 60◦. Tangent is positive in the first
and third quadrants, so the answer would be π

3 or 4π

3 .
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Examples

Example 1

Earlier, you were asked to find the angle between the legs of the brace.

Using your knowledge of the values of trig functions for angles, you can work backward to find the angle that the
brace makes:

tanC =
1√
3

tan−1C = tan−1 1√
3

C = 60◦

Example 2

Find the exact value of the inverse function of cos−1(0), without a calculator in [0,2π)

π

2 ,
3π

2

Example 3

Find the exact value of the inverse function of tan−1
(
−
√

3
)

, without a calculator in [0,2π)

2π

3 , 5π

3

Example 4

Find the exact value of the inverse function of sin−1 (−1
2

)
, without a calculator in [0,2π)

11π

6 , 7π

6

Review

Find the exact value of each expression without a calculator, in [0,2π).

1. sin−1
(√

2
2

)
2. cos−1

(1
2

)
3. sin−1 (1)

4. cos−1
(
−
√

3
2

)
5. tan−1

(
−
√

3
3

)
6. tan−1 (−1)

7. sin−1
(√

3
2

)
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8. cos−1
(√

2
2

)
9. csc−1

(√
2
)

10. sec−1 (−2)

11. cot−1
(√

3
3

)
12. sec−1

(
2
√

3
2

)
13. csc−1

(
−2
√

3
2

)
14. cot−1

(
−
√

3
)

15. cot−1 (−1)

Review (Answers)

To see the Review answers, open this PDF file and look for section 4.2.
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2.2 Domain, Range, and Signs of Trigonomet-
ric Functions

Here you’ll learn the domain and range, as well as the sign in different quadrants, for six trig functions. You are
doodling in art class one day when you draw a circle. Then you draw a few lines extending outward from the center
to the edge of the circle. You draw a triangle with the "x" axis, and realize that you’re thinking about your math class
again.

You notice that the relationship for the sine function involves the length of the side opposite the angle divided by the
length of the hypotenuse. But while the hypotenuse is always a positive number, the sign of the opposite side can be
different, depending on what quadrant the angle is drawn in.

Can you determine what the sign of the sine function will be in each of the four quadrants, based on the knowledge
of the ratio that defines the sine function?

Domain and Range of Trigonometric Functions

While the trigonometric functions may seem quite different from other functions you have worked with, they are in
fact just like any other function. We can think of a trig function in terms of “input” and “output.” The input is always
an angle. The output is a ratio of sides of a triangle. If you think about the trig functions in this way, you can define
the domain and range of each function.
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/143441

Let’s first consider the sine and cosine functions. The input of each of these functions is always an angle, and as
you learned in the previous sections, these angles can take on any real number value. Therefore the sine and cosine
function have the same domain, the set of all real numbers, R. We can determine the range of the functions if we
think about the fact that the sine of an angle is the y−coordinate of the point where the terminal side of the angle
intersects the unit circle. The cosine is the x−coordinate of that point. Now recall that in the unit circle, we defined
the trig functions in terms of a triangle with hypotenuse 1.

In this right triangle, x and y are the lengths of the legs of the triangle, which must have lengths less than 1, the length
of the hypotenuse. Therefore the ranges of the sine and cosine function do not include values greater than one. The
ranges do, however, contain negative values. Any angle whose terminal side is in the third or fourth quadrant will
have a negative y−coordinate, and any angle whose terminal side is in the second or third quadrant will have a
negative x−coordinate.
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In either case, the minimum value is -1. For example, cos180◦ = −1 and sin270◦ = −1. Therefore the sine and
cosine function both have range from -1 to 1.

The table below summarizes the domains and ranges of these functions:

TABLE 2.1:

Domain Range
Sine θ = R −1≤ y≤ 1
Cosine θ = R −1≤ y≤ 1

Knowing the domain and range of the cosine and sine function can help us determine the domain and range of
the secant and cosecant function. First consider the sine and cosecant functions, which as we showed above, are
reciprocals. The cosecant function will be defined as long as the sine value is not 0. Therefore the domain of the
cosecant function excludes all angles with sine value 0, which are 0◦, 180◦, 360◦, etc.

In Chapter 2 you will analyze the graphs of these functions, which will help you see why the reciprocal relationship
results in a particular range for the cosecant function. Here we will state this range, and in the review questions you
will explore values of the sine and cosecant function in order to begin to verify this range, as well as the domain and
range of the secant function.

TABLE 2.2:

Domain Range
Cosecant θεR,θ 6= 0,180,360 . . . cscθ≤−1 or cscθ≥ 1
Secant θεR,θ 6= 90,270,450 . . . secθ≤−1 or secθ≥ 1

Now let’s consider the tangent and cotangent functions. The tangent function is defined as tanθ = y
x . Therefore the

domain of this function excludes angles for which the ordered pair has an x−coordinate of 0 : 90◦,270◦, etc. The

153

http://www.ck12.org


2.2. Domain, Range, and Signs of Trigonometric Functions www.ck12.org

cotangent function is defined as cotθ = x
y , so this function’s domain will exclude angles for which the ordered pair

has a y−coordinate of 0 : 0◦, 180◦, 360◦, etc.

TABLE 2.3:

Function Domain Range
Tangent θεR,θ 6= 90,270,450 . . . All reals
Cotangent θεR,θ 6= 0,180,360 . . . All reals

Knowing the ranges of these functions tells you the values you should expect when you determine the value of a trig
function of an angle. However, for many problems you will need to identify the sign of the function of an angle: Is
it positive or negative?

In determining the ranges of the sine and cosine functions above, we began to categorize the signs of these functions
in terms of the quadrants in which angles lie. The figure below summarizes the signs for angles in all 4 quadrants.

An easy way to remember this is “All Students Take Calculus”. Quadrant I: All values are positive, Quadrant II:
Sine is positive, Quadrant III: Tangent is positive, and Quadrant IV: Cosine is positive. This simple memory device
will help you remember which trig functions are positive and where.

State the sign of

The angle 100◦ is in the second quadrant. Therefore the x−coordinate is negative and so cos100◦ is negative.
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State the sign of

The angle 220◦ is in the third quadrant. Therefore the y−coordinate is negative. So the sine, and the cosecant are
negative.

State the sign of

The angle 370◦ is in the first quadrant. Therefore the tangent value is positive.

Examples

Example 1

Earlier, you were asked to determine what the sign of the sine function will be in each of the four quadrants.

Since the sine function is defined to be the length of the opposite side divided by the length of the hypotenuse, the
sign of the sine function is the sign of the y -coordinate for whatever quadrant is being considered. In quadrants
1 and 2, the "y" coordinate is positive, so the sine function is positive. In quadrants 3 and 4, the y-coordinate is
negative, so the sine function is negative as well.

Example 2

State the sign of cos70◦

The angle 70◦ is in the first quadrant. Cosine is defined to be the adjacent side divided by the hypotenuse. Since
the hypotenuse of the unit circle is one and the adjacent side is the x-coordinate, the sign of the cosine function is
determined by the sign of the x-coordinate. Since 70◦ is in the first quadrant, the x value is positive. Therefore the
cosine value is positive.

Example 3

State the sign of sin130◦

The angle 130◦ is in the second quadrant. Sine is defined to be the opposite side divided by the hypotenuse. Since
the hypotenuse of the unit circle is one and the opposite side is the y-coordinate, the sign of the sine function is
determined by the sign of the y-coordinate. Since 130◦ is in the second quadrant, the y value is positive. Therefore
the sine value is positive.

Example 4

State the sign of tan250◦

The angle 250◦ is in the third quadrant. Tangent is defined to be the opposite side divided by the adjacent side. In
the third quadrant, the x values are negative, and the y values are negative. A negative divided by a negative equals a
positive. Therefore the tangent of 250◦ is positive.
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Review

1. In what quadrants is the sine function positive?
2. In what quadrants is the cotangent function negative?
3. In what quadrants is the cosine function negative?
4. In what quadrants is the tangent function positive?
5. For what angles is the cosecant function undefined?
6. State the sign of sin510◦.
7. State the sign of cos315◦.
8. State the sign of tan135◦.
9. State the sign of cot220◦.

10. State the sign of csc40◦.
11. State the sign of cos330◦.
12. State the sign of sin60◦.
13. State the sign of sec−45◦.
14. Explain why the cosecant function is never equal to 0.
15. Using your knowledge of domain and range, make a possible sketch for y = sinx.

Review (Answers)

To see the Review answers, open this PDF file and look for section 1.22.
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2.3 Inverse Trigonometric Functions

Here you’ll learn how to use the inverses of trig functions to solve for unknown angles.

One day after school you are trying out for the track team. Your school has a flag pole at the very end of its football
field. The pole is 50 feet tall. While standing at the end of the track, you know that the distance between you and
the flag pole is 350 feet. Being curious about such things, you decide to find the angle between the ground and the
top of the flag pole from where you are standing.

Can you solve this problem?

Inverse Trigonometric Functions

Consider the right triangle below.

From this triangle, we know how to determine all six trigonometric functions for both 6 C and 6 T .

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/176168

From any of these functions we can also find the value of the angle, using our graphing calculators. You might recall
that sin30◦ = 1

2 . If you type 30 into your graphing calculator and then hit the SIN button, the calculator yields 0.5.
(Make sure your calculator’s mode is set to degrees.)

Conversely, with the triangle above, we know the trig ratios, but not the angle. In this case the inverse of the
trigonometric function must be used to determine the measure of the angle. These functions are located above the
SIN, COS, and TAN buttons on the calculator. To access one of these functions, press 2nd and the appropriate button
and the measure of the angle appears on the screen.

cosT = 24
25 → cos−1 24

25 = T from the calculator we get
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Use your calculator to solve the problems below.

Find the angle measure for the trig function below.

sinx = 0.687

Plug into calculator.

sin−1 0.687 = 43.4◦

Find the angle measure for the trig function below.

tanx = 4
3

Plug into calculator.

tan−1 4
3 = 53.13◦

Find the measurement of the angle

You live on a farm and your chore is to move hay from the loft of the barn down to the stalls for the horses. The hay
is very heavy and to move it manually down a ladder would take too much time and effort. You decide to devise a
make shift conveyor belt made of bed sheets that you will attach to the door of the loft and anchor securely in the
ground. If the door of the loft is 25 feet above the ground and you have 30 feet of sheeting, at what angle do you
need to anchor the sheets to the ground?

From the picture, we need to use the inverse sine function.

sinθ =
25 f eet
30 f eet

sinθ = 0.8333

sin−1(sinθ) = sin−1 0.8333

θ = 56.4◦
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The sheets should be anchored at an angle of 56.4◦.

Examples

Example 1

Earlier, you were asked to find the angle between the ground and the top of the flag pole from where you are standing.

Using your knowledge of inverse trigonometric functions, you can set up a tangent relationship to solve for the angle:

tanθ =
50
350

θ = tan−1 50
350

θ≈ 8.13◦

Example 2

Find the angle measure for the trig function below.

sinx = 0.823

Plug into calculator.

sin−1 0.823≈ 55.39◦

Example 3

Find the angle measure for the trig function below.

cosx =−0.112

Plug into calculator.

cos−1−0.112≈ 96.43◦

Example 4

Find the angle measure for the trig function below.

tanx = 0.2

Plug into calculator.

tan−1 0.2≈ 11.31◦

Review

Use inverse trigonometry to find the angle measure of angle A for each angle below.

1. sinA = 0.839
2. cosA = 0.19
3. tanA = 0.213
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4. cscA = 1.556
5. secA = 2.063
6. cotA = 2.356
7. cscA = 8.206
8. sinA = 0.9994
9. cotA = 1.072

10. cosA = 0.174
11. tanA = 1.428
12. cscA = 2.92
13. A 70 foot building casts an 100 foot shadow. What is the angle that the sun hits the building?
14. Over 2 miles (horizontal), a road rises 300 feet (vertical). What is the angle of elevation?
15. Whitney is sailing and spots a shipwreck 100 feet below the water. She jumps from the boat and swims 250

feet to reach the wreck. What is the angle of depression from the boat to the shipwreck?

Review (Answers)

To see the Review answers, open this PDF file and look for section 1.11.
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2.4 Inverse Trig Functions and Solving Right
Triangles

Here you’ll use the inverse trigonometric functions to find the measure of unknown acute angles in right triangles
and solve right triangles.

A right triangle has legs that measure 2 units and 2
√

3 units. What are the measures of the triangle’s acute angles?

Inverse of Trigonometric Functions

In the previous concept we used the trigonometric functions sine, cosine and tangent to find the ratio of particular
sides in a right triangle given an angle. In this concept we will use the inverses of these functions, sin−1, cos−1 and
tan−1, to find the angle measure when the ratio of the side lengths is known. When we type sin30◦ into our calculator,
the calculator goes to a table and finds the trig ratio associated with 30◦, which is 1

2 . When we use an inverse function
we tell the calculator to look up the ratio and give us the angle measure. For example: sin−1 (1

2

)
= 30◦. On your

calculator you would press 2NDSIN to get SIN−1( and then type in 1
2 , close the parenthesis and press ENTER. Your

calculator screen should read SIN−1 (1
2

)
when you press ENTER.

Find the inverse of the following problems

Find the measure of angle A associated with the following ratios. Round answers to the nearest degree.

1. sinA = 0.8336
2. tanA = 1.3527
3. cosA = 0.2785

Using the calculator we get the following:

1. sin−1(0.8336)≈ 56◦

2. tan−1(1.3527)≈ 54◦

3. cos−1(0.2785)≈ 74◦

Find the measures of the unknown angles in the triangle shown. Round answers to the nearest degree.
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We can solve for either x or y first. If we choose to solve for x first, the 23 is opposite and 31 is adjacent so we will
use the tangent ratio.

x = tan−1
(

23
31

)
≈ 37◦.

Recall that in a right triangle, the acute angles are always complementary, so 90◦−37◦ = 53◦, so y = 53◦. We can
also use the side lengths an a trig ratio to solve for y:

y = tan−1
(

31
23

)
≈ 53◦.

Solve the right triangle shown below. Round all answers to the nearest tenth.

We can solve for either angle A or angle B first. If we choose to solve for angle B first, then 8 is the hypotenuse and
5 is the opposite side length so we will use the sine ratio.

sinB =
5
8

m6 B = sin−1
(

5
8

)
≈ 38.7◦

Now we can find A two different ways.

Method 1: We can using trigonometry and the cosine ratio:

cosA =
5
8

m 6 A = cos−1
(

5
8

)
≈ 51.3◦

Method 2: We can subtract m6 B from 90◦: 90◦−38.7◦ = 51.3◦ since the acute angles in a right triangle are always
complimentary.

Either method is valid, but be careful with Method 2 because a miscalculation of angle B would make the measure
you get for angle A incorrect as well.
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Examples

Example 1

Earlier, you were asked what are the measures of the triangle’s acute angles.

First, let’s find the hypotenuse, then we can solve for either angle.

22 +(2
√

3)=c2

4+12 = c2

16 = c2

c = 4

One of the acute angles will have a sine of 2
4 = 1

2 .

sinA =
1
2

m6 A = sin−1 1
2
= 30◦

Now we can find B by subtracting m6 A from 90◦: 90◦− 30◦ = 60◦ since the acute angles in a right triangle are
always complimentary.

Find the measure of angle A to the nearest degree given the trigonometric ratios.

Example 2

sinA = 0.2894

sin−1(0.2894)≈ 17◦

Example 3

tanA = 2.1432

tan−1(2.1432)≈ 65◦

Example 4

cosA = 0.8911

cos−1(0.8911)≈ 27◦
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Example 5

Find the measures of the unknown angles in the triangle shown. Round answers to the nearest degree.

x = cos−1
(

13
20

)
≈ 49◦; y = sin−1

(
13
20

)
≈ 41◦

Example 4

Solve the triangle. Round side lengths to the nearest tenth and angles to the nearest degree.

m6 A = cos−1
(

17
38

)
≈ 63◦; m6 B = sin−1

(
17
38

)
≈ 27◦; a =

√
382−172 ≈ 34.0

Review

Use your calculator to find the measure of angle B. Round answers to the nearest degree.

1. tanB = 0.9523
2. sinB = 0.8659
3. cosB = 0.1568
4. sinB = 0.2234
5. cosB = 0.4855
6. tanB = 0.3649

164

http://www.ck12.org


www.ck12.org Chapter 2. Unit 2: Trigonometric Functions

Find the measures of the unknown acute angles. Round measures to the nearest degree.

7.

8.

9.

10.

11.
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12.

Solve the following right triangles. Round angle measures to the nearest degree and side lengths to the nearest tenth.

13.

14.

15.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.3.
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2.5 Trigonometric Equations

Here you will solve equations that contain trigonometric functions. You will also learn to identify when an equation
is an identity and when it is has no solutions.

Solving a trigonometric equation is just like solving a regular equation. You will use factoring and other algebraic
techniques to get the variable on one side. The biggest difference with trigonometric equations is the opportunity
for there to be an infinite number of solutions that must be described with a pattern. The equation cosx = 1 has
many solutions including 0 and 2π. How would you describe all of them?

Solving Trigonometric Equations

The identities you have learned are helpful in solving trigonometric equations. The goal of solving an equation
hasn’t changed. Do whatever it takes to get the variable alone on one side of the equation. Factoring, especially
with the Pythagorean identity, is critical.

When solving trigonometric equations, try to give exact (non-rounded) answers. If you are working with a calculator,

keep in mind that while some newer calculators can provide exact answers like
√

3
2 , most calculators will produce

a decimal of 0.866... If you see a decimal like 0.866..., try squaring it. The result might be a nice fraction like
3
4 . Then you can logically conclude that the original decimal must be the square root of 3

4 or
√

3
2 .

When solving, if the two sides of the equation are always equal, then the equation is an identity. If the two sides of
an equation are never equal, as with sinx = 3, then the equation has no solution.
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Examples

Example 1

Earlier, you were asked how you could describe the many solutions of cosx = 1. When you type cos−1 1 on your
calculator, it will yield only one solution which is 0. In order to describe all the solutions you must use logic and the
graph to figure out that cosine also has a height of 1 at −2π,2π,−4π,4π . . . Luckily all these values are sequences in
a clear pattern so you can describe them all in general with the following notation:

x = 0±n ·2π where n is an integer, or x =±n ·2π where n is an integer.

Example 2

Solve the following equation algebraically and confirm graphically on the interval [−2π,2π].

cos2x = sinx

cos2x = sinx

1−2sin2 x = sinx

0 = 2sin2 x+ sinx−1

0 = (2sinx−1)(sinx+1)

Solving the first part set equal to zero within the interval yields:

0 = 2sinx−1
1
2
= sinx

x =
π

6
,
5π

6
,−11π

6
,−7π

6

Solving the second part set equal to zero yields:

0 = sinx+1

−1 = sinx

x =−π

2
,
3π

2

These are the six solutions that will appear as intersections of the two graphs f (x) = cos2x and g(x) = sinx.
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Note that the terms “general solution,” “completely solve”, and“solve exactly”

Example 3

Determine the general solution to the following equation.

cotx−1 = 0

cotx−1 = 0

cotx = 1

One solution is x = π

4 . However, since this question asks for the general solution, you need to find every possible
solution. You have to know that cotangent has a period of π which means if you add or subtract π from π

4 then it
will also yield a height of 1. To capture all these other possible x values you should use this notation.

x = π

4 ±n ·π where n is a integer
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Notice that trigonometric equations may have an infinite number of solutions that repeat in a certain pattern because
they are periodic functions. When you see these directions remember to find all the solutions by using notation like
in this example.

Example 4

Solve the following equation.

4cos2 x−1 = 3−4sin2 x

4cos2 x−1 = 3−4sin2 x

4cos2 x+4sin2 x = 3+1

4(cos2 x+ sin2 x) = 4

4 = 4

This equation is always true which means the right side is always equal to the left side. This is an identity.

Example 5

Solve the following equation exactly.

2cos2 x+3cosx−2 = 0

Start by factoring:

2cos2 x+3cosx−2 = 0

(2cosx−1)(cosx+2) = 0

Note that cosx 6=−2 which means only one equation needs to be solved for solutions.

2cosx−1 = 0

cosx =
1
2

x =
π

3
,−π

3

These are the solutions within the interval −π to π. Since this represents one full period of cosine, the rest of the
solutions are just multiples of 2π added and subtracted to these two values.

x =±π

3 ±n ·2π where n is an integer

Review

Solve each equation on the interval [0,2π).

1. 3cos2 x
2 = 3

2. 4sin2 x = 8sin2 x
2
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Find approximate solutions to each equation on the interval [0,2π).

3. 3cos2 x+10cosx+2 = 0

4. sin2 x+3sinx = 5

5. tan2 x+ tanx = 3

6. cot2 x+5tanx+14 = 0

7. sin2 x+ cos2 x = 1

Solve each equation on the interval [0,360◦).

8. 2sin
(
x− π

2

)
= 1

9. 4cos(x−π) = 4

Solve each equation on the interval [2π,4π).

10. cos2 x+2cosx+1 = 0

11. 3sinx = 2cos2 x

12. tanxsin2 x = tanx

13. sin2 x+1 = 2sinx

14. sec2 x = 4

15. sin2 x−4 = cos2 x− cos2x−4

Review (Answers)

To see the Review answers, open this PDF file and look for section 6.5.
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2.6 Simpler Form of Trigonometric Equations

Here you’ll learn how to rewrite trig expressions in a simpler form using trig identities.

Sometimes things are simpler than they look. For example, trigonometric identities can sometimes be reduced to
simpler forms by applying other rules. For example, can you find a way to simplify

cos3 θ = 3cosθ+cos3θ

4

Trigonometric Equations

By this time in your school career you have probably seen trigonometric functions represented in many ways: ratios
between the side lengths of right triangles, as functions of coordinates as one travels along the unit circle and as
abstract functions with graphs. Now it is time to make use of the properties of the trigonometric functions to gain
knowledge of the connections between the functions themselves. The patterns of these connections can be applied
to simplify trigonometric expressions and to solve trigonometric equations.

In order to do this, look for parts of the complex trigonometric expression that might be reduced to fewer trig
functions if one of the identities you already know is applied to the expression. As you apply identities, some
complex trig expressions have parts that can be cancelled out, others can be reduced to fewer trig functions. Observe
how this is accomplished in the examples below.
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Simplify

Simplify the following expression using the basic trigonometric identities: 1+tan2 x
csc2 x

1+ tan2 x
csc2 x

. . .(1+ tan2 x = sec2 x)Pythagorean Identity

sec2 x
csc2 x

. . .(sec2 x =
1

cos2 x
and csc2 x =

1
sin2 x

)Reciprocal Identity

1
cos2 x

1
sin2 x

=

(
1

cos2 x

)
÷
(

1
sin2 x

)
(

1
cos2 x

)
·
(

sin2 x
1

)
=

sin2 x
cos2 x

= tan2 x→ Quotient Identity

Simplify

Simplify the following expression using the basic trigonometric identities: sin2 x+tan2 x+cos2 x
secx

sin2 x+ tan2 x+ cos2 x
secx

. . .(sin2 x+ cos2 x = 1)Pythagorean Identity

1+ tan2 x
secx

. . .(1+ tan2 x = sec2 x)Pythagorean Identity

sec2 x
secx

= secx

Simplify

Simplify the following expression using the basic trigonometric identities: cosx− cos3 x

cosx− cos3 x

cosx(1− cos2 x) . . .Factor out cosx and sin2 x = 1− cos2 x

cosx(sin2 x)

Examples

Example 1

Earlier, you were asked to simplify

cos3 θ = 3cosθ+cos3θ

4

The easiest way to start is to recognize the triple angle identity:

cos3θ = cos3 θ−3sin2
θcosθ

Substituting this into the original equation gives:

cos3 θ = 3cosθ+(cos3 θ−3sin2
θcosθ)

4
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Notice that you can then multiply by four and subtract a cos3 θ term:

3cos3 θ = 3cosθ−3sin2
θcosθ

And finally pulling out a three and dividing:

cos3 θ = cosθ− sin2
θcosθ

Then pulling out a cosθ and dividing:

cos2 θ = 1− sin2
θ

Example 2

Simplify tan3(x)csc3(x)

tan3(x)csc3(x)

=
sin3(x)
cos3(x)

× 1
sin3(x)

=
1

cos3(x)

= sec3(x)

Example 3

Show that cot2(x)+1 = csc2(x)

Start with sin2(x)+ cos2(x) = 1, and divide everything through by sin2(x):

sin2(x)+ cos2(x) = 1

=
sin2(x)
sin2(x)

+
cos2(x)
sin2(x)

=
1

sin2(x)

= 1+ cot2(x) = csc2(x)

Example 4

Simplify csc2(x)−1
csc2(x)

csc2(x)−1
csc2(x)

Using cot2(x)+ 1 = csc2(x) that was proven in #2, you can find the relationship: cot2(x) = csc2(x)− 1, you can
substitute into the above expression to get:
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cot2(x)
csc2(x)

=

cos2(x)
sin2(x)

1
sin2(x)

= cos2(x)

Review

Simplify each trigonometric expression as much as possible.

1. sin(x)cot(x)
2. cos(x) tan(x)
3. 1+tan(x)

1+cot(x)

4. 1−sin2(x)
1+sin(x)

5. sin2(x)
1+cos(x)

6. (1+ tan2(x))(sec2(x))
7. sin(x)(tan(x)+ cot(x))
8. sec(x)

sin(x) −
sin(x)
cos(x)

9. sin(x)
cot2(x) −

sin(x)
cos2(x)

10. 1+sin(x)
cos(x) − sec(x)

11. sin2(x)−sin4(x)
cos2(x)

12. tan(x)
csc2(x) +

tan(x)
sec2(x)

13.
√

1− cos2(x)

14. (1− sin2(x))(cos(x))
15. (sec2(x)+ csc2(x))− (tan2(x)+ cot2(x))

Review (Answers)

To see the Review answers, open this PDF file and look for section 3.3.
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2.7 Solving Trigonometric Equations Using
Algebra

Here you’ll solve trig equations using algebra.

As Agent Trigonometry, you are given this clue: 2sinx−
√

2 = 0. If 0≤ x < 2π, what is/are the value(s) of x.

Solving Trigonometric Equations

In the previous concept, we verified trigonometric identities, which are true for every real value of x. In this concept,
we will solve trigonometric equations. An equation is only true for some values of x.

Solve the following problems

Verify that cscx−2 = 0 when x = 5π

6 .

Substitute in x = 5π

6 to see if the equations holds true.

csc
(

5π

6

)
−2 = 0

1
sin
(5π

6

) −2 = 0

1
1
2

−2 = 0

2−2 = 0

This is a true statement, so x = 5π

6 is a solution to the equation.

Solve 2cosx+1 = 0.

To solve this equation, we need to isolate cosx and then use inverse to find the values of x when the equation is valid.
You already did this to find the zeros in the graphing concepts earlier in this chapter.

2cosx+1 = 0

2cosx =−1

cosx =−1
2

So, when is the cosx = −1
2 ? Between 0 ≤ x < 2π,x = 2π

3 and 4π

3 . But, the trig functions are periodic, so there are
more solutions than just these two. You can write the general solutions as x = 2π

3 ±2πn and x = 4π

3 ±2πn, where n
is any integer. You can check your answer graphically by graphing y = cosx and y = −1

2 on the same set of axes.
Where the two lines intersect are the solutions.
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Solve 5tan(x+2)−1 = 0, where 0≤ x < 2π.

In this example, we have an interval where we want to find x. Therefore, at the end of the problem, we will need to
add or subtract π, the period of tangent, to find the correct solutions within our interval.

5 tan(x+2)−1 = 0

5tan(x+2) = 1

tan(x+2) =
1
5

Using the tan−1 button on your calculator, we get that tan−1
(1

5

)
= 0.1974. Therefore, we have:

x+2 = 0.1974

x =−1.8026

This answer is not within our interval. To find the solutions in the interval, add π a couple of times until we have
found all of the solutions in [0,2π].

x =−1.8026+π = 1.3390

= 1.3390+π = 4.4806

The two solutions are x = 1.3390 and 4.4806.

Examples

Example 1

Earlier, you were asked to find the value of x from the equation 2sinx−
√

2 = 0.

To solve this equation, we need to isolate sinx and then use inverse to find the values of x when the equation is valid.

2sinx−
√

2 = 0

2sinx =
√

2

sinx =

√
2

2

So now we need to find the values of x for which sinx =
√

2
2 . We know from the special triangles that this value of

sine holds true for a 45◦ angle, but is that the only value of x for which it is true?
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We are told that 0 ≤ x < 2π. Recall that the sine is positive in both the first and second quadrants, so sinx =

√
2

2
when x also is 135◦.

Example 2

Determine if x = π

3 is a solution for 2sinx =
√

3.

2sin π

3 =
√

3→ 2 ·
√

3
2 =

√
3 Yes, x = π

3 is a solution.

Example 3

Solve the following trig equation in the interval 0≤ x < 2π.

3cos2 x−5 = 0

9cos2 x−5 = 0

9cos2 x = 5

cos2 x =
5
9

cosx =±
√

5
3

The cosx =

√
5

3 at x = 0.243 rad (use your graphing calculator). To find the other value where cosine is positive,
subtract 0.243 from 2π, x = 2π−0.243 = 6.037 rad.

The cosx = −
√

5
3 at x = 2.412 rad, which is in the 2nd quadrant. To find the other value where cosine is negative

(the 3rd quadrant), use the reference angle, 0.243, and add it to π. x = π+0.243 = 3.383 rad.

Example 4

Solve the following trig equation in the interval 0≤ x < 2π.

3sec(x−1)+2 = 0

Here, we will find the solution within the given range, 0≤ x < 2π.

3sec(x−1)+2 = 0

3sec(x−1) =−2

sec(x−1) =−2
3

cos(x−1) =−3
2

At this point, we can stop. The range of the cosine function is from 1 to -1. −3
2 is outside of this range, so there is

no solution to this equation.
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Review

Determine if the following values for x. are solutions to the equation 5+6cscx = 17.

1. x =−7π

6
2. x = 11π

6
3. x = 5π

6

Solve the following trigonometric equations. If no solutions exist, write no solution.

4. 1− cosx = 0
5. 3 tanx−

√
3 = 0

6. 4cosx = 2cosx+1
7. 5sinx−2 = 2sinx+4
8. secx−4 =−secx
9. tan2(x−2) = 3

Sole the following trigonometric equations within the interval 0≤ x < 2π. If no solutions exist, write no solution.

10. cosx = sinx
11. −

√
3cscx = 2

12. 6sin(x−2) = 14
13. 7cosx−4 = 1
14. 5+4cot2 x = 17
15. 2sin2 x−7 =−6

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 14.10.
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2.8 Graphs of Inverse Trigonometric Functions

Here you will graph the final form of trigonometric functions, the inverse trigonometric functions. You will learn
why the entire inverses are not always included and you will apply basic transformation techniques.

In order for inverses of functions to be functions, the original function must pass the horizontal line test. Though
none of the trigonometric functions pass the horizontal line test, you can restrict their domains so that they can
pass. Then the inverses are produced just like with normal functions. Once you have the basic inverse functions,
the normal transformation rules apply.

Why is sin−1(sin370◦) 6= 370◦? Don’t the arcsin and sin just cancel out?

Graphs of Inverse Trigonometric Functions

Since none of the six trigonometric functions pass the horizontal line test, you must restrict their domains before
finding inverses of these functions. This is just like the way y =

√
x is the inverse of y = x2 when you restrict the

domain to x≥ 0.

Consider the sine graph:

As a general rule, the restrictions to the domain are either the interval
[
−π

2 ,
π

2

]
or [0,π] to keep things simple. In this

case sine is restricted to
[
−π

2 ,
π

2

]
, as shown above. To find the inverse, reflect the bold portion across the line y = x.

The blue curve below shows f (x) = sin−1 x.
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The result of this inversion is that arcsine will only ever produce angles between −π

2 and π

2 . You must use logic and
common sense to interpret these numbers in context.

The blue curve below shows f (x) = cos−1 x?

FIGURE 2.1

The portion of cosine that fits the horizontal line test is the interval [0,π]. To find the inverse, that portion is reflected
across the line y = x.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61270
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Examples

Example 1

Earlier, you were asked why sine and arcsine don’t always just cancel out. Since arcsine only produces angles
between −π

2 and π

2 or −90◦ to +90◦ the result of sin−1(sin370◦) is 10◦ which is coterminal to 370◦.

Example 2

Graph the function f (x) = 2cos−1(x−1).

Since the graph of f (x) = cos−1 x was done in Example A, now you just need to shift it right one unit and stretch it
vertically by a factor of 2. It intersected the x axis at 1 before and now it will intersect at 2. It reached a height of
π before and now it will reach a height of 2π.

Example 3

Evaluate the following expression with and without a calculator using right triangles and your knowledge of inverse
trigonometric functions.

cot
(
csc−1

(
−13

5

))
When using a calculator it can be extremely confusing trying to tell the difference between sin−1 x and (sinx)−1. In
order to be able to effectively calculate this out it is best to write the expression explicitly only in terms of functions
that your calculator does have.

The hardest part of this question is seeing the csc as a function (which produces an angle) on a ratio of a hypotenuse
of 13 and an opposite side of -5. The sine of the inverse ratio must produce the same angle, so you can substitute it.

• csc−1
(
−13

5

)
= sin−1 (− 5

13

)
• cot(θ) = 1

tanθ

cot
(
csc−1

(
−13

5

))
= 1

tan(sin−1(− 5
13))

=−12
5

Not using a calculator is usually significantly easier. Start with your knowledge that csc−1
(
−13

5

)
describes an

angle in the fourth or the second quadrant because those are the two quadrants where cosecant is negative. Since
csc−1 θ has range −π

2 ,
π

2 , it only produces angles in quadrant I or quadrant IV (see Guided Practice 2). This triangle
must then be in the fourth quadrant. All you need to do is draw the triangle and identify the cotangent ratio.
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Cotangent is adjacent over opposite.

cot
(
csc−1

(
−13

5

))
=−12

5

Example 4

What is the graph of y = tan−1 x?

Graph the portion of tangent that fits the horizontal line test and reflect across the line y = x. Note that the graph of
arctan is in blue.

Example 5

What is the graph of y = csc−1 x

Graph the portion of cosecant that fits the horizontal line test and reflect across the line y = x.

183

http://www.ck12.org


2.8. Graphs of Inverse Trigonometric Functions www.ck12.org

Note that f (x) = csc−1 x is in blue. Also note that the word “arc-co-secant” is too cumbersome to use because of
the train of prefixes.

Review

1. Graph f (x) = cot−1 x.

2. Graph g(x) = sec−1 x.

Name each of the following graphs.

3.
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4.

5.
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6.

7.

Graph each of the following functions using your knowledge of function transformations.

8. h(x) = 3sin−1(x+1)

9. k(x) = 2sin−1(x)+ π

2

10. m(x) =−cos−1(x−2)

11. j(x) = cot−1(x)+π

12. p(x) =−2tan−1(x−1)

13. q(x) = csc−1(x−2)

14. r(x) =−sec−1(x)+4

15. t(x) = csc−1(x+1)− 3π

2
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16. v(x) = 2sec−1(x+2)+ π

2

17. w(x) =−cot−1(x)− π

2

Evaluate each expression.

18. sec
(
tan−1

[3
4

])
19. cot

(
csc−1

[13
12

])
20. csc

(
tan−1

[4
3

])
Review (Answers)

To see the Review answers, open this PDF file and look for section 5.8.
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CHAPTER 3 Unit 3: Trigonometry of
General Triangles

Chapter Outline
3.1 TRIANGLES AND VECTORS

3.2 LAW OF SINES

3.3 THE AMBIGUOUS CASE-SSA

3.4 POSSIBLE TRIANGLES WITH SIDE-SIDE-ANGLE

3.5 DERIVATION OF THE TRIANGLE AREA FORMULA

3.6 LAW OF COSINES

3.7 IDENTIFY ACCURATE DRAWINGS OF TRIANGLES

3.8 GENERAL SOLUTIONS OF TRIANGLES

188

http://www.ck12.org


www.ck12.org Chapter 3. Unit 3: Trigonometry of General Triangles

3.1 Triangles and Vectors

Have you ever watched an airplane take off? If you have, you know that it starts at one point on the runway and then
it lifts off and begins its ascent. If you were to draw a line from the point of lift off to the point in the sky where the
plane begins to level off, you would have drawn the line of a vector. That’s right, a vector has length and direction
including a starting point and an ending point. Now imagine that you could draw a line from the ending point to the
runway. What do you see? Ah yes, a right triangle.

Here are some additional resources that provide a more in-depth exploration of this topic.

• Law of Cosines
• Alternate Formula for the Area of a Triangle
• Law of Sines
• Ambiguous Case
• General Solutions of Triangles
• Operations with Vectors
• Component Vectors
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3.2 Law of Sines

Here you’ll learn how to apply the Law of Sines when different types of triangles are presented.

While working in art class you are trying to design pieces of glass that you will eventually fit together into a sculpture.
You are drawing out what you think will be a diagram of one of the pieces. You have a side of length 14 inches, and
side of length 17 inches, and an angle next to the 17 in side of 35◦ (not the angle between the 14 in and 17 in pieces,
but the one at the other end of the 17 in piece). Your diagram looks like this:

It occurs to you that you could use your knowledge of math to find out if you are going to be able to finish the
drawing and make a piece that could actually be built.

Can you figure out how to do this?

Law of Sines

In4ABC below, we know two sides and a non-included angle. Remember that the Law of Sines states: sinA
a = sinB

b .
Since we know a,b, and 6 A, we can use the Law of Sines to find 6 B. However, since this is the SSA case, we have to
watch out for the Ambiguous case. Since a < b, we could be faced with situations where either no possible triangles
exist, one possible triangle exists, or two possible triangles exist.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/75667
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To find out how many solutions there are in an ambiguous case, compare the length of a to bsinA. If a < bsinA,
then there are no solutions. If a = bsinA, then there is one solution. If a > bsinA, then there are two solutions.

Solve using Law of Sines

Find 6 B.

Use the Law of Sines to determine the angle.

sin41
12

=
sinB
23

23sin41 = 12sinB
23sin41

12
= sinB

1.257446472 = sinB

Since no angle exists with a sine greater than 1, there is no solution to this problem.

We also could have compared a and bsinA beforehand to see how many solutions there were to this triangle.

a = 12,bsinA = 15.1: since 12 < 15.1,a < bsinA which tells us there are no solutions.

Solve using Law of Sines.

In4ABC,a = 15,b = 20, and 6 A = 30◦. Find 6 B.
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Again in this case, a < b and we know two sides and a non-included angle. By comparing a and bsinA, we find that
a = 15,bsinA = 10. Since 15 > 10 we know that there will be two solutions to this problem.

sin30
15

=
sinB
20

20sin30 = 15sinB
20sin30

15
= sinB

0.6666667 = sinB
6 B = 41.8◦

There are two angles less than 180◦ with a sine of 0.6666667, however. We found the first one, 41.8◦, by using the
inverse sine function. To find the second one, we will subtract 41.8◦ from 180◦, 6 B = 180◦−41.8◦ = 138.2◦.

To check to make sure 138.2◦ is a solution, we will use the Triangle Sum Theorem to find the third angle. Remember
that all three angles must add up to 180◦.

180◦− (30◦+41.8◦) = 108.2◦ or 180◦− (30◦+138.2◦) = 11.8◦

This problem yields two solutions. Either 6 B = 41.8◦ or 138.2◦.

Solve using Law of Sines.

A boat leaves lighthouse A and travels 63km. It is spotted from lighthouse B, which is 82km away from lighthouse
A. The boat forms an angle of 65.1◦ with both lighthouses. How far is the boat from lighthouse B?
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In this problem, we again have the SSA angle case. In order to find the distance from the boat to the lighthouse (a)
we will first need to find the measure of 6 A. In order to find 6 A, we must first use the Law of Sines to find 6 B. Since
c > b, this situation will yield exactly one answer for the measure of 6 B.

sin65.1◦

82
=

sinB
63

63sin65.1◦

82
= sinB

0.6969≈ sinB
6 B = 44.2◦

Now that we know the measure of 6 B, we can find the measure of angle A, 6 A = 180◦− 65.1◦− 44.2◦ = 70.7◦.
Finally, we can use 6 A to find side a.

sin65.1◦

82
=

sin70.7◦

a
82sin70.7◦

sin65.1◦
= a

a = 85.3

The boat is approximately 85.3 km away from lighthouse B.

Examples

Example 1

Earlier, you were asked to use your knowledge of math to draw a piece of glass for a sculpture.

A drawing of this situation looks like this:
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You can start by using the Law of Sines:
sinA

a = sinB
b

and substitute known values:
sin35

14 = sinB
17

Then solving for sinB:

sinB = 17sin35◦
14

And so

B≈ 44.15◦

Since the interior angles of any triangle add up to 180◦, we can find 6 C:

C = 180◦−35◦−44.15◦

C = 100.85

This information can be used again in the Law of Sines:

sinA
a

=
sinC

c
sin35

14
=

sin100.86
c

c =
14sin100.86

sin35

c =
13.75
.5735

c = 23.976

Example 2

Prove using the Law of Sines: a−c
c = sinA−sinC

sinC
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sinA
a

=
sinC

c
csinA = asinC

csinA− csinC = asinC− csinC

c(sinA− sinC) = sinC(a− c)
sinA− sinC

sinC
=

a− c
c

Example 3

Find all possible measures of angle B if any exist for the following triangle values: A = 32.5◦,a = 26,b = 37
sin32.5◦

26 = sinB
37 → B = 49.9◦ or 180◦−49.9◦ = 130.1◦

Example 4

Find all possible measures of angle B if any exist for the following triangle values: A = 42.3◦,a = 16,b = 26

no solution

Review

Find all possible measures of angle B if any exist for each of the following triangle values.

1. A = 30◦,a = 13,b = 15
2. A = 42◦,a = 21,b = 12
3. A = 22◦,a = 36,b = 37
4. A = 87◦,a = 14,b = 12
5. A = 31◦,a = 25,b = 44
6. A = 59◦,a = 37,b = 41
7. A = 81◦,a = 22,b = 20
8. A = 95◦,a = 31,b = 34
9. A = 112◦,a = 12,b = 15

10. A = 78◦,a = 20,b = 16
11. In4ABC, a=10 and m6 B = 39◦. What’s a possible value for b that would produce two triangles?
12. In4ABC, a=15 and m6 B = 67◦. What’s a possible value for b that would produce no triangles?
13. In4ABC, a=21 and m6 B = 99◦. What’s a possible value for b that would produce one triangle?
14. Bill and Connie are each leaving for school. Connie’s house is 4 miles due east of Bill’s house. Bill can see

the school in the direction 40◦ east of north. Connie can see the school on a line 51◦ west of north. What is
the straight line distance of each person from the school?

15. Rochelle and Rose are each looking at a hot air balloon. They are standing 2 miles apart. The angle of elevation
for Rochelle is 30◦ and the angle of elevation for Rose is 34◦. How high off the ground is the balloon?

Review (Answers)

To see the Review answers, open this PDF file and look for section 5.10.
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3.3 The Ambiguous Case-SSA

Here you’ll be given two sides and the non-included angle, identify triangles in which there could be two solutions
and find both if applicable.

A triangle has two sides of lengths 2 (a) and 5 (b). The non-included angle (B) of the triangle measures 45◦. What
are possible measures for the two other angles and the remaining side?

SSA

Recall that the sine ratios for an angle and its supplement will always be equal. In other words, sinθ = sin(180−θ).
In Geometry you learned that two triangles could not be proven congruent using SSA and you investigated cases in
which there could be two triangles. In Example A, we will explore how the Law of Sines can be used to find two
possible triangles when given two side lengths of a triangle and a non-included angle.

Solve the following problems

Given ∆ABC with m6 A = 30◦, a = 5, and b = 8, solve for the other angle and side measures.

First, let’s make a diagram to show the relationship between the given sides and angles. Then we can set up a
proportion to solve for angle C:

sin30◦

5
=

sinC
8

sinC =
8sin30◦

5

C = sin−1
(

8sin30◦

5

)
≈ 53.1◦

From here we can find m6 A = 96.9◦, since the three angles must add up to 180◦. We can also find the third side
using another Law of Sines ratio:
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sin30◦

5
=

sin96.9◦

a

a =
5sin96.9◦

sin30◦
≈ 9.9

Putting these measures in the triangle, we get:

But, we know that sinθ = sin(180−θ) so when we solved for C we only got one of the two possible angles. The
other angle will be 180◦−53.1◦ = 126.9◦. Next we need to determine the measure of angle A for and the length of
the third side in this second possible triangle. The sum of the three angles must still be 180◦, so m6 A = 23.1◦. Now
set up a proportion to solve for the third side just as before:

sin30◦

5
=

sin23.1◦

a

a =
5sin23.1◦

sin30◦
≈ 3.9

The second triangle would look like this:

In this instance there were two possible triangles.

Given ∆ABC with m6 B = 80◦, a = 5 and b = 7, solve for the other angle and side measures.

Again we will start with a diagram and use the law of sines proportion to find a second angle measure in the triangle.
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sin80◦

7
=

sinA
5

sinA =
5sin80◦

7

A = sin−1
(

5sin80◦

7

)
≈ 44.7◦

Now find the third angle, 180◦−80◦−44.7◦ = 55.3◦ and solve for the third side:

sin80◦

7
=

sin55.3◦

c

c =
7sin55.3◦

sin80◦
≈ 5.8

Because we used the inverse sine function to determine the measure of angle A, the angle could be the supplement of
44.7◦ or 135.3◦ so we need to check for a second triangle. If we let m 6 A = 135.3◦ and then attempt to find the third
angle, we will find that the sum of the two angles we have is greater than 180◦ and thus no triangle can be formed.

m6 A+m 6 B+m 6 C = 180◦

135.3◦+80◦+m 6 C = 180◦

215.3◦+m 6 C > 180◦

This example shows that two triangles are not always possible. Note that if the given angle is obtuse, there will only
be one possible triangle for this reason.

In both problems, we simply tested to see if there would be a second triangle. There are, however, guidelines to
follow to determine when a second triangle exists and when it does not. The “check and see” method always works
and therefore it is not necessary to memorize the following table. It is interesting, however, to see to pictures and
make the connection between the inequalities and what if any triangle can be formed.

First, consider when A is obtuse:

If a > b, then one triangle can be formed.

If a≤ b, then no triangle can be formed.
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Now, consider the possible scenarios when A is acute.

If a > b, the one triangle can be formed.

For the following cases, where a, keep in mind that we would be using the proportion:
sinA

a = sinB
b and that sinB = bsinA

a

If bsinA > a, no triangle can be formed because B > 1.

If bsinA = a, one right triangle can be formed because sinB = 1.

If bsinA (and a), two triangles can be formed because sinB < 1.

Given ∆ABC with m6 A = 42◦, b = 10 and a = 8, use the rules to determine how many, if any, triangles can be formed
and then solve the possible triangle(s).

In this case, A is acute and a, so we need to look at the value of bsina. Since bsinA = 10sin42◦ ≈ 6.69 < a, there
will be two triangles. To solve for these triangles, use the Law of Sines extended proportion instead of making a
diagram. Plugging in what we know, we have:
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sin42◦

8
=

sinB
b

=
sinC
10

Take the first and last ratios to solve a proportion to find the measure of angle A.

sinC
10

=
sin42◦

8

C = sin−1
(

10sin42◦

8

)
≈ 56.8◦

So, the m 6 C ≈ 56.8◦ or 123.2◦ and m 6 B≈ 81.2◦ or 14.8◦ respectively.

Solve for the measure of side b in each triangle:

sin42◦

8
=

sin81.2◦

b
and

sin42◦

8
=

sin14.8◦

b

b =
8sin81.2◦

sin42◦
≈ 11.8 b =

8sin14.8◦

sin42◦
≈ 3.1

Putting it all together, we have:

Triangle 1: m6 A≈ 42◦,m 6 B≈ 81.2◦,m6 C = 56.8◦,a = 8,b≈ 11.8,c = 10

Triangle 2: m6 A≈ 42◦,m 6 B≈ 14.8◦,m6 C = 123.2◦,a = 8,b≈ 3.1,c = 10

Examples

Example 1

Earlier, you were given

sin45◦

5
=

sinA
2

sinA =
2sin45◦

5

A = sin−1
(

2sin45◦

5

)
≈ 16.4◦

Now find the third angle, 180◦−45◦−16.4◦ = 118.6◦ and solve for the third side:

sin45◦

5
=

sin118.6◦

c

c =
5sin118.6◦

sin45◦
≈ 6.2

Use the given side lengths and angle measure to determine whether zero, one or two triangles exists.
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Example 2

m6 A = 100◦,a = 3,b = 4.

Since A is obtused and a≤ b, no triangle can be formed.

Example 3

m6 A = 50◦,a = 8,b = 10.

Since A is acute, a and bsinA, two triangles can be formed.

Example 4

m6 A = 72◦,a = 7,b = 6.

Since A is acute and a > b, there is one possible triangle.

Solve the following triangles.

Example 5

There will be two triangles in this case because A is acute, a and bsinA.

Using the extended proportion: sin25◦
6 = sinB

8 = sinC
c , we get:

m6 B≈ 34.3◦ or m6 B≈ 145.7◦

m6 C ≈ 120.7◦ m6 C ≈ 9.3◦

c≈ 12.2 c≈ 2.3

Example 6

Using the extended proportion: sin50◦
15 = sinB

14 = sinC
c , we get:
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m6 B≈ 45.6◦

m 6 C ≈ 84.4◦

c≈ 19.5

Example 7

Given m6 A = 30◦, a = 80 and b = 150, find m6 C.

In this instance A is acute, a and bsinA so two triangles can be formed. So, once we find the two possible measures
of angle B, we will find the two possible measures of angle C. First find m6 B:

sin30◦

80
=

sinB
150

sinB =
150sin30◦

80
B≈ 69.6◦,110.4◦

Now that we have B, use the triangle sum to find m6 C ≈ 80.4◦,39.9◦.

Review

For problems 1-5, use the rules to determine if there will be one, two or no possible triangle with the given
measurements.

1. m6 A = 65◦,a = 10,b = 11
2. m6 A = 25◦,a = 8,b = 15
3. m6 A = 100◦,a = 6,b = 4
4. m6 A = 75◦,a = 25,b = 30
5. m6 A = 48◦,a = 41,b = 50

Solve the following triangles, if possible. If there is a second possible triangle, solve it as well.

6.
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7.

8.

9.

10.
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11.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 13.13.
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3.4 Possible Triangles with Side-Side-Angle

Here you’ll learn how to determine the number of solutions for triangles where two sides and the non-included angle
are known.

Your team has just won the flag in a flag football tournament at your school. As a reward, you get to take home the
flag and keep it until the next game, when the other team will try to win it back. The flag looks like this:

It makes an isosceles triangle. You start to wonder how many different possible triangles there are for different
lengths of sides. For example, if you make an oblique triangle that has a given angle greater than ninety degrees,
how many ways are there to do this? Can you determine how many different possible triangles there are if the
triangle is an isosceles triangle?

SSA Triangles

In Geometry, you learned that two sides and a non-included angle do not necessarily define a unique triangle.
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/176743

Consider the following cases given a,b, and 6 A:

Case 1: No triangle exists (a < b)

In this case a < b and side a is too short to reach the base of the triangle. Since no triangle exists, there is no solution.

Case 2: One triangle exists (a < b)

In this case, a < b and side a is perpendicular to the base of the triangle. Since this situation yields exactly one
triangle, there is exactly one solution.

Case 3: Two triangles exist (a < b)

In this case, a < b and side a meets the base at exactly two points. Since two triangles exist, there are two solutions.

Case 4: One triangle exists (a = b)
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In this case a = b and side a meets the base at exactly one point. Since there is exactly one triangle, there is one
solution.

Case 5: One triangle exists (a > b)

In this case, a > b and side a meets the base at exactly one point. Since there is exactly one triangle, there is one
solution.

Case 3 is referred to as the Ambiguous Case because there are two possible triangles and two possible solutions.
One way to check to see how many possible solutions (if any) a triangle will have is to compare sides a and b. If
you are faced with the first situation, where a < b, we can still tell how many solutions there will be by using a and
bsinA.

TABLE 3.1:

If: Then:
a. a < b No solution, one solution, two solu-

tions
i. a < bsinA No solution
ii. a = bsinA One solution
iii. a > bsinA Two solutions
b. a = b One solution
c. a > b One solution

Determine if the sides and angle given determine no, one or two triangles.

The set contains an angle, its opposite side and the side between them.

a = 5,b = 8,A = 62.19◦

5 < 8,8sin62.19◦ = 7.076. So 5 < 7.076, which means there is no solution.

Determine if the sides and angle given determine no, one or two triangles.

The set contains an angle, its opposite side and the side between them.

c = 14,b = 10,B = 15.45◦
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Even though a,b and 6 A is not used in this example, follow the same pattern from the table by multiplying the
non-opposite side (of the angle) by the angle.

10 < 14,14sin15.45◦ = 3.73. So 10 > 3.73, which means there are two solutions.

Determine if the sides and angle given determine no, one or two triangles.

The set contains an angle, its opposite side and the side between them.

d = 16,g = 11,D = 44.94◦

Even though a,b and 6 A is not used in this example, follow the same pattern from the table by multiplying the
non-opposite side (of the angle) by the angle.

16 > 11, there is one solution.

Examples

Example 1

Earlier, you were given a problem about a triangle.

As you now know, when two sides of a triangle with an included side are known, and the lengths of the two sides
are equal, there is one possible solution. Since an isosceles triangle meets these criteria, there is only one possible
solution.

Example 2

Determine how many solutions there would be for a triangle based on the given information and by calculating
bsinA and comparing it with a. Sketch an approximate diagram for each problem in the box labeled “diagram.”

A = 32.5◦,a = 26,b = 37

A = 32.5◦,a = 26,b = 3726 > 19.9

Example 3

Determine how many solutions there would be for a triangle based on the given information and by calculating
bsinA and comparing it with a. Sketch an approximate diagram for each problem in the box labeled “diagram.”

A = 42.3◦,a = 16,b = 26

A = 42.3◦,a = 16,b = 2616 < 17.5
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Example 4

Determine how many solutions there would be for a triangle based on the given information and by calculating
bsinA and comparing it with a. Sketch an approximate diagram for each problem in the box labeled “diagram.”

A = 47.8◦,a = 13.48,b = 18.2

A = 47.8◦,a = 13.48,b = 18.213.48 = 13.48

Review

Determine if the sides and angle given determine no, one or two triangles. The set contains an angle, its opposite
side and another side of the triangle.

1. a = 6,b = 6,A = 45◦

2. a = 4,b = 7,A = 115◦

3. a = 5,b = 2,A = 68◦

4. a = 7,b = 6,A = 34◦

5. a = 5,b = 3,A = 89◦

6. a = 4,b = 4,A = 123◦

7. a = 6,b = 8,A = 57◦

8. a = 4,b = 9,A = 24◦

9. a = 12,b = 11,A = 42◦

10. a = 15,b = 17,A = 96◦

11. a = 9,b = 10,A = 22◦

12. In4ABC, a=4, b=5, and m6 A = 32◦. Find the possible value(s) of c.
13. In4DEF , d=7, e=5, and m6 D = 67◦. Find the possible value(s) of f.
14. In4KQD, m6 K = 20◦, k=24, and d=31. Find m6 D.
15. In4MRS, m6 M = 70◦, m=44, and r=25. Find m6 R.

Review (Answers)

To see the Review answers, open this PDF file and look for section 5.9.
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3.5 Derivation of the Triangle Area Formula

Here you’ll learn how to derive and apply a formula for the area of a triangle that involves the sine function.

While in the lunch room with your friends one day, you’re discussing different ways you can use the things you’ve
learned in math class. You tell your friends that you’ve been learning a lot about triangles, such as how to find their
area. One of your friends looks down at your plate and starts to smile.

"Alright," he says. "If you’re so good at things involving triangles, I dare you to find something simple. Tell me the
area of your slice of pizza." He points down at the pizza on your plate.

The pizza is shaped like a triangle. But unfortunately its not a right triangle. The outer edge is 5 inches long, and
the long sides are 7 inches long. The angle between the edge and the long side of the slice is 69◦. Is there any way
to tell the area of your pizza slice?

Deriving the Triangle Area Formula

We can use the area formula from Geometry, A = 1
2 bh, as well as the sine function, to derive a new formula that can

be used when the height, or altitude, of a triangle is unknown.

In 4ABC below, BD is altitude from B to AC. We will refer to the length of BD as h since it also represents the
height of the triangle. Also, we will refer to the area of the triangle as K to avoid confusing the area with 6 A.

k =
1
2

bh Area of a triangle

k =
1
2

b(csinA) sinA =
h
c

therefore csinA = h

k =
1
2

bcsinA Simplify

We can use a similar method to derive all three forms of the area formula, regardless of the angle:

K =
1
2

bcsinA

K =
1
2

acsinB

K =
1
2

absinC

210

http://www.ck12.org


www.ck12.org Chapter 3. Unit 3: Trigonometry of General Triangles

The formula K = 1
2 bcsinA requires us to know two sides and the included angle (SAS) in a triangle. Once we know

these three things, we can easily calculate the area of an oblique triangle.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/78275

Find the area of the triangle.

In4ABC, 6 C = 62◦,b = 23.9, and a = 31.6. Find the area of the triangle.

Using our new formula, K = 1
2 absinC, plug in what is known and solve for the area.

K =
1
2
(31.6)(23.9)sin62

K ≈ 333.4

Find the area of the triangle.

The Pyramid Hotel recently installed a triangular pool. One side of the pool is 24 feet, another side is 26 feet, and
the angle in between the two sides is 87◦. If the hotel manager needs to order a cover for the pool, and the cost is
$35 per square foot, how much can he expect to spend?
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In order to find the cost of the cover, we first need to know the area of the cover. Once we know how many square
feet the cover is, we can calculate the cost. In the illustration above, you can see that we know two of the sides and
the included angle. This means we can use the formula K = 1

2 bcsinA.

K =
1
2
(24)(26)sin87

K ≈ 311.6

311.6 sq. f t.×$35/sq. f t.= $10,905.03

The cost of the cover will be $10,905.03.

Find the area of the triangle.

In4GHI, 6 I = 15◦,g = 14.2, and h = 7.9. Find the area of the triangle.
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Using our new formula, K = 1
2 absinC, which is the same as K = 1

2 ghsin I, plug in what is known and solve for the
area.

K =
1
2
(14.2)(7.9)sin15

K ≈ 14.52

Examples

Example 1

Earlier, you were asked if there was any way to tell the area of your pizza slice.

Use the formula K = 1
2 bcsinA

where in this case, one of the sides is equal to 5, the other is equal to 7, and the angle is 69◦.

K = 1
2(5)(7)sin69◦ = 16.34in2

Example 2

A farmer needs to replant a triangular section of crops that died unexpectedly. One side of the triangle measures 186
yards, another measures 205 yards, and the angle formed by these two sides is 148◦.

What is the area of the section of crops that needs to be replanted?

Use K = 1
2 bcsinA,K = 1

2(186)(205)sin148◦. So, the area that needs to be replaced is 10102.9 square yards.

Example 3

The farmer goes out a few days later to discover that more crops have died. The side that used to measure 205 yards
now measures 288 yards. How much has the area that needs to be replanted increased by?

K = 1
2(186)(288)sin148◦ = 14193.4, the area has increased by 4090.5 yards.

Example 4

Find the perimeter of the quadrilateral at the left If the area of4DEG = 56.5 and the area of4EGF = 84.7.

You need to use the K = 1
2 bcsinA formula to find DE and GF .

213

http://www.ck12.org


3.5. Derivation of the Triangle Area Formula www.ck12.org

56.5 =
1
2
(13.6)DE sin39◦→ DE = 13.2 84.7 =

1
2
(13.6)EF sin60◦→ EF = 14.4

Second, you need to find sides DG and GF using the Law of Cosines.

DG2 = 13.22 +13.62−2 ·13.2 ·13.6 · cos39◦→ DG = 8.95

GF2 = 14.42 +13.62−2 ·14.4 ·13.6 · cos60◦→ GF = 14.0

The perimeter of the quadrilateral is 50.55.

Review

Find the area of each triangle.

1. 4ABC if a=13, b=15, and m6 C = 71◦.
2. 4ABC if b=8, c=4, and m6 A = 67◦.
3. 4ABC if b=34, c=29, and m6 A = 138◦.
4. 4ABC if a=3, b=7, and m6 C = 80◦.
5. 4ABC if a=4.8, c=3.7, and m 6 B = 43◦.
6. 4ABC if a=12, b=5, and m 6 C = 20◦.
7. 4ABC if a=3, b=10, and m 6 C = 50◦.
8. 4ABC if a=5, b=9, and m6 C = 14◦.
9. 4ABC if a=5, b=7, and c=11.

10. 4ABC if a=7, b=8, and c=9.
11. 4ABC if a=12, b=14, and c=4.
12. A farmer measures the three sides of a triangular field and gets 114, 165, and 257 feet. What is the measure

of the largest angle of the triangle?
13. Using the information from the previous problem, what is the area of the field?

Another field is a quadrilateral where three sides measure 30, 50, and 60 yards, and two angles measure 130◦ and
140◦, as shown below.

14. Find the area of the quadrilateral. Hint: divide the quadrilateral into two triangles and find the area of each.
15. Find the length of the fourth side.
16. Find the measures of the other two angles.

Review (Answers)

To see the Review answers, open this PDF file and look for section 5.4.
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3.6 Law of Cosines

Here you will solve non-right triangles with the Law of Cosines.

The Law of Cosines is a generalized Pythagorean Theorem that allows you to solve for the missing sides and angles
of a triangle even if it is not a right triangle. Suppose you have a triangle with sides 11, 12 and 13. What is the
measure of the angle opposite the 11?

The Law of Cosines

The Law of Cosines is:

c2 = a2 +b2−2ab · cosC

It is important to understand the proof:

You know four facts from the picture:

a = a1 +a2 (1)

b2 = a2
1 +h2 (2)

c2 = a2
2 +h2 (3)

cosC = a1
b (4)

Once you verify for yourself that you agree with each of these facts, check algebraically that these next two facts
must be true.

a2 = a−a1 (5, from 1)

a1 = b · cosC (6, from 4)

Now the Law of Cosines is ready to be proved using substitution, FOIL, more substitution and rewriting to get the
order of terms right.
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c2 = a2
2 +h2 (3 again)

c2 = (a−a1)
2 +h2 (substitute using 5)

c2 = a2−2a ·a1 +a2
1 +h2 (FOIL)

c2 = a2−2a ·b · cosC+a2
1 +h2 (substitute using 6)

c2 = a2−2a ·b · cosC+b2 (substitute using 2)

c2 = a2 +b2−2ab · cosC (rearrange terms)

There are only two types of problems in which it is appropriate to use the Law of Cosines. The first is when you
are given all three sides of a triangle and asked to find an unknown angle. This is called SSS like in geometry. The
second situation where you will use the Law of Cosines is when you are given two sides and the included angle and
you need to find the third side. This is called SAS.

Take the following triangle.

The measure of angle D is missing and can be found using the Law of Cosines. It is necessary to set up the Law of
Cosines equation very carefully with D corresponding to the opposite side of 230. The letters are not ABC like in the
proof, but those letters can always be changed to match the problem as long as the angle in the cosine corresponds
to the side used in the left side of the equation.

c2 = a2 +b2−2ab · cosC

2302 = 1202 +1502−2 ·120 ·150 · cosD

2302−1202−1502 =−2 ·120 ·150 · cosD

2302−1202−1502

−2 ·120 ·150
= cosD

D = cos−1
(

2302−1202−1502

−2 ·120 ·150

)
≈ 116.4◦ ≈ 2.03 radians

Examples

Example 1

Earlier, you were given a triangle with sides 11, 12, and 13 and asked what the measure of the angle opposite 11 is.
A triangle that has sides 11, 12 and 13 is not going to be a right triangle. In order to solve for the missing angle you
need to use the Law of Cosines because this is a SSS situation.
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c2 = a2 +b2−2ab · cosC

112 = 122 +(13)2−2 ·12 ·13 · cosC

C = cos−1
(

112−122−132

−2 ·12 ·13

)
≈ 52.02 . . .◦

Example 2

Determine the length of side p.

c2 = a2 +b2−2ab · cosC

p2 = 2122 +3882−2 ·212 ·388 · cos82◦

p2 ≈ 194192.02 . . .

p≈ 440.7

Example 3

Determine the degree measure of angle N.

This problem must be done in two parts. First apply the Law of Cosines to determine the length of side m. This is a
SAS situation like Example B. Once you have all three sides you will be in the SSS situation like in Example A and
can apply the Law of Cosines again to find the unknown angle N.
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c2 = a2 +b2−2ab · cosC

m2 = 382 +402−2 ·38 ·40 · cos93◦

m2 ≈ 3203.1 . . .

m≈ 56.59 . . .

Now that you have all three sides you can apply the Law of Cosines again to find the unknown angle N. Remember
to match angle N with the corresponding side length of 38 inches. It is also best to store m into your calculator and
use the unrounded number in your future calculations.

c2 = a2 +b2−2ab · cosC

382 = 402 +(56.59 . . .)2−2 ·40 · (56.59 . . .) · cosN

382−402− (56.59 . . .)2 =−2 ·40 · (56.59 . . .) · cosN

382−402− (56.59 . . .)2

−2 ·40 · (56.59 . . .)
= cosN

N = cos−1
(

382−402− (56.59 . . .)2

−2 ·40 · (56.59 . . .)

)
≈ 42.1◦

For the next two examples, use the triangle below.

Example 4

Determine the length of side r.

r2 = 362 +422−2 ·36 ·42 · cos63

r = 41.07 . . .

Example 5

Determine the measure of angle T in degrees.

362 = (41.07 . . .)2 +422−2 · (41.07 . . .) ·42 · cosT

T ≈ 51.34 . . .◦
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Review

For all problems, find angles in degrees rounded to one decimal place.

In ∆ABC,a = 12,b = 15, and c = 20.

1. Find the measure of angle A.

2. Find the measure of angle B.

3. Find the measure of angle C.

4. Find the measure of angle C in a different way.

In ∆DEF,d = 20,e = 10, and f = 16.

5. Find the measure of angle D.

6. Find the measure of angle E.

7. Find the measure of angle F .

In ∆GHI,g = 19, 6 H = 55◦, and i = 12.

8. Find the length of h.

9. Find the measure of angle G.

10. Find the measure of angle I.

11. Explain why the Law of Cosines is connected to the Pythagorean Theorem.

12. What are the two types of problems where you might use the Law of Cosines?

Determine whether or not each triangle is possible.

13. a = 5,b = 6,c = 15

14. a = 1,b = 5,c = 4

15. a = 5,b = 6,c = 10

Review (Answers)

To see the Review answers, open this PDF file and look for section 4.5.
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3.7 Identify Accurate Drawings of Triangles

Here you’ll learn to determine if drawings and diagrams of triangles are rendered correctly using your knowledge of
trigonometry.

Your friend is creating a new board game that involves several different triangle shaped pieces. However, the game
requires accurate measurements of several different pieces that all have to fit together. She brings some of the pieces
to you and asks if you can verify that her measurements of the pieces’ side lengths and angles are correct.

You take out the first piece. According to your friend, the piece has sides of length 4 in, 5 in and 7 in, and the angle
between the side of the length 4 and the side of length 5 is 78◦. She’s very confident in the lengths of the sides, but
not quite sure if she measured the angle correctly. Is there a way to determine if your friend’s game piece has the
correct measurements, or did she make a mistake?

Analyzing Triangles

Our extension of the analysis of triangles draws us naturally to oblique triangles.

The Law of Cosines can be used to verify that drawings of oblique triangles are accurate. In a right triangle, we
might use the Pythagorean Theorem to verify that all three sides are the correct length, or we might use trigonometric
ratios to verify an angle measurement. However, when dealing with an obtuse or acute triangle, we must rely on the
Law of Cosines.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/176736

Solve using Law of Cosines

In 4ABC at the right, a = 32,b = 20, And c = 16. Is the drawing accurate if it labels 6 C as 35.2◦? If not, what
should 6 C measure?

We will use the Law of Cosines to check whether or not 6 C is 35.2◦.
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162 = 202 +322−2(20)(32)cos35.2 Law of Cosines

256 = 400+1024−2(20)(32)cos35.2 Simply squares

256 = 400+1024−1045.94547 Multiply

256 6= 378.05453 Add and subtract

Since 256 6= 378.05453, we know that 6 C is not 35.2◦. Using the Law of Cosines, we can figure out the correct
measurement of 6 C.

162 = 202 +322−2(20)(32)cosC Law of Cosines

256 = 400+1024−2(20)(32)cosC Simplify Squares

256 = 400+1024−1280cosC Multiply

256 = 1424−1280cosC Add

−1168 =−1280cosC Subtract 1424

0.9125 = cosC Divide

24.1◦ ≈ 6 C cos−1(0.9125)

For some situations, it will be necessary to utilize not only the Law of Cosines, but also the Pythagorean Theorem
and trigonometric ratios to verify that a triangle or quadrilateral has been drawn accurately.

Solve using Law of Cosines

A builder received plans for the construction of a second-story addition on a house. The diagram shows how the
architect wants the roof framed, while the length of the house is 20 ft. The builder decides to add a perpendicular
support beam from the peak of the roof to the base. He estimates that new beam should be 8.3 feet high, but he wants
to double-check before he begins construction. Is the builder’s estimate of 8.3 feet for the new beam correct? If not,
how far off is he?

If we knew either 6 A or 6 C, we could use trigonometric ratios to find the height of the support beam. However,
neither of these angle measures are given to us. Since we know all three sides of 4ABC, we can use the Law of
Cosines to find one of these angles. We will find 6 A.
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142 = 122 +202−2(12)(20)cosA Law of Cosines

196 = 144+400−480cosA Simplify

196 = 544−480cosA Add

−348 =−480cosA Subtract

0.725 = cosA Divide

43.5◦ ≈ 6 A cos−1(0.725)

Now that we know 6 A, we can use it to find the length of BD.

sin43.5 =
x

12
12sin43.5 = x

8.3≈ x

Yes, the builder’s estimate of 8.3 feet for the support beam is accurate.

In

632 = 522 +41.92−2 ·52 ·41.9 · cosC

522 = 632 +41.92−2 ·63 ·41.9 · cos I

180◦−83.5◦−55.1◦ = 41.4◦

6 C ≈ 83.5◦

6 I ≈ 55.1◦

6 R≈ 41.4◦

Examples

Example 1

Earlier, you were asked if there is a was to determine if your friend’s game piece has the correct measurements.

Since your friend is certain of the lengths of the sides of the triangle, you should use those as the known quantities
in the Law of Cosines and solve for the angle:

72 = 52 +42 +(2)(5)(4)cosθ

49 = 25+16+40cosθ

49−25−16 = 40cosθ

8
40

= cosθ

cos−1 8
40

= θ

θ = 78.46
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So as it turns out, your friend is rather close. Her measurements were probably slight inaccurate because of her
round off from the protractor.

Example 2

Find AD using the Pythagorean Theorem, Law of Cosines, trig functions, or any combination of the three.

First, find AB. AB2 = 14.22 +152−2 ·14.2 ·15 · cos37.4◦,AB = 9.4.sin23.3◦ = AD
9.4 ,AD = 3.7.

Example 3

Find HK using the Pythagorean Theorem, Law of Cosines, trig functions, or any combination of the three if JK =
3.6,KI = 5.2,JI = 1.9,HI = 6.7, and 6 KJI = 96.3◦.

6 HJI = 180◦−96.3◦ = 83.7◦ (these two angles are a linear pair). 6.72 = HJ2 +1.92−2 ·HJ ·1.9 · cos83.7◦. This
simplifies to the quadratic equation HJ2− 0.417HJ− 41.28. Using the quadratic formula, we can determine that
HJ ≈ 6.64. So, since HJ+ JK = HK,6.64+3.6≈ HK ≈ 10.24.

Example 4

Use the Law of Cosines to determine whether or not the following triangle is drawn accurately. If not, determine
how far the measurement of side "d" is from the correct value.

223

http://www.ck12.org


3.7. Identify Accurate Drawings of Triangles www.ck12.org

To determine this, use the Law of Cosines and solve for d to determine if the picture is accurate. d2 = 122 +242−
2 ·12 ·24 · cos30◦,d = 14.9, which means d in the picture is off by 1.9.

Review

1. If you know the lengths of all three sides of a triangle and the measure of one angle, how can you determine
if the triangle is drawn accurately?

Determine whether or not each triangle is labelled correctly.

2.

3.

4.

5.
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6.

7.

Determine whether or not each described triangle is possible. Assume angles have been rounded to the nearest
degree.

8. In4BCD, b=4, c=4, d=5, and m6 B = 51◦.
9. In4ABC, a=7, b=4, c=9, and m6 B = 34◦.

10. In4BCD, b=3, c=2, d=7, and m6 D = 138◦.
11. In4ABC, a=8, b=6, c=13.97, and m6 C = 172◦.
12. In4ABC, a=4, b=4, c=9, and m6 B = 170◦.
13. In4BCD, b=3, c=5, d=4, and m6 C = 90◦.
14. In4ABC, a=8, b=3, c=6, and m6 A = 122◦.
15. If you use the Law of Cosines to solve for m6 C in4ABC where a=3, b=7, and c=12, you will an error. Explain

why.

Review (Answers)

To see the Review answers, open this PDF file and look for section 5.3.
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3.8 General Solutions of Triangles

In this Concept we’ll use the Pythagorean Theorem, trigonometry functions, the Law of Sines, and the Law of
Cosines to solve various triangles. Our focus will be on understanding when it is appropriate to use each method as
well as how to apply the methods above in real-world and applied problems.

While talking with your little sister one day, the conversation turns to shapes. Your sister is only in junior high
school, so while she knows some things about right triangles, such as the Pythagorean Theorem, she doesn’t know
anything about other types of triangles. You show her an example of an oblique triangle by drawing this on a piece
of paper:

Fascinated, she tells you that she knows how to calculate the area of a triangle using the familiar formula 1
2 bh and

the lengths of sides if the triangle is a right triangle, but that she can’t use the formulas on the triangle you just drew.

"Do you know how to find the lengths of sides of the triangle and the area?" she asks.

Finding Solutions for Triangles

In the previous sections we have discussed a number of methods for finding a missing side or angle in a triangle.
Previously, we only knew how to do this in right triangles, but now we know how to find missing sides and angles
in oblique triangles as well. By combining all of the methods we’ve learned up until this point, it is possible for us
to find all missing sides and angles in any triangle we are given.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/176745
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Below is a chart summarizing the triangle techniques that we have learned up to this point. This chart describes the
type of triangle (either right or oblique), the given information, the appropriate technique to use, and what we can
find using each technique.

TABLE 3.2:

Type of Triangle: Given Information: Technique: What we can find:
Right Two sides Pythagorean Theorem Third side
Right One angle and one side Trigonometric ratios Either of the other two

sides
Right Two sides Trigonometric ratios Either of the other two an-

gles
Oblique 2 angles and a non-

included side (AAS)
Law of Sines The other non-included

side
Oblique 2 angles and the included

side (ASA)
Law of Sines Either of the non-included

sides
Oblique 2 sides and the angle op-

posite one of those sides
(SSA) - Ambiguous case

Law of Sines The angle opposite the
other side (can yield no,
one, or two solutions)

Oblique 2 sides and the included
angle (SAS)

Law of Cosines The third side

Oblique 3 sides Law of Cosines Any of the three
angles

Solve for angles of the triangle

In4ABC,a = 12,b = 13,c = 8. Solve the triangle.

Since we are given all three sides in the triangle, we can use the Law of Cosines. Before we can solve the triangle,
it is important to know what information we are missing. In this case, we do not know any of the angles, so we are
solving for 6 A, 6 B, and 6 C. We will begin by finding 6 A.

122 = 82 +132−2(8)(13)cosA

144 = 233−208cosA

−89 =−208cosA

0.4278846154 = cosA

64.7≈ 6 A

Now, we will find 6 B by using the Law of Cosines. Keep in mind that you can now also use the Law of Sines to find
6 B. Use whatever method you feel more comfortable with.

132 = 82 +122−2(8)(12)cosB

169 = 208−192cosB

−39 =−192cosB

0.2031 = cosB

78.3◦ ≈ 6 B

We can now quickly find 6 C by using the Triangle Sum Theorem, 180◦−64.7◦−78.3◦ = 37◦
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Solve for the lengths and angles of the triangle

In triangle DEF,d = 43,e = 37, and 6 F = 124◦. Solve the triangle.

In this triangle, we have the SAS case because we know two sides and the included angle. This means that we can
use the Law of Cosines to solve the triangle. In order to solve this triangle, we need to find side f , 6 D, and 6 E. First,
we will need to find side f using the Law of Cosines.

f 2 = 432 +372−2(43)(37)cos124

f 2 = 4997.351819

f ≈ 70.7

Now that we know f , we know all three sides of the triangle. This means that we can use the Law of Cosines to find
either 6 D or 6 E. We will find 6 D first.

432 = 70.72 +372−2(70.7)(37)cosD

1849 = 6367.49−5231.8cosD

−4518.49 =−5231.8cosD

0.863658779 = cosD

30.3◦ ≈ 6 D

To find 6 E, we need only to use the Triangle Sum Theorem, 6 E = 180− (124+30.3) = 25.7◦.

Solve for length and angles of the triangle

In triangle ABC,A = 43◦,B = 82◦, and c = 10.3. Solve the triangle.

This is an example of the ASA case, which means that we can use the Law of Sines to solve the triangle. In
order to use the Law of Sines, we must first know 6 C, which we can find using the Triangle Sum Theorem, 6 C =
180◦− (43◦+82◦) = 55◦.

Now that we know 6 C, we can use the Law of Sines to find either side a or side b.

sin55
10.3

=
sin43

a
sin55
10.3

=
sin82

b

a =
10.3sin43

sin55
b =

10.3sin82
sin55

a = 8.6 b = 12.5

Examples

Example 1

Earlier, you were given a problem, and was asked to find the lengths and the sides.
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Since you know that two of the angles are 23◦ and 28◦, the third angle in the triangle must be 180◦−23◦−28◦= 129◦.
Using these angles and the knowledge that one of the sides has a length of 4, you can solve for the lengths of the
other two sides using the Law of Sines:

sinA
a

=
sinB

b
sin23◦

a
=

sin129◦

4

a =
4sin23◦

sin129◦
=

1.56
.777

a≈ 2

And repeating the process for the third side:

sinA
a

=
sinC

c
sin23◦

2
=

sin28◦

c

c =
2sin28◦

sin23◦
=

.939

.781
c≈ 1.2

Now you know all three angles and all three sides. You can use Heron’s formula or the alternative formula for the
area of a triangle to find the area:

K =
1
2

bcsinA

K =
1
2
(4)(1.2)sin23◦

K =
1
2
(4)(1.2)(.391)

K ≈ .9384

Example 2

Using the information provided, decide which case you are given (SSS, SAS, AAS, ASA, or SSA), and whether you
would use the Law of Sines or the Law of Cosines to find the requested side or angle. Make an approximate drawing
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of the triangle and label the given information. Also, state how many solutions (if any) the triangle would have. If a
triangle has no solution or two solutions, explain why.

A = 69◦,B = 12◦,a = 22.3, find b

AAS, Law of Sines, one solution

Example 3

Using the information provided, decide which case you are given (SSS, SAS, AAS, ASA, or SSA), and whether you
would use the Law of Sines or the Law of Cosines to find the requested side or angle. Make an approximate drawing
of the triangle and label the given information. Also, state how many solutions (if any) the triangle would have. If a
triangle has no solution or two solutions, explain why.

a = 1.4,b = 2.3,C = 58◦, find c.

SAS, Law of Cosines, one solution

Example 4

Using the information provided, decide which case you are given (SSS, SAS, AAS, ASA, or SSA), and whether you
would use the Law of Sines or the Law of Cosines to find the requested side or angle. Make an approximate drawing
of the triangle and label the given information. Also, state how many solutions (if any) the triangle would have. If a
triangle has no solution or two solutions, explain why.

a = 3.3,b = 6.1,c = 4.8, find A.

SSS, Law of Cosines, one solution

Review

Using the information provided, decide which case you are given (SSS, SAS, AAS, ASA, or SSA), and whether you
would use the Law of Sines or the Law of Cosines to find the requested side or angle. Make an approximate drawing
of the triangle and label the given information. Also, state how many solutions (if any) the triangle would have.

1. a = 3,b = 4,C = 71◦, find c.
2. a = 8,b = 7,c = 9, find A.
3. A = 135◦,B = 12◦,c = 100, find a.
4. a = 12,b = 10,A = 80◦, find c.
5. A = 50◦,B = 87◦,a = 13, find b.
6. In4ABC, a = 15,b = 19,c = 20. Solve the triangle.
7. In4DEF , d = 12,E = 39◦, f = 17. Solve the triangle.
8. In4PQR, P = 115◦,Q = 30◦,q = 10. Solve the triangle.
9. In4MNL, m = 5,n = 9,L = 20◦. Solve the triangle.

10. In4SEV , S = 50◦,E = 44◦,s = 12. Solve the triangle.
11. In4KT S, k = 6, t = 15,S = 68◦. Solve the triangle.
12. In4WRS, w = 3,r = 5,s = 6. Solve the triangle.
13. In4DLP, D = 52◦,L = 110◦, p = 8. Solve the triangle.
14. In4XY Z, x = 10,y = 12,z = 9. Solve the triangle.
15. In4AMF , A = 99◦,m = 15, f = 16. Solve the triangle.
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Review (Answers)

To see the Review answers, open this PDF file and look for section 5.12.
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4.1 Pythagorean Identities

Here you will prove and use the Pythagorean identities for the six trigonometric functions to simplify expressions
and write proofs.

The Pythagorean Theorem works on right triangles. If you consider the xcoordinate of a point along the unit circle to
be the cosine and the ycoordinate of the point to be the sine and the distance to the origin to be 1 then the Pythagorean
Theorem immediately yields the identity:

y2 + x2 = 1

sin2 x+ cos2 x = 1

An observant student may guess that other Pythagorean identities exist with the rest of the trigonometric func-
tions. Is tan2 x+ cot2 x = 1 a legitimate identity?

Pythagorean Identities

The proof of the Pythagorean identity for sine and cosine is essentially just drawing a right triangle in a unit circle,
identifying the cosine as the x coordinate, the sine as the y coordinate and 1 as the hypotenuse.

cos2 x+ sin2 x = 1

Most people rewrite the order of the sine and cosine so that the sine comes first.

sin2 x+ cos2 x = 1

The two other Pythagorean identities are:

• 1+ cot2 x = csc2 x
• tan2 x+1 = sec2 x

To derive these two Pythagorean identities, divide the original Pythagorean identity by sin2 x and cos2 x respectively.

To derive the Pythagorean identity 1+ cot2 x = csc2 x divide through by sin2 x and simplify.
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sin2 x
sin2 x

+
cos2 x
sin2 x

=
1

sin2 x
1+ cot2 x = csc2 x

Similarly, to derive the Pythagorean identity tan2 x+1 = sec2 x, divide through by cos2 x and simplify.

sin2 x
cos2 x

+
cos2 x
cos2 x

=
1

cos2 x
tan2 x+1 = sec2 x

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61317

Examples

Example 1

Earlier, you were asked if tan2 x+ cot2 x = 1 is a legitimate identity. Cofunctions are not always connected directly
through a Pythagorean identity.

tan2 x+ cot2 x 6= 1

Visually, the right triangle connecting tangent and secant can also be observed in the unit circle. Most people do
not know that tangent is named “tangent” because it refers to the distance of the line tangent from the point on the
unit circle to the x axis. Look at the picture below and think about why it makes sense that tanx and secx are as
marked. tanx = opp

ad j . Since the adjacent side is equal to 1 (the radius of the circle), tanx simply equals the opposite
side. Similar logic can explain the placement of secx.
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Example 2

Simplify the following expression: sinx(cscx−sinx)
1−sinx .

sinx(cscx− sinx)
1− sinx

=
sinx · cscx− sin2 x

1− sinx

=
1− sin2 x
1− sinx

=
(1− sinx)(1+ sinx)

1− sinx
= 1+ sinx

Note that factoring the Pythagorean identity is one of the most powerful applications. This is very common and is
a technique that you should feel comfortable using.

Example 3

Prove the following trigonometric identity: (sec2 x+ csc2 x)− (tan2 x+ cot2 x) = 2

Group the terms and apply a different form of the second two Pythagorean identities which are 1+ cot2 x = csc2 x
and tan2 x+1 = sec2 x.

(sec2 x+ csc2 x)− (tan2 x+ cot2 x) = sec2 x− tan2 x+ csc2 x− cot2 x

= 1+1

= 2

Example 4

Simplify the following expression.
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(sec2 x)(1− sin2 x)−
( sinx

cscx +
cosx
secx

)

(sec2 x)(1− sin2 x)−
(

sinx
cscx

+
cosx
secx

)
= sec2 x · cos2 x− (sin2 x+ cos2 x)

= 1−1

= 0

Example 5

Simplify the following expression.

(cos t− sin t)2 +(cos t + sin t)2

Note that initially, the expression is not the same as the Pythagorean identity.

(cos t− sin t)2 +(cos t + sin t)2

= cos2 t−2cos t sin t + sin2 t + cos2 t +2cos t sin t + sin2 t

= 1−2cos t sin t +1+2cos t sin t

= 2

Review

Prove each of the following:

1. (1− cos2 x)(1+ cot2 x) = 1

2. cosx(1− sin2 x) = cos3 x

3. sin2 x = (1− cosx)(1+ cosx)

4. sinx = sin2 x+cos2 x
cscx

5. sin4 x− cos4 x = sin2 x− cos2 x

6. sin2 xcos3 x = (sin2 x− sin4 x)(cosx)

Simplify each expression as much as possible.

7. tan3 xcsc3 x

8. csc2 x−1
sec2 x

9. 1−sin2 x
1+sinx

10.
√

1− cos2 x

11. sin2 x−sin4 x
cos2 x

12. (1+ tan2 x)(sec2 x)

13. sin2 x+tan2 x+cos2 x
secx

14. 1+tan2 x
csc2 x

15. 1−sin2 x
cosx
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Review (Answers)

To see the Review answers, open this PDF file and look for section 6.2.
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4.2 Using Trig Identities to Find Exact Trig Val-
ues

Here you’ll use the basic trig identities to find exact trig values of angles other than the critical angles.

You are given the following information about θ

sinθ = 2
3 ,

π

2 < θ < π

What are cosθ and tanθ?

Trigonometric Identities

You can use the Pythagorean, Tangent and Reciprocal Identities to find all six trigonometric values for certain angles.
Let’s walk through a few examples so that you understand how to do this.

Solve the following problems using trigonometric identities

Given that cosθ = 3
5 and 0 < θ < π

2 , find sinθ.

Use the Pythagorean Identity to find sinθ.

sin2
θ+ cos2

θ = 1

sin2
θ+

(
3
5

)2

= 1

sin2
θ = 1− 9

25

sin2
θ =

16
25

sinθ =±4
5

Because θ is in the first quadrant, we know that sine will be positive. sinθ = 4
5

Find tanθ of θ from Example A.

Use the Tangent Identity to find tanθ.

tanθ =
sinθ

cosθ
=

4
5
3
5

=
4
3

Find the other three trigonometric functions of θ from Example.

To find secant, cosecant, and cotangent use the Reciprocal Identities.
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cscθ =
1

sinθ
=

1
4
5

=
5
4

secθ =
1

cosθ
=

1
3
5

=
5
3

cotθ =
1

tanθ
=

1
4
3

=
3
4

Examples

Example 1

Earlier, you were asked what are cosθ and tanθ of sinθ = 2
3 ,

π

2 < θ < π.

First, use the Pythagorean Identity to find cosθ.

sin2
θ+ cos2

θ = 1

(
2
3
)2 + cos2

θ = 1

cos2
θ = 1− 4

9

cos2
θ =

5
9

cosθ =±
√

5
3

However, because θ is restricted to the second quadrant, the cosine must be negative. Therefore, cosθ =−
√

5
3 .

Now use the Tangent Identity to find tanθ.

tanθ =
sinθ

cosθ
=

2
3

−
√

5
3

=
−2√

5
=
−2
√

5
5

Find the values of the other five trigonometric functions.

Example 2

tanθ =− 5
12 ,

π

2 < θ < π

First, we know that θ is in the second quadrant, making sine positive and cosine negative. For this problem, we will
use the Pythagorean Identity 1+ tan2 θ = sec2 θ to find secant.

1+
(
− 5

12

)2

= sec2
θ

1+
25
144

= sec2
θ

169
144

= sec2
θ

±13
12

= secθ

−13
12

= secθ
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If secθ =−13
12 , then cosθ =−12

13 . sinθ = 5
13 because the numerator value of tangent is the sine and it has the same

denominator value as cosine. cscθ = 13
5 and cotθ =−12

5 from the Reciprocal Identities.

Example 3

cscθ =−8,π < θ < 3π

2

θ is in the third quadrant, so both sine and cosine are negative. The reciprocal of cscθ =−8, will give us sinθ =−1
8 .

Now, use the Pythagorean Identity sin2
θ+ cos2 θ = 1 to find cosine.

(
−1

8

)2

+ cos2
θ = 1

cos2
θ = 1− 1

64

cos2
θ =

63
64

cosθ =±3
√

7
8

cosθ =−3
√

7
8

secθ =− 8

3
√

7
=−8

√
7

21 , tanθ = 1

3
√

7
=

√
7

21 , and cotθ = 3
√

7

Review

1. In which quadrants is the sine value positive? Negative?
2. In which quadrants is the cosine value positive? Negative?
3. In which quadrants is the tangent value positive? Negative?

Find the values of the other five trigonometric functions of θ.

4. sinθ = 8
17 ,0 < θ < π

2
5. cosθ =−5

6 ,
π

2 < θ < π

6. tanθ =

√
3

4 ,0 < θ < π

2
7. secθ =−41

9 ,π < θ < 3π

2
8. sinθ =−11

14 ,
3π

2 < θ < 2π

9. cosθ =

√
2

2 ,0 < θ < π

2
10. cotθ =

√
5,π < θ < 3π

2
11. cscθ = 4, π

2 < θ < π

12. tanθ =− 7
10 ,

3π

2 < θ < 2π

13. Aside from using the identities, how else can you find the values of the other five trigonometric functions?
14. Given that cosθ = 6

11 and θ is in the 2nd quadrant, what is sin(−θ)?
15. Given that tanθ =−5

8 and θ is in the 4th quadrant, what is sec(−θ)?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 14.7.
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4.3 Sine Sum and Difference Formulas

Here you’ll learn to rewrite sine functions with addition or subtraction in their arguments in a more easily solvable
form.

You’ve gotten quite good at knowing the values of trig functions. So much so that you and your friends play a game
before class everyday to see who can get the most trig functions of different angles correct. However, your friend
Jane keeps getting the trig functions of more angles right. You’re amazed by her memory, until she smiles one day
and tells you that she’s been fooling you all this time.

"What you do you mean?" you say.

"I have a trick that lets me calculate more functions in my mind by breaking them down into sums of angles." she
replies.

You’re really surprised by this. And all this time you thought she just had an amazing memory!

"Here, let me show you," she says. She takes a piece of paper out and writes down:

sin 7π

12

"This looks like an unusual value to remember for a trig function. So I have a special rule that helps me to evaluate
it by breaking it into a sum of different numbers."

Sine Sum and Difference Formulas

Our goal here is to figure out a formula that lets you break down a the sine of a sum of two angles (or a difference of
two angles) into a simpler formula that lets you use the sine of only one argument in each term.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/143490

To find sin(a+b):
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sin(a+b) = cos
[

π

2
− (a+b)

]
Set θ = a+b

= cos
[(

π

2
−a
)
−b
]

Distribute the negative

= cos
(

π

2
−a
)

cosb+ sin
(

π

2
−a
)

sinb Difference Formula for cosines

= sinacosb+ cosasinb Co-function Identities

In conclusion, sin(a+b) = sinacosb+ cosasinb, which is the sum formula for sine.

To obtain the identity for sin(a−b):

sin(a−b) = sin[a+(−b)]

= sinacos(−b)+ cosasin(−b) Use the sine sum formula

sin(a−b) = sinacosb− cosasinb Use cos(−b) = cosb, and sin(−b) =−sinb

In conclusion, sin(a−b) = sinacosb− cosasinb, so, this is the difference formula for sine.

Solve using the Sine Sum and Difference Formula

Find the exact value of sin 5π

12

Recall that there are multiple angles that add or subtract to equal any angle. Choose whichever formula that you feel
more comfortable with.

sin
5π

12
= sin

(
3π

12
+

2π

12

)
= sin

3π

12
cos

2π

12
+ cos

3π

12
sin

2π

12

sin
5π

12
=

√
2

2
×
√

3
2

+

√
2

2
× 1

2

=

√
6+
√

2
4

Solve using the Sine Sum and Difference Formula

Given sinα= 12
13 , where α is in Quadrant II, and sinβ= 3

5 , where β is in Quadrant I, find the exact value of sin(α+β).

To find the exact value of sin(α+β), here we use sin(α+β) = sinαcosβ+cosαsinβ. The values of sinα and sinβ

are known, however the values of cosα and cosβ need to be found.

Use sin2
α+ cos2 α = 1, to find the values of each of the missing cosine values.

For cosa : sin2
α+ cos2 α = 1, substituting sinα = 12

13 transforms to
(12

13

)2
+ cos2 α = 144

169 + cos2 α = 1 or cos2 α =
25
169 cosα =± 5

13 , however, since α is in Quadrant II, the cosine is negative, cosα =− 5
13 .

For cosβ use sin2
β+cos2 β = 1 and substitute sinβ = 3

5 ,
(3

5

)2
+cos2 β = 9

25 +cos2 β = 1 or cos2 β = 16
25 and cosβ =

±4
5 and since β is in Quadrant I, cosβ = 4

5

Now the sum formula for the sine of two angles can be found:
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sin(α+β) =
12
13
× 4

5
+

(
− 5

13

)
× 3

5
or

48
65
− 15

65

sin(α+β) =
33
65

Solve using the Sine Sum and Difference Formula

Find the exact value of sin15◦

Recall that there are multiple angles that add or subtract to equal any angle. Choose whichever formula that you feel
more comfortable with.

sin15◦ = sin(45◦−30◦)

= sin45◦ cos30◦+ cos45◦ sin30◦

sin15◦ = (.707)× (.866)+(.707)× (.5)

= (.612262)× (.3535)

= .2164

Examples

Example 1

Earlier, you were given a problem about using the sine sum formula.

With the sine sum formula, you can break the sine into easier to calculate quantities:

sin
7π

12
= sin

(
4π

12
+

3π

12

)
= sin

(
π

3
+

π

4

)
= sin(

π

3
)cos(

π

4
)+ cos(

π

3
)sin(

π

4
)

=

( √
3

2

)( √
2

2

)
+

(
1
2

)( √
2

2

)

=

√
6

4
+

√
2

4

=

√
6+
√

2
4

Example 2

Find the exact value for sin345◦
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sin345◦ = sin(300◦+45◦) = sin300◦ cos45◦+ cos300◦ sin45◦

=−
√

3
2
·
√

2
2

+
1
2
·
√

2
2

=−
√

6
4

+

√
2

4
=

√
2−
√

6
4

Example 3

Find the exact value for sin 17π

12

sin
17π

12
= sin

(
9π

12
+

8π

12

)
= sin

(
3π

4
+

2π

3

)
= sin

3π

4
cos

2π

3
+ cos

3π

4
sin

2π

3

=

√
2

2
· (−1

2
)+−

√
2

2
·
√

3
2

=−
√

2
4
−
√

6
4

=
−
√

2−
√

6
4

Example 4

If siny =− 5
13 , y is in quad III, and sinz = 4

5 , z is in quad II find sin(y+ z)

If siny = − 5
13 and in Quadrant III, then cosine is also negative. By the Pythagorean Theorem, the second leg is

12(52 + b2 = 132), so cosy = −12
13 . If the sinz = 4

5 and in Quadrant II, then the cosine is also negative. By the
Pythagorean Theorem, the second leg is 3(42 +b2 = 52), so cos =−3

5 . To find sin(y+ z), plug this information into
the sine sum formula.

sin(y+ z) = sinycosz+ cosysinz

=− 5
13
·−3

5
+−12

13
· 4

5
=

15
65
− 48

65
=−33

65

Review

Find the exact value for each sine expression.

1. sin75◦

2. sin105◦

3. sin165◦

4. sin255◦

5. sin−15◦

Write each expression as the sine of an angle.

6. sin46◦ cos20◦+ cos46◦ sin20◦

7. sin3xcos2x− cos3xsin2x
8. sin54◦ cos12◦+ cos54◦ sin12◦

9. sin29◦ cos10◦− cos29◦ sin10◦

10. sin4ycos3y+ cos4ysin2y
11. Prove that sin(x− π

2 ) =−cos(x)
12. Suppose that x, y, and z are the three angles of a triangle. Prove that sin(x+ y) = sin(z)
13. Prove that sin(π

2 − x) = cos(x)
14. Prove that sin(x+π) =−sin(x)
15. Prove that sin(x− y)+ sin(x+ y) = 2sin(x)cos(y)
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Review (Answers)

To see the Review answers, open this PDF file and look for section 3.7.
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4.4 Half Angle Formulas

Here you’ll learn what the half angle formulas are and how to derive them.

After all of your experience with trig functions, you are feeling pretty good. You know the values of trig functions
for a lot of common angles, such as 30◦,60◦ etc. And for other angles, you regularly use your calculator. Suppose
someone gave you an equation like this:

cos75◦

Could you solve it without the calculator? You might notice that this is half of 150◦. This might give you a hint!

Half Angle Formulas

Here we’ll attempt to derive and use formulas for trig functions of angles that are half of some particular value.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/176577

To do this, we’ll start with the double angle formula for cosine: cos2θ = 1− 2sin2
θ. Set θ = α

2 , so the equation
above becomes cos2 α

2 = 1−2sin2 α

2 .

Solving this for sin α

2 , we get:

cos2
α

2
= 1−2sin2 α

2

cosα = 1−2sin2 α

2

2sin2 α

2
= 1− cosα

sin2 α

2
=

1− cosα

2

sin
α

2
=±

√
1− cosα

2

sin α

2 =

√
1− cosα

2
if α

2 is located in either the first or second quadrant.
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sin α

2 =−
√

1− cosα

2
if α

2 is located in the third or fourth quadrant.

This formula shows how to find the sine of half of some particular angle.

One of the other formulas that was derived for the cosine of a double angle is:

cos2θ = 2cos2 θ−1. Set θ = α

2 , so the equation becomes cos2 α

2 =−1+2cos2 α

2 . Solving this for cos α

2 , we get:

cos2
α

2
= 2cos2 α

2
−1

cosα = 2cos2 α

2
−1

2cos2 α

2
= 1+ cosα

cos2 α

2
=

1+ cosα

2

cos
α

2
=±

√
1+ cosα

2

cos α

2 =

√
1+ cosα

2
if α

2 is located in either the first or fourth quadrant.

cos α

2 =−
√

1+ cosα

2
if α

2 is located in either the second or fourth quadrant.

This formula shows how to find the cosine of half of some particular angle.

Let’s see some examples of these two formulas (sine and cosine of half angles) in action.

Solve using the half angle formula.

Determine the exact value of sin15◦.

Using the half angle identity, α = 30◦, and 15◦ is located in the first quadrant. Therefore, sin α

2 =

√
1− cosα

2
.

sin15◦ =

√
1− cos30◦

2

=

√
1−

√
3

2
2

=

√
2−
√

3
2
2

=

√
2−
√

3
4

Plugging this into a calculator,

√
2−
√

3
4

≈ 0.2588. Using the sine function on your calculator will validate that

this answer is correct.

Solve using the Half Angle Formula

Use the half angle identity to find exact value of sin112.5◦

Since sin 225◦
2 = sin112.5◦, use the half angle formula for sine, where α = 225◦. In this example, the angle 112.5◦ is

a second quadrant angle, and the sin of a second quadrant angle is positive.
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sin112.5◦ = sin
225◦

2

=±
√

1− cos225◦

2

=+

√√√√1−
(
−
√

2
2

)
2

=

√
2
2 +

√
2

2
2

=

√
2+
√

2
4

Solve using the Half Angle Formula

Use the half angle formula for the cosine function to prove that the following expression is an identity: 2cos2 x
2 −

cosx = 1

Use the formula cos α

2 =

√
1+ cosα

2
and substitute it on the left-hand side of the expression.

2

(√
1+ cosθ

2

)2

− cosθ = 1

2
(

1+ cosθ

2

)
− cosθ = 1

1+ cosθ− cosθ = 1

1 = 1

Examples

Example 1

Earlier, you were asked you to find cos75◦. If you use the half angle formula, then α = 150◦

Substituting this into the half angle formula:

sin 150◦
2 =

√
1− cosα

2
=

√
1− cos150◦

2
=

√
1+

√
3

2
2

=

√
2+
√

3
4

=

√
2+
√

3
2

Example 2

Prove the identity: tan b
2 = secb

secbcscb+cscb

Step 1: Change right side into sine and cosine.
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tan
b
2
=

secb
secbcscb+ cscb

=
1

cosb
÷ cscb(secb+1)

=
1

cosb
÷ 1

sinb

(
1

cosb
+1
)

=
1

cosb
÷ 1

sinb

(
1+ cosb

cosb

)
=

1
cosb

÷ 1+ cosb
sinbcosb

=
1

cosb
· sinbcosb

1+ cosb

=
sinb

1+ cosb

Step 2: At the last step above, we have simplified the right side as much as possible, now we simplify the left side,
using the half angle formula.

√
1− cosb
1+ cosb

=
sinb

1+ cosb
1− cosb
1+ cosb

=
sin2 b

(1+ cosb)2

(1− cosb)(1+ cosb)2 = sin2 b(1+ cosb)

(1− cosb)(1+ cosb) = sin2 b

1− cos2 b = sin2 b

Example 3

Verify the identity: cot c
2 = sinc

1−cosc

Step 1: change cotangent to cosine over sine, then cross-multiply.

cot
c
2
=

sinc
1− cosc

=
cos c

2
sin c

2
=

√
1+ cosc
1− cosc√

1+ cosc
1− cosc

=
sinc

1− cosc
1+ cosc
1− cosc

=
sin2 c

(1− cosc)2

(1+ cosc)(1− cosc)2 = sin2 c(1− cosc)

(1+ cosc)(1− cosc) = sin2 c

1− cos2 c = sin2 c
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Example 4

Prove that sinx tan x
2 +2cosx = 2cos2 x

2

sinx tan
x
2
+2cosx = sinx

(
1− cosx

sinx

)
+2cosx

sinx tan
x
2
+2cosx = 1− cosx+2cosx

sinx tan
x
2
+2cosx = 1+ cosx

sinx tan
x
2
+2cosx = 2cos2 x

2

Review

Use half angle identities to find the exact values of each expression.

1. sin22.5◦

2. sin75◦

3. sin67.5◦

4. sin157.5◦

5. cos22.5◦

6. cos75◦

7. cos157.5◦

8. cos67.5◦

9. Use the two half angle identities presented in this concept to prove that tan( x
2) =±

√
1− cosx
1+ cosx

.

10. Use the result of the previous problem to show that tan( x
2) =

1−cosx
sinx .

11. Use the result of the previous problem to show that tan( x
2) =

sinx
1+cosx .

Use half angle identities to help you find all solutions to the following equations in the interval [0,2π).

12. sin2 x = cos2( x
2)

13. tan( x
2) =

1−cosx
1+cosx

14. cos2 x = sin2( x
2)

15. sin2( x
2) = 2cos2 x−1

Review (Answers)

To see the Review answers, open this PDF file and look for section 3.11.
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4.5 Double Angle Identities

Here you’ll learn the double angle identities and how to use them to rewrite trig equations into a more easily solvable
form.

Finding the values for trig functions is pretty familiar to you by now. The trig functions of some particular angles
may even seem obvious, since you’ve worked with them so many times. In some cases, you might be able to use
this knowledge to your benefit to make calculating the values of some trig equations easier. For example, if someone
asked you to evaluate

cos120◦

without consulting a table of trig values, could you do it?

You might notice right away that this is equal to four times 30◦. Can this help you? Read this Concept, and at its
conclusion you’ll know how to use certain formulas to simplify multiples of familiar angles to solve problems.

Double Angle Identities

Here we’ll start with the sum and difference formulas for sine, cosine, and tangent. We can use these identities to
help derive a new formula for when we are given a trig function that has twice a given angle as the argument.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/143660

For example, sin(2θ). This way, if we are given θ and are asked to find sin(2θ), we can use our new double angle
identity to help simplify the problem. Let’s start with the derivation of the double angle identities.

One of the formulas for calculating the sum of two angles is:

sin(α+β) = sinαcosβ+ cosαsinβ

If α and β are both the same angle in the above formula, then

sin(α+α) = sinαcosα+ cosαsinα

sin2α = 2sinαcosα
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This is the double angle formula for the sine function. The same procedure can be used in the sum formula for
cosine, start with the sum angle formula:

cos(α+β) = cosαcosβ− sinαsinβ

If α and β are both the same angle in the above formula, then

cos(α+α) = cosαcosα− sinαsinα

cos2α = cos2
α− sin2

α

This is one of the double angle formulas for the cosine function. Two more formulas can be derived by using the
Pythagorean Identity, sin2

α+ cos2 α = 1.

sin2
α = 1− cos2 α and likewise cos2 α = 1− sin2

α

Using sin2
α = 1− cos2

α : Using cos2
α = 1− sin2

α :

cos2α = cos2
α− sin2

α cos2α = cos2
α− sin2

α

= cos2
α− (1− cos2

α) = (1− sin2
α)− sin2

α

= cos2
α−1+ cos2

α = 1− sin2
α− sin2

α

= 2cos2
α−1 = 1−2sin2

α

Therefore, the double angle formulas for cos2α are:

cos2α = cos2
α− sin2

α

cos2α = 2cos2
α−1

cos2α = 1−2sin2
α

Finally, we can calculate the double angle formula for tangent, using the tangent sum formula:

tan(α+β) =
tanα+ tanβ

1− tanα tanβ

If α and β are both the same angle in the above formula, then

tan(α+α) =
tanα+ tanα

1− tanα tanα

tan2α =
2tanα

1− tan2 α

We can use these formulas to help simplify calculations of trig functions of certain arguments.
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Solve using the Double Angle Identities

If sina = 5
13 and a is in Quadrant II, find sin2a, cos2a, and tan2a.

To use sin2a = 2sinacosa, the value of cosa must be found first.

= cos2 a+ sin2 a = 1

= cos2 a+
(

5
13

)2

= 1

= cos2 a+
25
169

= 1

= cos2 a =
144
169

,cosa =±12
13

.

However since a is in Quadrant II, cosa is negative or cosa =−12
13 .

sin2a = 2sinacosa = 2
(

5
13

)
×
(
−12

13

)
= sin2a =−120

169

For cos2a, use cos(2a) = cos2 a− sin2 a

cos(2a) =
(
−12

13

)2

−
(

5
13

)2

or
144−25

169

cos(2a) =
119
169

For tan2a, use tan2a = 2tana
1−tan2 a . From above, tana =

5
13
− 12

13
=− 5

12 .

tan(2a) =
2 · −5

12

1−
(−5

12

)2 =
−5
6

1− 25
144

=
−5
6

119
144

=−5
6
· 144

119
=−120

119

Solve using the Double Angle Identities

Find cos4θ.

Think of cos4θ as cos(2θ+2θ).

cos4θ = cos(2θ+2θ) = cos2θcos2θ− sin2θsin2θ = cos2 2θ− sin2 2θ

Now, use the double angle formulas for both sine and cosine. For cosine, you can pick which formula you would
like to use. In general, because we are proving a cosine identity, stay with cosine.
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= (2cos2
θ−1)2− (2sinθcosθ)2

= 4cos4
θ−4cos2

θ+1−4sin2
θcos2

θ

= 4cos4
θ−4cos2

θ+1−4(1− cos2
θ)cos2

θ

= 4cos4
θ−4cos2

θ+1−4cos2
θ+4cos4

θ

= 8cos4
θ−8cos2

θ+1

Solve using the Double Angle Identities

Solve the trigonometric equation sin2x = sinx such that (−π≤ x < π)

Using the sine double angle formula:

sin2x = sinx

2sinxcosx = sinx

2sinxcosx− sinx = 0

sinx(2cosx−1) = 0y ↘

2cosx−1 = 0

2cosx = 1

sinx = 0

x = 0,−π cosx =
1
2

x =
π

3
,−π

3

Examples

Example 1

Earlier, you were asked to solve cos120◦.

You can simplify this into a familiar angle:

cos(2×60◦)

And then apply the double angle identity:

cos(2×60◦) = 2cos2 60◦−1

= (2)(cos60◦)(cos60◦)−1

= (2)(
1
2
)(

1
2
)−1

=−1
2
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Example 2

If sinx = 4
5 and x is in Quad II, find the exact values of cos2x,sin2x and tan2x

If sinx = 4
5 and in Quadrant II, then cosine and tangent are negative. Also, by the Pythagorean Theorem, the third

side is 3(b =
√

52−42). So, cosx =−3
5 and tanx =−4

3 . Using this, we can find sin2x,cos2x, and tan2x.

cos2x = 1− sin2 x tan2x =
2tanx

1− tan2 x

= 1−2 ·
(

4
5

)2

=
2 ·−4

3

1−
(
−4

3

)2

sin2x = 2sinxcosx = 1−2 · 16
25

=
−8

3

1− 16
9

=−8
3
÷−7

9

= 2 · 4
5
·−3

5
= 1− 32

25
=−8

3
·−9

7

=−24
25

=− 7
25

=
24
7

Example 3

Find the exact value of cos2 15◦− sin2 15◦

This is one of the forms for cos2x.

cos2 15◦− sin2 15◦ = cos(15◦ ·2)
= cos30◦

=

√
3

2

Example 4

Verify the identity: cos3θ = 4cos3 θ−3cosθ

Step 1: Use the cosine sum formula

cos3θ = 4cos3
θ−3cosθ

cos(2θ+θ) = cos2θcosθ− sin2θsinθ

Step 2: Use double angle formulas for cos2θ and sin2θ

= (2cos2
θ−1)cosθ− (2sinθcosθ)sinθ

Step 3: Distribute and simplify.
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= 2cos3
θ− cosθ−2sin2

θcosθ

=−cosθ(−2cos2
θ+2sin2

θ+1)

=−cosθ[−2cos2
θ+2(1− cos2

θ)+1] → Substitute 1− cos2
θ for sin2

θ

=−cosθ[−2cos2
θ+2−2cos2

θ+1]

=−cosθ(−4cos2
θ+3)

= 4cos3
θ−3cosθ

Review

Simplify each expression so that it is in terms of sin(x) and cos(x).

1. sin2x+ cosx
2. sin2x+ cos2x
3. sin3x+ cos2x
4. sin2x+ cos3x

Solve each equation on the interval [0,2π).

5. sin(2x) = 2sin(x)
6. cos(2x) = sin(x)
7. sin(2x)− tan(x) = 0
8. cos2(x)+ cos(x) = cos(2x)
9. cos(2x) = cos(x)

Simplify each expression so that only one calculation would be needed in order to evaluate.

10. 2cos2(15◦)−1
11. 2sin(25◦)cos(25◦)
12. 1−2sin2(35◦)
13. cos2(60◦)− sin2(60◦)
14. 2sin(125◦)cos(125◦)
15. 1−2sin2(32◦)

Review (Answers)

To see the Review answers, open this PDF file and look for section 3.10.
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4.6 Simplifying Trig Expressions using Double
and Half Angle Formulas

Here you’ll use the half and double angle formulas to simplify more complicated expressions.

As Agent Trigonometry, you are given the following cryptic clue. How could you simplify this clue?
tan2x

tanx
1+tanx

Simplifying Trigonometric Expressions

We can also use the double-angle and half-angle formulas to simplify trigonometric expressions.

Simplify using the double angle and half angle formulas

Simplify cos2x
sinxcosx .

Use cos2a = cos2 a− sin2 a and then factor.

cos2x
sinxcosx

=
cos2 x− sin2 x
sinx+ cosx

=
(cosx− sinx)((((

((((cosx+ sinx)
((((

((sinx+ cosx
= cosx− sinx

Find the formula for sin3x.

You will need to use the sum formula and the double-angle formula. sin3x = sin(2x+ x)

sin3x = sin(2x+ x)

= sin2xcosx+ cos2xsinx

= 2sinxcosxcosx+ sinx(2cos2 x−1)

= 2sinxcos2 x+2sinxcos2 x− sinx

= 4sinxcos2 x− sinx

= sinx(4cos2 x−1)

We will explore other possibilities for the sin3x because of the different formulas for cos2a in the Problem Set.

Verify the identity cosx+2sin2 x
2 = 1.

Simplify the left-hand side use the half-angle formula.
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cosx+2sin2 x
2

cosx+2

(√
1− cosx

2

)2

cosx+2 · 1− cosx
2

cosx+1− cosx

1

Examples

Example 1

Earlier, you were asked how could you simplify tan2x
tanx

1+tanx

Use tan2a = 2tana
1−tan2 a and then factor.

tan2x
tanx

1+tanx
=

2tanx
1− tan2 x

· 1+ tanx
tanx

=
2tanx

(1+ tanx)(1− tanx)
· 1+ tanx

tanx
=

2
1− tanx

Example 2

Simplify sin2x
sinx .

sin2x
sinx = 2sinxcosx

sinx = 2cosx

Example 3

Verify cosx+2cos2 x
2 = 1+2cosx.

cosx+2cos2 x
2
= 1+2cosx

cosx+2

√
1+ cosx

2

2

=

cosx+1+ cosx =

1+2cosx =

Review

Simplify the following expressions.

1.
√

2+2cosx
(
cos x

2

)
2. cos2x

cos2 x
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3. tan2x(1+ tanx)
4. cos2x−3sin2 x
5. 1+cos2x

cotx
6. (1+ cosx)2 tan x

2

Verify the following identities.

7. cot x
2 = sinx

1−cosx
8. sinx

1+cosx =
1−cosx

sinx
9. sin2x

1+cos2x = tanx
10. (sinx+ cosx)2 = 1+ sin2x
11. sinx tan x

2 +2cosx = 2cos2 x
2

12. cotx+ tanx = 2csc2x
13. cos3x = 4cos3 x−3cosx
14. cos3x = cos3 x−3sin2 xcosx
15. sin2x− tanx = tanxcos2x
16. cos4 x− sin4 x = cos2x

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 14.16.

F

259

http://www.ck12.org
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-14-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-14-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-14-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf


4.7. Proofs of Trigonometric Identities www.ck12.org

4.7 Proofs of Trigonometric Identities

Here you’ll learn four different methods to use in proving trig identities to be true.

What if your instructor gave you two trigonometric expressions and asked you to prove that they were true. Could
you do this? For example, can you show that

sin2
θ = 1−cos2θ

2

Trigonometric Identities

In Trigonometry you will see complex trigonometric expressions. Often, complex trigonometric expressions can
be equivalent to less complex expressions. The process for showing two trigonometric expressions to be equivalent
(regardless of the value of the angle) is known as validating or proving trigonometric identities.

There are several options a student can use when proving a trigonometric identity.

Option One: Often one of the steps for proving identities is to change each term into their sine and cosine equivalents.

Option Two: Use the Trigonometric Pythagorean Theorem and other Fundamental Identities.

Option Three: When working with identities where there are fractions- combine using algebraic techniques for
adding expressions with unlike denominators.

Option Four: If possible, factor trigonometric expressions. For example, 2+2cosθ

sinθ(1+cosθ) = 2cscθ can be factored to
2(1+cosθ)

sinθ(1+cosθ) = 2cscθ and in this situation, the factors cancel each other.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/182919
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Prove the identity:

Reducing each side separately. It might be helpful to put a line down, through the equals sign. Because we are
proving this identity, we don’t know if the two sides are equal, so wait until the end to include the equality.

cscx× tanx secx
1

sinx ×
sinx
cosx

1
cosx

1

��
�sinx
×�

��sinx
cosx

1
cosx

1
cosx

1
cosx

At the end we ended up with the same thing, so we know that this is a valid identity.

Notice when working with identities, unlike equations, conversions and mathematical operations are performed
only on one side of the identity. In more complex identities sometimes both sides of the identity are simplified or
expanded. The thought process for establishing identities is to view each side of the identity separately, and at the
end to show that both sides do in fact transform into identical mathematical statements.

Prove the identity:

Use the Pythagorean Identity and its alternate form. Manipulate sin2
θ+ cos2 θ = 1 to be sin2

θ = 1− cos2 θ. Also
substitute csc2 x for 1+ cot2 x, then cross-cancel.

(1− cos2 x)(1+ cot2 x) 1
sin2 x · csc2 x 1
sin2 x · 1

sin2 x
1

1 1

Prove the identity:

Combine the two fractions on the left side of the equation by finding the common denominator: (1+ cosθ)× sinθ,
and the change the right side into terms of sine.

sinθ

1+cosθ
+ 1+cosθ

sinθ
2cscθ

sinθ

sinθ
· sinθ

1+cosθ
+ 1+cosθ

sinθ
· 1+cosθ

1+cosθ
2cscθ

sin2
θ+(1+cosθ)2

sinθ(1+cosθ) 2cscθ

Now, we need to apply another algebraic technique, FOIL. (FOIL is a memory device that describes the process for
multiplying two binomials, meaning multiplying the First two terms, the Outer two terms, the Inner two terms, and
then the Last two terms, and then summing the four products.) Always leave the denominator factored, because you
might be able to cancel something out at the end.
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sin2
θ+1+2cosθ+cos2 θ

sinθ(1+cosθ) 2cscθ

Using the second option, substitute sin2
θ+ cos2 θ = 1 and simplify.

1+1+2cosθ

sinθ(1+cosθ) 2cscθ

2+2cosθ

sinθ(1+cosθ) 2cscθ

2(1+cosθ)
sinθ(1+cosθ) 2cscθ

2
sinθ

2
sinθ

Option Four: If possible, factor trigonometric expressions. Actually procedure four was used in the above example:
2+2cosθ

sinθ(1+cosθ) = 2cscθ can be factored to 2(1+cosθ)
sinθ(1+cosθ) = 2cscθ and in this situation, the factors cancel each other.

Examples

Example 1

Earlier, you were asked to prove

sin2
θ = 1−cos2θ

2

First remember the Pythagorean Identity:

sin2
θ+ cos2 θ = 1

Therefore,

sin2
θ = 1− cos2 θ

From the Double Angle Identities, we know that

cos2θ = cos2
θ− sin2

θ

cos2
θ = cos2θ+ sin2

θ

Substituting this into the above equation for sin2,

sin2
θ = 1− (cos2θ+ sin2

θ)

sin2
θ = 1− cos2θ− sin2

θ

2sin2
θ = 1− cos2θ

sin2
θ =

1− cos2θ

2

Example 2

Prove the identity: sinx tanx+ cosx = secx
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Step 1: Change everything into sine and cosine

sinx tanx+ cosx = secx

sinx · sinx
cosx

+ cosx =
1

cosx

Step 2: Give everything a common denominator, cosx.

sin2 x
cosx

+
cos2 x
cosx

=
1

cosx

Step 3: Because the denominators are all the same, we can eliminate them.

sin2 x+ cos2 x = 1

We know this is true because it is the Trig Pythagorean Theorem

Example 3

Prove the identity: cosx− cosxsin2 x = cos3 x

Step 1: Pull out a cosx

cosx− cosxsin2 x = cos3 x

cosx(1− sin2 x) = cos3 x

Step 2: We know sin2 x+ cos2 x = 1, so cos2 x = 1− sin2 x is also true, therefore cosx(cos2 x) = cos3 x. This, of
course, is true, we are finished!

Example 4

Prove the identity: sinx
1+cosx +

1+cosx
sinx = 2cscx

Step 1: Change everything in to sine and cosine and find a common denominator for left hand side.

sinx
1+ cosx

+
1+ cosx

sinx
= 2cscx

sinx
1+ cosx

+
1+ cosx

sinx
=

2
sinx

← LCD : sinx(1+ cosx)

sin2 x+(1+ cosx)2

sinx(1+ cosx)

Step 2: Working with the left side, FOIL and simplify.
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sin2 x+1+2cosx+ cos2 x
sinx(1+ cosx)

→ FOIL (1+ cosx)2

sin2 x+ cos2 x+1+2cosx
sinx(1+ cosx)

→move cos2 x

1+1+2cosx
sinx(1+ cosx)

→ sin2 x+ cos2 x = 1

2+2cosx
sinx(1+ cosx)

→ add

2(1+ cosx)
sinx(1+ cosx)

→ factor out 2

2
sinx

→ cancel (1+ cosx)

Review

Use trigonometric identities to simplify each expression as much as possible.

1. tan(x)cos(x)
2. cos(x)− cos3(x)
3. 1−cos2(x)

sin(x)
4. cot(x)sin(x)
5. 1−sin2(x)

cos(x)
6. sin(x)csc(x)
7. tan(−x)cot(x)
8. sec2(x)−tan2(x)

cos2(x)+sin2(x)

Prove each identity.

9. tan(x)+ cot(x) = sec(x)csc(x)
10. sin(x) = sin2(x)+cos2(x)

csc(x)

11. 1
sec(x)−1 +

1
sec(x)+1 = 2cot(x)csc(x)

12. (cos(x))(tan(x)+ sin(x)cot(x)) = sin(x)+ cos2(x)
13. sin4(x)− cos4(x) = sin2(x)− cos2(x)
14. sin2(x)cos3(x) = (sin2(x)− sin4(x))(cos(x))
15. sin(x)

csc(x) = 1− cos(x)
sec(x)

Review (Answers)

To see the Review answers, open this PDF file and look for section 3.2.

264

http://www.ck12.org
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-03-Trigonometry-Concepts-%28revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-03-Trigonometry-Concepts-%28revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-03-Trigonometry-Concepts-%28revised%29.pdf


www.ck12.org Chapter 4. Unit 4: Trigonometric Identities

4.8 Solving Trig Equations using Sum and Dif-
ference Formulas

Here you’ll solve trig equations using the sum and difference formulas.

As Agent Trigonometry, you are now given another piece of the puzzle: sin(π

2 − x) =−1. What is the value of x?

Solving Trigonometric Functions

Lastly, we can use the sum and difference formulas to solve trigonometric equations. For this concept, we will only
find solutions in the interval 0≤ x < 2π.

Solve the following functions using the sum and difference formulas

Solve cos(x−π) =

√
2

2 .

Use the formula to simplify the left-hand side and then solve for x.

cos(x−π) =

√
2

2

cosxcosπ+ sinxsinπ =

√
2

2

−cosx =

√
2

2

cosx =−
√

2
2

The cosine negative in the 2nd and 3rd quadrants. x = 3π

4 and 5π

4 .

Solve sin
(
x+ π

4

)
+1 = sin

(
π

4 − x
)
.

sin
(

x+
π

4

)
+1 = sin

(
π

4
− x
)

sinxcos
π

4
+ cosxsin

π

4
+1 = sin

π

4
cosx− cos

π

4
sinx

sinx ·
√

2
2

+ cosx ·
√

2
2

+1 =

√
2

2
.cosx−

√
2

2
· sinx

√
2sinx =−1

sinx =− 1√
2
=−

√
2

2

In the interval, x = 5π

4 and 7π

4 .
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Solve 2sin
(
x+ π

3

)
= tan π

3 .

2sin
(

x+
π

3

)
= tan

π

3

2
(

sinxcos
π

3
+ cosxsin

π

3

)
=
√

3

2sinx · 1
2
+2cosx ·

√
3

2
=
√

3

sinx+
√

3cosx =
√

3

sinx =
√

3(1− cosx)

sin2 x = 3(1−2cosx+ cos2 x) square both sides

1− cos2 x = 3−6cosx+3cos2 x substitute sin2 x = 1− cos2 x

0 = 4cos2 x−6cosx+2

0 = 2cos2 x−3cosx+1

At this point, we can factor the equation to be (2cosx− 1)(cosx− 1) = 0. cosx = 1
2 , and 1, so x = 0, π

3 ,
5π

3 . Be
careful with these answers. When we check these solutions it turns out that 5π

3 does not work.

2sin
(

5π

3
+

π

3

)
= tan

π

3

2sin2π =
√

3

0 6=
√

3

Therefore, 5π

3 is an extraneous solution.

Examples

Example 1

Earlier, you were asked to find the value of x from the equation sin(π

2 − x) =−1.

In the previous lesson you solved the expression sin(π

2 − x) as:

sin(
π

2
− x) = sin

π

2
cosx− cos

π

2
sinx

= 1 · cosx−0 · sinx

= cosx

So what you’re now looking for is the value of x where cosx =−1.

The cosine of 180◦ is equal to −1.

Solve the following equations in the interval 0≤ x < 2π.

266

http://www.ck12.org


www.ck12.org Chapter 4. Unit 4: Trigonometric Identities

Example 2

cos(2π− x) = 1
2

cos(2π− x) =
1
2

cos2πcosx+ sin2πsinx =
1
2

cosx =
1
2

x =
π

3
and

5π

3

Example 3

sin
(

π

6 − x
)
+1 = sin

(
x+ π

6

)

sin
(

π

6
− x
)
+1 = sin

(
x+

π

6

)
sin

π

6
cosx− cos

π

6
sinx+1 = sinxcos

π

6
+ cosxsin

π

6
1
2

cosx−
√

3
2

sinx+1 =

√
3

2
sinx+

1
2

cosx

1 =
√

3sinx
1√
3
= sinx

x = sin−1
(

1√
3

)
= 0.6155 and 2.5261 rad

Example 4

cos
(

π

2 + x
)
= tan π

4

cos
(

π

2
+ x
)
= tan

π

4

cos
π

2
cosx− sin

π

2
sinx = 1

−sinx = 1

sinx =−1

x =
3π

2

Review

Solve the following trig equations in the interval 0≤ x < 2π.

1. sin(x−π) =−
√

2
2

2. cos(2π+ x) =−1
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3. tan
(
x+ π

4

)
= 1

4. sin
(

π

2 − x
)
= 1

2
5. sin

(
x+ 3π

4

)
+ sin

(
x− 3π

4

)
= 1

6. sin
(
x+ π

6

)
=−sin

(
x− π

6

)
7. cos

(
x+ π

6

)
= cos

(
x− π

6

)
+1

8. cos
(
x+ π

3

)
+ cos

(
x− π

3

)
= 1

9. tan(x+π)+2sin(x+π) = 0
10. tan(x+π)+ cos

(
x+ π

2

)
= 0

11. tan
(
x+ π

4

)
= tan

(
x− π

4

)
12. sin

(
x− 5π

3

)
− sin

(
x− 2π

3

)
= 0

13. 4sin(x+π)−2 = 2cos
(
x+ π

2

)
14. 1+2cos(x−π)+ cosx = 0
15. Real Life Application The height, h (in feet), of two people in different seats on a Ferris wheel can be

modeled by h1 = 50cos3t +46 and h2 = 50cos3
(
t− 3π

4

)
+46 where t is the time (in minutes). When are the

two people at the same height?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 14.14.
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4.9 Solving Trig Equations using Double and
Half Angle Formulas

Here you’ll solve trig equations using the half and double angle formulas.

Trig Riddle #4: I am an angle x such that 0≤ x < 2π. I satisfy the equation sin2x− sinx = 0. What angle am I?

Solve Trigonometric Equations

Lastly, we can use the half and double angle formulas to solve trigonometric equations.

Solve the following trigonometric equations

Solve tan2x+ tanx = 0 when 0≤ x < 2π.

Change tan2x and simplify.

tan2x+ tanx = 0
2tanx

1− tan2 x
+ tanx = 0

2tanx+ tanx(1− tan2 x) = 0 →Multiply everything by 1− tan2 x to eliminate denominator.

2 tanx+ tanx− tan3 x = 0

3tanx− tan3 x = 0

tanx(3− tan2 x) = 0

Set each factor equal to zero and solve.

3− tan2 x = 0

− tan2 x =−3

tanx = 0 and tan2 x = 3

x = 0 and π tanx =±
√

3

x =
π

3
,
2π

3
,
4π

3
,
5π

3

Solve 2cos x
2 +1 = 0 when 0≤ x < 2π.

In this case, you do not have to use the half-angle formula. Solve for x
2 .

2cos
x
2
+1 = 0

2cos
x
2
=−1

cos
x
2
=−1

2
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Now, let’s find cosa =−1
2 and then solve for x by dividing by 2.

x
2
=

2π

3
,
4π

3

=
4π

3
,
8π

3

Now, the second solution is not in our range, so the only solution is x = 4π

3 .

Solve 4sinxcosx =
√

3 for 0≤ x < 2π.

Pull a 2 out of the left-hand side and use the sin2x formula.

4sinxcosx =
√

3

2 ·2sinxcosx =
√

3

2 · sin2x =
√

3

sin2x =

√
3

2

2x =
π

3
,
5π

3
,
7π

3
,
11π

3

x =
π

6
,
5π

6
,
7π

6
,
11π

6

Examples

Example 1

Earlier, you were asked what is the angle.

Use the double angle formula and simplify.

sin2x− sinx = 0

2sinxcosx− sinx = 0

sinx(2cosx−1) = 0

sinx = 0ORcosx =
1
2

Under the constraint 0 ≤ x < 2π, sinx = 0 when x = 0 or when x = π. Under this same constraint, cosx = 1
2 when

x = π

3 or when x = 5π

3 .

Example 2

Solve the following equation for 0≤ x < 2π.

sin x
2 =−1
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sin
x
2
=−1

x
2
=

3π

2
x = 3π

From this we can see that there are no solutions within our interval.

Example 3

Solve the following equation for 0≤ x < 2π.

cos2x− cosx = 0

cos2x− cosx = 0

2cos2 x− cosx−1 = 0

(2cosx−1)(cosx+1) = 0

Set each factor equal to zero and solve.

2cosx−1 = 0

2cosx = 1 cosx+1 = 0

cosx =
1
2

and cosx =−1

x =
π

3
,
5π

3
x = π

Review

Solve the following equations for 0≤ x < 2π.

1. cosx− cos 1
2 x = 0

2. sin2xcosx = sinx
3. cos3x− cos3 x = 3sin2 xcosx
4. tan2x− tanx = 0
5. cos2x− cosx = 0
6. 2cos2 x

2 = 1
7. tan x

2 = 4
8. cos x

2 = 1+ cosx
9. sin2x+ sinx = 0

10. cos2 x− cos2x = 0
11. cos2x

cos2 x = 1
12. cos2x−1 = sin2 x
13. cos2x = cosx
14. sin2x− cos2x = 1
15. sin2 x−2 = cos2x
16. cotx+ tanx = 2csc2x
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Answers for Review Problems

To see the Review answers, open this PDF file and look for section 14.17.
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CHAPTER 5 Unit 5: Matrices
Chapter Outline

5.1 DEFINING AND COMPARING MATRICES

5.2 ADDING AND SUBTRACTING MATRICES

5.3 MULTIPLYING MATRICES BY A SCALAR

5.4 MULTIPLYING TWO MATRICES

5.5 FINDING DETERMINANTS OF MATRICES

5.6 FINDING THE INVERSE OF A MATRIX

5.7 SOLVING A MATRIX EQUATION

5.8 SOLVING LINEAR SYSTEMS USING MATRICES AND TECHNOLOGY
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5.1 Defining and Comparing Matrices

Here you’ll recognize that some data is most clearly organized and presented in a matrix, understand how to define
a matrix and be able to compare matrices.

For a matinee movie, a movie theater charges the following prices:

Kids: $5 Adults: $8 Seniors: $6

For the same movie at night, the theater charges the following prices:

Kids: $7 Adults: $10 Seniors: $8

How could we organize this data to easily compare the prices?

Matrices

A matrix consists of data that is organized into rows and columns to form a rectangle. For example, we could
organize the data collected at a movie theater concession stand during a matinee show into the follow matrix:

S M L

popcorn
soda

[
20 46 32
15 53 29

]

Now we can easily compare the quantities of each size sold. These values in the matrix are called elements.

This particular matrix has two rows and three columns. Matrices are often described in terms of dimensions (rows
by columns). This matrix is a 2×3 (read as ’2 by 3’) matrix.

The variables m (rows) and n (columns) are most often used to represent unknown dimensions. Matrices in which
the number of rows equals the number of columns (m = n) are called square matrices.

Matrices which have the same dimensions and all corresponding elements equal are said to be equal matrices.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/177139

Solve the following problems

Using the matrix above, what is the value of the element in the second row, second column?

274

http://www.ck12.org
http://www.ck12.org/flx/show/video/user%3Ack12math/http%3A//www.youtube.com/embed/xyAuNHPsq-g%3Fwmode%3Dtransparent%26rel%3D0%26hash%3D27f9eaa3828981f7de78e1acae106134
https://www.ck12.org/flx/render/embeddedobject/177139


www.ck12.org Chapter 5. Unit 5: Matrices

Column 2

↓
S M L

popcorn
Row 2→ soda

[
20 46 32
15 53 29

]

We must see where the second row and second column overlap and identify the element in that location. In this case.
it is 53.

Determine the dimensions (m×n) of the matrices below.

[
3 2
−1 0

]

This matrix has 2 rows and 2 columns. Therefore it is a 2×2 matrix.

4 −3 2 7
3 5 −4 6
9 1 0 −2


This matrix has 3 rows and 4 columns. Therefore it is a 3×4 matrix.

 2
−3
1


This matrix has 3 rows and 1 column. Therefore it is a 3×1 matrix.

Which two matrices are equal? Explain your answer.

A =

 1 −5
−2 4
8 3

 B =

[
−5 4 3
1 −2 8

]
C =

 1 −5
−2 4
8 3


Matrices A and C are equal matrices. They are both 3× 2 matrices and have all of the same elements. Matrix B is
a 2×3 matrix so even though it contains the same elements, they are arranged differently preventing it from being
equal to the other two.
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Examples

Example 1

Earlier, you were asked how could we organize the data to easily compare the prices.

To make it easy to compare prices, we could organize the data in matrix like this one:

K A S

Matinee
Night

[
5 8 6
7 10 8

]

Example 2

What are the dimensions of the matrix: [3 −5 1 0]?

The dimensions are 1×4.

Example 3

In the matrix 
8 −5 4
−2 6 −3
3 0 −7
1 3 9


what is the element in the second row, third column?

The element in the second row, third column is -3 as shown below:

Column 3

↓

Row 2 →


8 −5 4
−2 6 −3
3 0 −7
1 3 9



Example 4

Are the matrices A = [−1 4 9] and

B =

−1
4
9


equal matrices?

No, A and B are not equal matrices. They have the same elements, but the dimensions are not the same.
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Review

Use the matrices below to answer questions 1-7 that follow:

A =

[
2 3 1
−5 −8 4

]
B =

[
2 1
−3 5

]
C =

−5 1 3
8 −2 6
4 9 7



D =

[
2 1
−3 5

]
E =

−5 2
−8 3
4 1

 F =

[
5 −1 8
−2 6 −3

]

1. What are the dimensions of

a. Matrix B?
b. Matrix E?
c. Matrix F?

2. Which matrices have the same dimensions?
3. Which matrices are square matrices?
4. Which matrices are equal?
5. What is the element in row 1, column 2 of Matrix C?
6. What is the element in row 3, column 1 of Matrix E?
7. What is the element in row 1, column 1 of Matrix D?
8. Write a matrix with dimensions 3×4.
9. Write a matrix with dimensions 7×2.

For problems 10-14, determine if the statements are true or false.

10. A 3×2 and a 2×3 are equal.
11. Two matrices are equal if every element within the two matrices is the same.
12. A matrix is a way to organize data.
13. The element in row 2, column 2 in F above is -1.
14. The element in row 2, column 2 in F above is 6.
15. Organize the data into a matrix: A math teacher gave her class three tests during the semester. On the first test

there were 10 A’s, 8 B’s, 12 C’s, 4 D’s and 1 F. On the second test there were 8 A’s, 11 B’s, 14 C’s, 2 D’s and
0 F’s. On the third test there were 13 A’s, 7 B’s, 8 C’s, 4 D’s and 3 F’s.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 4.1.
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5.2 Adding and Subtracting Matrices

Here you’ll add and subtract matrices with the same dimensions.

Using the movie theater example from the previous lesson, how could we determine how much more the theater
charges at night for each ticket type?

Recall that for a matinee movie, the movie theater charges the following prices:

Kids: $5 Adults: $8 Seniors: $6

For the same movie at night, the theater charges the following prices:

Kids: $7 Adults: $10 Seniors: $8

Adding and Subtracting Matrices

If two matrices have the same dimensions, then they can be added or subtracted by adding or subtracting correspond-
ing elements as shown below.

Addition:

[
a b
c d

]
+

[
e f
g h

]
=

[
a+ e b+ f
c+g d +h

]

Subtraction:

[
a b
c d

]
−
[

e f
g h

]
=

[
a− e b− f
c−g d−h

]

It is important to note that the two matrices are not required to be square matrices. The requirement is that they are
the same dimensions. In other words, you can add two matrices that are both 2×3, but you cannot add a 2×2 matrix
with a 3×2 matrix. Before attempting to add two matrices, check to make sure that they have the same dimensions.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/177140

Investigation: Commutative and Associative Properties of Addition

The Commutative Property of Addition states that a+b = b+a for real numbers, a and b. Does this property hold
for matrices? The Associative Property of Addition states that a+(b+ c) = (a+b)+ c for real numbers, a,b and c.
Does this property hold for matrices? Consider the matrices below:
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A =

[
−3 7
4 −1

]
B =

[
5 1
−8 −2

]
C =

[
−6 −10
5 3

]
1. Find

A+B⇒
[
−3 7
4 −1

]
+

[
5 1
−8 −2

]
=

[
2 8
−4 −3

]
2. Find

B+A⇒
[

5 1
−8 −2

]
+

[
−3 7
4 −1

]
=

[
2 8
−4 −3

]
Since A+B = B+A, we can conjecture that matrix addition is commutative.

3. Find

(A+B)+C⇒
([
−3 7
4 −1

]
+

[
5 1
−8 −2

])
+

[
−6 −10
5 3

]
=

[
2 8
−4 −3

]
+

[
−6 −10
5 3

]
=

[
−4 −2
1 0

]
4. Find

A+(B+C)⇒
[
−3 7
4 −1

]
+

([
5 1
−8 −2

]
+

[
−6 −10
5 3

])
=

[
−3 7
4 −1

]
+

[
−1 −9
−3 1

]
=

[
−4 −2
1 0

]
Since (A+B)+C = A+(B+C), we can conjecture that the associative property is true for matrix addition as well.

Properties of Matrix Addition

Commutative Property: A+B = B+A

Associative Property: (A+B)+C = A+(B+C)

∗Note that these properties do not work with subtraction with real numbers. For example: 7− 5 6= 5− 7. Because
they do not hold for subtraction of real numbers, they also do not work with matrix subtraction.

Solve the following problems

Find the sum: [
4 −5 6
−3 7 9

]
+

[
−1 4 8
0 −3 12

]
=

By adding the elements in corresponding positions we get:

[
4 −5 6
−3 7 9

]
+

[
−1 4 8
0 −3 12

]
=

[
4+−1 −5+4 6+8
−3+0 7+−3 9+12

]
=

[
3 −1 14
−3 4 21

]

Find the difference: 
−7
6
−9
10

−

−3
−2
8
15

=
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By subtracting the elements in corresponding positions we get:


−7
6
−9
10

−

−3
−2
8
15

=


−7− (−3)
6− (−2)
−9−8
10−15

=


−4
8
−17
−5



Perform the indicated operation: −4 2
5 −3
13 8

+[ 7 −1 0
−5 2 6

]

In this case the first matrix is 3× 2 and the second matrix is 2× 3. Because they have different dimensions they
cannot be added.

Examples

Example 1

Earlier, you were asked to determine how much more the theater charges at night for each ticket.

We could organize the data into two separate matrices and subtract.

[
7 10 8

]
−
[
5 8 6

]
=
[
2 2 2

]
We can now easily see that the movie theater charges $2 more for each ticket type at night.

Perform the indicated operation.

Example 2

[
3 −7

]
+
[
−1 8

]
=
[
3+(−1) −7+8

]
=
[
2 1

]
Example 3

These matrices cannot be subtracted because they have different dimensions.

Example 4

[
6 −7
−11 5

]
−
[
−2 4
−3 9

]
=

[
6− (−2) −7−4
−11− (−3) 5−9

]
=

[
8 −11
−8 −4

]
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Review

Perform the indicated operation (if possible).

1. .

[
2 −1
5 0

]
+

[
−6 0
3 −4

]
2. .

 3 −2
−5 1
10 9

−
−2 7

10 −8
7 5


3. .


4
−2
12
7

+

−1
9
−2
0


4. .

[
−1 −4 −1 12
2 6 14 5

]
−
[
−3 1
7 −6

]
5. .

[
4 −1

]
+
[
0 5

]
−
[
−12 3

]
6. .

[
3 5

]
+
[
−2 −1

]
7. .

[
2
7

]
+
[
−3 5

]
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8. .

[
11 7 −3
9 15 8

]
+

[
20 −4 7
1 11 −13

]
9. .

25
19
−5

−
11

20
−3


10. .

 2 −5 3
9 15 8
−1 −4 6

+
−3 8 −3

11 −6 −7
0 8 5


11. .

[
−3 2
4 −1

]
−
[

6 −11 13
17 8 10

]
12. .

[
−5 2
9 −3

]
+

[
−3 −5
8 12

]
13. .

([
5 −2
−3 1

]
+

[
−8 5
6 13

])
−
[
−10 8

9 1

]
14. .

[
−5 2
11 3

]
−
([

8 −2
3 5

]
+

[
−12 3
−6 15

])
15. .

22 −7
5 3
11 −8

−
−8 9

15 12
10 −1

+

 5 11
17 −3
−9 4
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Answers for Review Problems

To see the Review answers, open this PDF file and look for section 4.2.
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5.3 Multiplying Matrices by a Scalar

Here you’ll learn how to multiply a matrix by a scalar.

A group of 8 kids, a group of 8 adults, and a group of 8 seniors are attending a movie.

For a matinee movie, the movie theater charges the following prices:

Kids: $5 Adults: $8 Seniors: $6

For the same movie at night, the theater charges the following prices:

Kids: $7 Adults: $10 Seniors: $8

How could we determine the total amount each group will be charged for each type of movie?

Multiplying Matrices by a Scalar

A matrix can be multiplied by a scalar. A scalar is a real number in matrix algebra-not a matrix. To multiply a matrix
by a scalar, each element in the matrix is multiplied by the scalar as shown below:

k
[

a b
c d

]
=

[
ka kb
kc kd

]
, where k is a scalar.

Investigation: Distributive Property of Scalar Multiplication

Let’s investigate what happens if we distribute the multiplication of a scalar of the addition of two matrices. Consider
the matrix expression:

3
([

2
−5

]
+

[
−3
6

])

Method 1: Perform the addition inside the parenthesis first and then multiply by the scalar:

3
([

2
−5

]
+

[
−3
6

])
= 3

[
−1
1

]
=

[
−3
3

]

Method 2: Distribute the scalar into both matrices and then add:

3
([

2
−5

]
+

[
−3
6

])
=

[
6
−15

]
+

[
−9
18

]
=

[
−3
3

]

The results are equivalent. We can conjecture that the Distributive Property of Multiplication over Addition is true
for scalar multiplication of matrices. This property can be extended to include distribution of scalar multiplication
over subtraction as well.
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Properties of Scalar Multiplication

Distributive Property of Addition: k(A+B) = kA+ kB

Distributive Property of Subtraction: k(A−B) = kA−KB

Multiply the matrix by the scalar

Perform the scalar multiplication:

2
[
−4 1

2
−1 3

]

In this case we just need to multiply each element of the matrix by 2.

[
2(−4) 2

(1
2

)
2(−1) 2(3)

]
=

[
−8 1
−2 6

]

Perform the indicated operation:

3
([

2
−1

]
+

[2
3
4

])

This time we need to decide whether to distribute the 3 inside the parenthesis or add first and then multiply by 3. It
is possible to complete this problem either way. However, careful observation allows us to observe that there is a
fraction inside the second matrix. By distributing the 3 first, we can eliminate this fraction and make the addition
easier as shown below.

(
3
[

2
−1

]
+3
[2

3
4

])
=

([
6
−3

]
+

[
2
12

])
=

[
8
9

]

Perform the indicated operation:

1
2

([
7 −1
2 8

]
+

[
−3 5
2 0

])

Again, we need to decide whether to do the multiplication or addition first. Here, it turns out to be easier to add first
and then multiply as shown below.

1
2

[
7+−3 −1+5
2+2 8+0

]
=

1
2

[
4 4
4 8

]
=

[
2 2
2 4

]

Not that this problem could have been solved in the other order, but we would have had to deal with fractions.
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Examples

Example 1

Earlier, you were asked to determine the total amount each group will be charged for each type of movie.

We could organize the data in a matrix and multiply it by the scalar 8.

K A S

Matinee
Night

8
[

5 8 6
7 10 8

]
=

K A S

Matinee
Night

[
40 64 48
56 80 64

]

We can now easily see that the group of adults will be charged $64 for a matinee, the group of kids will be charged
$56 at night, etc.

Perform the indicated operations in the following problems.

Example 2

Multiply each element inside the matrix by 2
3 :

2
3(0)
2
3(6)
2
3(9)

=

0
4
6


Example 3

If we subtract what is inside the parenthesis first, we can avoid fractions:

−2
3
([

2− (−1) −3−0 5−2
])

=−2
3
[
3 −3 3

]
=
[
−2 2 −2

]
Example 4

If we distribute first this time, we can avoid fractions:

(
12
[3

4 −2
3

1
6 2

]
+12

[
1 5

6
2
3

5
4

])
=

[
9 −8
2 24

]
+

[
12 10
8 15

]
=

[
21 2
10 39

]
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Review

Perform the indicated operations, if possible.

1. .

3
[

2 −1
8 0

]

2. .

−2
[
−6 8
5 −2

]

3. .

2
3

[
12
6

]

4. .

−3
2

[
8 0 −4
−6 2 10

]

5. .

5
[
−3 1 2

]
6. .

−1

 2 −3
5 1
−8 −10


7. .

2
[

1 2
4 −1

]
+

[
4 −2
−3 −7

]
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8. .

3
[
4 −5 −1

]
+4
[
8 −1 5

]
9. .

−2

 2 −3 0
−1 −4 3
−1 −1 4

− (−1)
[

3 3 −2
−4 −10 8

]

10. .

−2
([1

2
5
2

]
−
[
3 −1

])
11. .

−1
3

([
5
−2

]
−
[

2
4

])
12. .

3
[

8 −2
1
3 5

]
+

[
2 4
−6 −1

]
13. .

2
[3

7
3
4

]
14. .

−6
([1

3 0
2 −2

3

]
+

[
5 1
−1

6 2

])
15. .

−2
3
8

−5

 1
5
−2

5
11
5

+
−2

1
5
−3

5


Answers for Review Problems

To see the Review answers, open this PDF file and look for section 4.3.
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5.4 Multiplying Two Matrices

Here you’ll learn how to multiply matrices together.

Mr. Hwan writes the following matrices on the board and asks his students to multiply them.

[
−3 1
2 0

]
·
[

4
−1

]
When they are done multiplying, Mr. Hwan asks, "What element is in the first row, second column of your answer?"

Wanda says that because the two matrices do not have the same dimensions they can’t be multiplied. Therefore,
there is no answer.

Xavier says that the product is a 2 x 1 matrix so there is no element in the first row, second column.

Zach says that the element requested is 8.

Who is correct?

Multiplying Two Matrices

To multiply matrices together we will be multiplying each element in each row of the first matrix by each element
in each column in the second matrix. Each of these products will be added together to get the result for a particular
row and column as shown below.

[
a b
c d

]
·
[

e f
g h

]
=

[
ae+bg a f +bh
ce+dg c f +dh

]

Multiply the following matrices

Multiply the matrices: [
2 3
−1 5

]
·
[
−6 0
4 1

]
By following the rule given above, we get:

[
2(−6)+3(4) 2(0)+3(1)
−1(−6)+5(4) −1(0)+5(1)

]
=

[
−12+12 0+3

6+20 0+5

]
=

[
0 3
26 5

]

Multiply the matrices: −1 3
7 0
4 −2

 ·[ 5 8
−1 2

]

289

http://www.ck12.org


5.4. Multiplying Two Matrices www.ck12.org

In order to multiply these two matrices we need to extend the pattern given in the guidance to apply to a 3×2 matrix
and a 2×2 matrix. It is important to note that matrices do not need to have the same dimensions in order to multiply
them together. However, there are limitations that will be explored in the next topic. All matrix multiplication
problems in this topic are possible.

Now, let’s multiply each of the rows in the first matrix by each of the columns in the second matrix to get:

−1 3
7 0
4 −2

 ·[ 5 8
−1 2

]
=

−1(5)+3(−1) −1(8)+3(2)
7(5)+0(−1) 7(8)+0(2)

4(5)+−2(−1) 4(8)+−2(2)

=

−5−3 −8+6
35+0 56+0
20+2 32−4

=

−8 −2
35 56
22 28



Multiply the matrices:

[
3 −7 1
2 8 −5

]
·

2
0
9


Sometimes, not only are the matrices different dimensions, but the result has dimensions other than either of the
original matrices as is the case in this example. Multiply the matrices row by column to get:

[
3 −7 1
2 8 −5

]
·

2
0
9

=
[
3(2)+−7(0)+1(9) 2(2)+8(0)+−5(9)

]
=
[
6+0+9 4+0−45

]
=
[
15 −41

]

Examples

Example 1

Earlier, you were asked who had the correct matrix.

When the two matrixes are multiplied, the resulting matrix is:

[
−7
8

]
The matrices can be multiplied, but there is no first row, second column in the resulting matrix. The element 8 is in
the second row, first column. Therefore Xavier is right.

Multiply the matrices together.

Example 2

[
−4 1
5 −3

]
·
[

2
−1

]
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[
−4 1
5 −3

]
·
[

2
−1

]
=

[
−4(2)+1(−1)
5(2)+−3(−1)

]
=

[
−8−1
10+3

]
=

[
−9
13

]

Example 3

−3
2
5

 · [−2 −1 4
]
=

−3(−2) −3(−1) −3(4)
2(−2) 2(−1) 2(4)
5(−2) 5(−1) 5(4)

=

 6 3 −12
−4 −2 8
−10 −5 20


Example 4

[
5 −2

]
·
[

1 4
−3 −7

]
=
[
5(1)+−2(−3) 5(4)+−2(−7)

]
=
[
5+6 20+14

]
=
[
11 34

]

Review

Multiply the matrices together.

1. .

[
2 −1
0 3

]
·
[
−4 3
2 5

]

2. .

[
−2 7

]
·
[

1 −4
5 3

]

3. .

−3 2
5 −4
−1 6

 ·[−1 3
4 −2

]

4. .

[
−8 1
3 5

]
·
[
−4
7

]
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5. .

−1
4
8

 · [2 −3 6
]

6. .

[
−5 1

]
·
[
−9 3 0
2 −1 6

]

7. .

[
4 −1
5 3

]
·
[

2
6

]

8. .

[
−2 4 7

]
·

 3
−1
5


9. .

−1 2 −4
5 3 1
−5 2 −1

 ·
 2 −3 5

6 2 1
−4 1 0


10. .

[
1 −2 4

]
·

−3 1 2
5 −1 6
1 2 −7


11. .

[
6 11
1 2

]
·
[

2 −11
−1 6

]
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12. .

−4 5 7
1 2 −3
9 −6 8

 ·
 1

2
−1


13. .

[
−2 −1 3

]
·

−4
5
−8


14. .

[
−10

]
·
[
15
]

15. .

 2 4
−1 −2
7 −12

 ·[ 5
−3

]

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 4.4.
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5.5 Finding Determinants of Matrices

Here you’ll find the determinants of 2×2 and 3×3 matrices by hand and using a graphing calculator.

A mathematical theorem states that a matrix is singular if and only if its determinant is zero. Is the following matrix
singular?

 2 1 3
0 2 1
−1 3 0



Determinant of a Matrix

Each square matrix has a real number value associated with it called its determinant. This value is denoted by det A
or |A|.

Finding the Determinant of a 2×2 matrix:

det
[

a b
c d

]
=

∣∣∣∣a b
c d

∣∣∣∣= ad−bc

Finding the Determinant of a 3× 3 matrix: To begin, we will repeat the first two columns after matrix. Next,
calculate the products and sums as shown below and find the difference. The result is the determinant of the 3× 3
matrix.

Using the determinant to find the Area of a Triangle in the coordinate plane:

We can find the area of a triangle with vertices (x1,y1),(x2,y2) and (x3,y3) using the formula below

A =±1
2

∣∣∣∣∣∣
x1 y1 1
x2 y2 1
x3 y3 1

∣∣∣∣∣∣ ,
where the ± accounts for the possibility that the determinant could be negative but area should always be positive.
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/177165

Using the calculator to find the determinant of a matrix: If you are using a TI-83 or TI-84, access the Matrix
menu by either pressing MATRIX or (2nd x−1 MATRIX). Now you can choose to EDIT matrix A. Change the
dimensions as needed and enter the data values. Now return to the home screen (2nd MODE QUIT) and return to
the MATRIX menu. Arrow over to MATH and select 1:det( by pressing ENTER. Go into the MATRIX menu once
more to select 1:[A] under the NAMES column. Press ENTER. Your screen should show det([A] at this time. Press
ENTER once more and the result will be your determinant. These directions work for square matrices of any size.

Solve the following problems

Find the

det
[

3 −4
1 5

]
.

Using the rule above for a 2×2 matrix, the determinant can be found as shown:

det
[

3 −4
1 5

]
=

∣∣∣∣3 −4
1 5

∣∣∣∣= (3)(5)− (−4)(1) = 15− (−4) = 19

Find the

det

 2 −3 5
−4 7 1
3 8 6

 .
First, we need to repeat the first two columns. Then we can find the diagonal products as shown:

 2 −3 5
−4 7 1
3 8 6

 2 −3
−4 7
3 8

(2 ·7 ·6)+(−3 ·1 ·3)+(5 ·−4 ·8) = 84+−9+−160 =−85

= (3 ·7 ·5)+(8 ·1 ·2)+(6 ·−4 ·−3) = 105+16+72 = 193

−85−193 =−278

Find the area of the triangle with vertices (2, -1), (4, 5) and (8, 1)

The first step is to set up our matrix and find the determinant as shown:
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2 −1 1
4 5 1
8 1 1

2 −1
4 5
8 1

(2 ·5 ·1)+(−1 ·1 ·8)+(1 ·4 ·1) = 10+−8+4 = 6

= (8 ·5 ·1)+(1 ·1 ·2)+(1 ·4 ·−1) = 40+2−4 = 38

6−38 =−32

Now we can multiply this determinant, -32, by −1
2 (we will multiply by the negative in order to have a positive

result) to get 16. So the area of the triangle is 16 u2.

Examples

Example 1

Earlier, you were asked if the matrix is singular.

To find the determinant, we first need to repeat the first two columns. Then we can find the diagonal products as
shown:

 2 1 3
0 2 1
−1 3 0

 2 1
0 2
−1 3

(2 ·2 ·0)+(1 ·1 ·−1)+(3 ·0 ·3) = 0+−1+0 =−1

= (3 ·2 ·−1)+(2 ·1 ·3)+(1 ·0 ·0) =−6+6+0 = 0

−1−0 =−1

The determinant is not zero and therefore the matrix is not singular.

Find the determinants of the matrices below.

Example 2

[
−1 8
2 −9

]

∣∣∣∣−1 8
2 −9

∣∣∣∣= (−1)(−9)− (8)(2) = 9−16 =−7
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Example 3

∣∣∣∣∣∣
−2 4 −3
5 −6 1
−4 1 −2

∣∣∣∣∣∣
−2 4
5 −6
−4 1

(−2 ·−6 ·−2)+(4 ·−1 ·−4)+(−3 ·5 ·1) =−24+16−15 =−23

= (−4 ·−6 ·−3)+(1 ·1 ·−2)+(−2 ·5 ·4) =−72−2−40 =−114

−23− (−114) = 91

Example 4

Find the area of the triangle with vertices (-5, 2), (8, -1) and (3, 9)

∣∣∣∣∣∣
−5 2 1
8 −1 1
3 9 1

∣∣∣∣∣∣
−5 2
8 −1
3 9

= (5+6+72)− (−3+−45+16) = 83− (−32) = 115

So the area is 1
2(115) = 57.5 u2.

Review

Find the determinants of the matrices. Use your calculator to check your answers.

1. .

[
2 −1
3 5

]

2. .

[
−3 −2
6 4

]

3. .

[
5 10
−3 −7

]

4. .
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[
−4 8
3 5

]

5. .

[
11 3
7 2

]

6. .

[
9 3
2 −1

]

7. .

 1 −1 3
5 0 6
−4 8 2


8. .

 5 −2 1
6 1 0
−3 2 4


9. .

 4 −1 2
3 0 1
−2 5 6


Find the area of each triangle with vertices given below.

10. (2, -1), (-5, 2) and (0, 6)
11. (-8, 12), (10, 5) and (1, -4)
12. (-7, 2), (8, 0) and (3, -4)

Find the value of a in the matrices below.

13. .
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∣∣∣∣a 3
8 2

∣∣∣∣=−10

14. .

∣∣∣∣4 a
3 5

∣∣∣∣=−1

15. .

∣∣∣∣∣∣
2 −1 3
4 5 2
−3 0 a

∣∣∣∣∣∣= 23

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 4.7.
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5.6 Finding the Inverse of a Matrix

Here you’ll be introduced to the concept of an inverse matrix and find inverses of 2×2 matrices by hand.

At your school book fair, you buy 3 paperback and 2 hardcovers. Your best friend buys 2 paperbacks and 4
hardcovers. What is the inverse of the matrix represented by this situation?

Inverse of a Matrix

Recall that the multiplicative inverse of a real number is the reciprocal of the number and that the product of a
number and its multiplicative inverse is the multiplicative identity, or 1. For example: 3

7 ×
7
3 = 1. Now we need

to define a multiplicative identity and a multiplicative inverse for a square matrix. For real numbers, 1 is considered
the identity because we can multiply any number, a, by 1 and the result is a. In other words, the value of the number
does not change. For matrices, the multiplicative inverse of a square matrix will be a square matrix in which the
values of the main diagonal are 1 and the remaining values are all zero. The following are examples of identity
matrices.

I =
[

1 0
0 1

]
I =

1 0 0
0 1 0
0 0 1

 I =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


The products below illustrate how we can multiply a matrix by the identity and the result will be the original matrix.

Given:

A =

[
2 −1
−3 5

]
, AI =

[
2 −1
−3 5

][
1 0
0 1

]
=

[
2(1)+(−1)(0) 2(0)+(−1)(1)
(−3)(1)+5(0) (−3)(0)+5(1)

]
=

[
2 −1
−3 5

]

In fact, it does not matter which order we multiply by the identity matrix. In other words, AI = IA = A.

Now that we have defined an identity matrix, we can determine an inverse matrix such that A(A−1) = (A−1)A = I.

The formula for finding the Inverse of a 2×2 matrix is:

Given:

A =

[
a b
c d

]
, A−1 =

1
det[A]

[
d −b
−c a

]
=

1
ad−bc

[
d −b
−c a

]
,

where ad−bc 6= 0
∗Note: If ad− bc = 0 or det[A] = 0, the matrix A is called singular. The inverse of a singular matrix cannot be
determined.
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Solve the following problems

Find the inverse of the matrix [
1 2
−3 7

]
and verify that your result is the inverse.

First, use the formula above to find the inverse.

[
1 2
−3 7

]−1

=
1

(1)(7)− (2)(−3)

[
7 −2
3 1

]
=

1
13

[
7 −2
3 1

]
=

[ 7
13 − 2

13
3

13
1

13

]
Now, To verify that this is indeed the inverse we must show that the product of the inverse and the original matrix is
the identity matrix for a 2× 2 matrix. It will be easier to find this product using the form of the inverse where the
reciprocal of the determinant has not been distributed inside the matrix as shown below:

1
13

[
7 2
−3 1

][
1 −2
3 7

]
=

1
13

[
(7)(1)+(−2)(−3) (7)(−2)+(2)(7)
(−3)(1)+(1)(3) (−3)(−2)+(1)(7)

]
=

1
13

[
13 0
0 13

]
=

[
1 0
0 1

]

Are [
4 −3
−3 2

]
and [

−2 −3
−3 −4

]
inverses?

If the matrices are inverses then their product will be the identity matrix.

[
4 −3
−3 2

][
−2 −3
−3 −4

]
=

[
(4)(−2)+(−3)(−3) (4)(−3)+(−3)(−4)
(−3)(−2)+(2)(−3) (−3)(−3)+(2)(−4)

]
=

[
1 0
0 1

]
Since the product is the identity matrix, the matrices are inverses of one another.

Find the inverse of the matrix

[
4 6
−2 −3

]
.

Use the formula above to find the inverse.

[
4 6
−2 −3

]−1

=
1

(4)(−3)− (6)(−2)

[
−3 −6
2 4

]
=

1
0

[
−3 −6
2 4

]
⇒ the inverse does not exist.

This matrix is singular.
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Examples

Example 1

Earlier, you were asked what is the inverse of the matrix.

The matrix that represents this situation is: [
3 2
2 4

]

Use the formula you learned in this lesson to find the inverse.

[
3 2
2 4

]−1

=
1

[(3)(4)− (2)(2)]

[
4 −2
−2 3

]
=

1
8

[
4 −2
−2 3

]
=

[ 1
2 −1

4
−1

4
3
8

]

Example 2

Are matrices [
−1

3 1
−1

2 2

]
and [

−12 6
−3 2

]
inverses of each other?

[
−1

3 1
−1

2 2

][
−12 6
−3 2

]
=

[(
−1

3

)
(−12)+(1)(−3)

(
−1

3

)
(6)+(1)(2)(

−1
2

)
(−12)+(2)(−3)

(
−1

2

)
(6)+(2)(2)

]
=

[
1 0
0 1

]
.

Yes, they are inverses.

Example 3

Find the inverse of

[
4 2
10 5

]
.

[
4 2
10 5

]−1

=
1

(4)(5)− (2)(10)

[
5 −2
−10 4

]
=

1
0

[
5 −2
−10 4

]
⇒ inverse does not exist.

This matrix is singular.
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Example 4

Find the inverse of

[
3 −4
6 −7

]
.

[
3 −4
6 −7

]−1

=
1

(3)(−7)− (−4)(6)

[
−7 4
−6 3

]
=

1
3

[
−7 4
−6 3

]
=

[
−7

3
4
3

−2 1

]

Review

Determine whether the following pairs of matrices are inverses of one another.

1. .

[
5 −15
3 −10

]
and [

2 −3
3
5 −1

]

2. .

[
3 7
1 2

]
and [

−2 7
1 −3

]

3. .

[
−5 8
1 3

]
and [

3 −8
−1 −5

]

4. .
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[
−5 4
−9 7

]
and [

7 −4
9 −5

]

Find the inverse of each matrix below, if it exists.

5. .

[
−11 7
−3 2

]

6. .

[
6 −3
8 −5

]

7. .

[
1 2
4 9

]

8. .

[
−2 −3
6 9

]

9. .

[
−2 4
5 3

]

10. .

[
0 1
3 2

]
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11. .

[
−4 7
0 2

]

12. .

[
2 −6
−6 18

]

13. .

[
7 5
14 10

]

14. .

[
−2 5
−2 6

]

15. For two 2x2 matrices, A and B, to be inverses of each other, what must be true of AB and BA?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 4.9.
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5.7 Solving a Matrix Equation

Here you’ll learn how to solve for unknown matrices in matrix equations.

Katel and Juan are in charge of building a stage for their school’s upcoming play. They go to the hardware store to
buy supplies. Katel buys 10 yards of wood and 2 hammers. Her total comes to $130. Juan buys 8 yards of wood and
4 hammers. His total comes to $116. How could you use a matrix inverse to find the cost of a yard of wood and the
cost of a hammer?

Solving Equations with Matrices

Solving equations with matrices is very similar to solving an equation with real numbers. Just like real numbers, we
can add or subtract the same matrix on both sides of an equation to isolate the variable matrix. The big change is
that we cannot divide by a matrix - division by a matrix is not defined. We can, however, multiply by the inverse
of a matrix to isolate the variable matrix. Just be careful - matrix multiplication is not commutative so you must
“right multiply” or “left multiply” on both sides of the equation. To illustrate, let’s look at the variable matrix, x, and
constant matrices, A and B.

If AX = B, then to solve we must multiply on the left as shown:

AX = B

A−1AX = A−1B

IX = A−1B

X = A−1B

If XA = B, then to solve we must multiply on the right as shown:

XA = B

XAA−1 = BA−1

XI = BA−1

X = BA−1

Solve the following problems

Solve the equation: [
2 −4
5 1

]
X =

[
−14 −14
−13 9

]
To isolate the variable matrix, denoted by X , we need to get rid of the matrix being multiplied by X on the left. Find
the inverse of [

2 −4
5 1

]
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and multiply by it on the left of both sides of the equation as shown below.

[
2 −4
5 1

]−1

=
1

2− (−20)

[
1 4
−5 2

]
=

1
22

[
1 4
−5 2

]

Now, multiply by this inverse on the left on both sides of the equation:

1
22

[
1 4
−5 2

][
2 −4
5 1

]
X =

1
22

[
1 4
−5 2

][
−14 −14
−13 9

]
1
22

[
22 0
0 22

]
X =

1
22

[
−66 22
44 88

]
[

1 0
0 1

]
X =

[
−3 1
2 4

]
X =

[
−3 1
2 4

]

Solve the equation:

X
[
−8 0
7 13

]
=

[
96 104
−60 52

]

This time the variable matrix, X , is being multiplied by another matrix on the right. This time we will need to find
the inverse of [

−8 0
7 13

]

and multiply by it on the right side as shown below.

[
−8 0
7 13

]−1

=
1
−104

[
13 0
−7 −8

]

Now, multiply by this inverse on the right on both sides of the equation:

X
[
−8 0
7 13

]
1
−104

[
13 0
−7 −8

]
=

[
96 104
−60 52

]
1
−104

[
13 0
−7 −8

]

Because scalar multiplication is commutative, we can move this factor to the end and do the matrix multiplication
first to avoid fractions.
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X
[
−8 0
7 13

][
13 0
−7 −8

]
1
−104

=

[
96 104
−60 52

][
13 0
−7 −8

]
1
−104

X
[
−104 0

0 −104

]
1
−104

=

[
520 −832
−1144 −416

]
1
−104

X
[

1 0
0 1

]
=

[
−5 8
11 4

]
X =

[
−5 8
11 4

]
Solve the matrix equation: [

11 2
−5 7

]
X +

[
15
−13

]
=

[
10
13

]

This equation is a little different. First, we have a matrix that we must subtract on both sides before we can multiply
by the inverse of [

11 2
−5 7

]
.

[
11 2
−5 7

]
X +

[
15
−13

]
−
[

15
−13

]
=

[
10
13

]
−
[

15
−13

]
[

11 2
−5 7

]
X =

[
−5
26

]
Second, X , is not a 2×2 matrix. What are the dimensions of X? If we multiply a 2×2 matrix by a 2×1 matrix then
we will get a 2×1 matrix, so X is a 2×1 matrix. Let’s find the inverse of

[
11 2
−5 7

]
.

[
11 2
−5 7

]−1

=
1
87

[
7 −2
5 11

]
Now we can “left multiply” on both sides of the equation and solve for X .

1
87

[
7 −2
5 11

][
11 2
−5 7

]
=

1
87

[
7 −2
5 11

][
−5
26

]
1
87

[
87 0
0 87

]
X =

1
87

[
−87
261

]
[

1 0
0 1

]
X =

[
−1
3

]
X =

[
−1
3

]
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Examples

Example 1

Earlier, you were asked how could you use a matrix inverse to find the cost of a yard of wood and the cost of a
hammer.

Solve the equation: [
10 2
8 4

]
X =

[
130
116

]
To isolate the variable matrix, denoted by X , we need to get rid of the matrix being multiplied by X on the left. Find
the inverse of [

10 2
8 4

]
and multiply by it on the left of both sides of the equation as shown below.

[
10 2
8 4

]−1

=
1

(10)(4)− (2)(8)

[
4 −2
−8 10

]
=

1
24

[
4 −2
−8 10

]
Now, multiply by this inverse on the left on both sides of the equation:

1
24

[
4 −2
−8 10

][
10 2
8 4

]
X =

1
24

[
4 −2
−8 10

][
130
116

]
1
24

[
24 0
0 24

]
X =

1
24

[
288
120

]
[

1 0
0 1

]
X =

[
12
5

]
X =

[
12
5

]
Therefore, wood costs $12 per yard and hammers cost $5 apiece.

Solve the following matrix equations.

Example 2

[
2 −5
6 1

]
X =

[
39
37

]
“Left multiply” by the inverse on both sides.

1
32

[
1 5
−6 2

][
2 −5
6 1

]
X =

1
32

[
1 5
−6 2

][
39
37

]
[

1 0
0 1

]
X =

1
32

[
224
−160

]
X =

[
7
−5

]
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Example 3

“Right multiply” by the inverse on both sides.

X
[
−3 8
−2 15

]
1
−29

[
15 −8
2 −3

]
=

[
0 87

33 −88

]
1
−29

[
15 −8
2 −3

]
X
[

1 0
0 1

]
=

1
−29

[
174 −261
319 0

]
X =

[
−6 9
−11 0

]

Example 4

[
−1 3
0 5

]
X−

[
11 7
13 21

]
=

[
−7 15
7 14

]

Add the matrix [
11 7
13 21

]
to both sides and then “left multiply” by the inverse on both sides.

[
−1 3
0 5

]
X−

[
11 7
13 21

]
+

[
11 7
13 21

]
=

[
−7 15
7 14

]
+

[
11 7
13 21

]
[
−1 3
0 5

]
X =

[
4 22
20 35

]
1
−5

[
5 −3
0 −1

][
−1 3
0 5

]
X =

1
−5

[
5 −3
0 −1

][
4 22

20 35

]
[

1 0
0 1

]
X =

1
−5

[
−40 5
−20 −35

]
X =

[
8 −1
4 7

]

Review

Answer the following questions to best of your ability.

1. Explain the steps used to solve for matrix X in the equation AX = B if A and B are 2x2 matrices.
2. How is solving a matrix equation like solving a linear equation? How is it different?
3. In the matrix equation XA = B, can the equation be solved for matrix X if there is no inverse of A?

Solve for the unknown matrix in each equation below.
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4. [
2 −1
3 5

]
X =

[
−10 4
11 6

]
5.

X
[

6 7
11 −3

]
=

[
47 −56
81 47

]
6. [

5 −10
1 9

]
X =

[
50
−23

]
7. [

2 8
12 −7

]
X =

[
−2 −76
−67 204

]
8.

X
[

2 9
5 −1

]
=

[
10 −2
22 −42

]
9. [

−9
−77

]
=

[
3 2
−1 −6

]
X

10. [
−1 0
7 2

]
X +

[
2 6

18 −12

]
=

[
5 5
5 5

]
11. [

2 −8
11 −5

]
X−

[
−14

0

]
=

[
−30
31

]
12. [

−3 −10
0 1

]
+X

[
2 −3
1 0

]
=

[
1 2
3 4

]
13. [

−2
10

]
=

[
−6 7
1 −2

]
X−

[
12
−15

]
14. ([

2 −3
7 5

]
+

[
3 1
−3 −2

])
X +

[
3 −1
2 5

]
=

[
−66 43
−21 54

]
15.

X
([

5 −1
2 4

]
−
[

3 −1
2 2

])
+

[
5 −2
9 7

]
=

[
9 −16
11 13

]

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 4.10.
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5.8 Solving Linear Systems Using Matrices
and Technology

Here you’ll learn how to use a graphing calculator to solve systems of linear equations in two and three variables.

Customers of the ice cream shop are asking for more sizes, so the shop decides to test out medium and large cones.
During its test, the shop sells 24 medium chocolate cones and 32 large chocolate cones. It also sells 40 medium
vanilla cones and 60 X-large vanilla cones. The shop’s chocolate sales for the day totaled $292 and its vanilla sales
totaled $525. How much did the shop charge for a medium cone versus a large cone.

Solving Linear Systems using Matrices

In this concept we will be using the calculator to find the inverse matrix and do matrix multiplication. We have
already entered matrices into the calculator and multiplied matrices together on the calculator. To find the inverse
of a matrix using the calculator we can call up the matrix by name and use the x−1 key on the calculator to get the
inverse of the matrix. See Example A below for practice with this.

Now that we know how to get an inverse using the calculator, let’s look at solving the system. When we translate
our system into a matrix equation we have the expression AX = B. From the last concept, we know that X = A−1B.
We can enter the coefficient matrix into matrix A and the constants into matrix B and have the calculator find A−1B
for us.

Solve the following problems

Use the calculator to find the inverse of the matrix:

[
−3 −5
1 2

]

First, enter the matrix into the calculator in matrix [A]. Now, 2nd QUIT to return to the home screen. From here,
go back into the MATRIX menu and select [A] under NAMES and press ENTER. You should see [A] in the home
screen. Now press the x−1 button to get [A]−1 and press ENTER. The result is the inverse matrix

[
−2 −5
1 3

]
.

∗Note that the calculator can find the inverse of any square matrix.

Solve the system using matrices on the calculator:

10x+6y = 11

−6x+9y =−15
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Let

A =

[
10 6
−6 9

]
and

B =

[
11
−15

]
.

Enter these matrices into the calculator. Now, from the home screen, we can call up matrix A (from NAMES in the
matrix menu) and use the x−1 button to get [A]−1 on the home screen. Finally we can call up matrix B from the
matrix menu to get [A]−1[B] and press ENTER. The result is

[ 3
2
−2
3

]
.

The solution to the system is
(3

2 ,−
2
3

)
.

Solve the system using matrices on the calculator:

3x+11y = 2

−9x−33y =−6

Let

A =

[
3 11
−9 −33

]
and

B =

[
2
−6

]
.

Enter these matrices into the calculator. Now, from the home screen, we can call up matrix A(from NAMES in the
matrix menu) and use the x−1 button to get [A]−1 on the home screen. Finally we can call up matrix B from the
matrix menu to get [A]−1[B] and press ENTER. The result is ERR: SINGULAR MATRIX. Recall that a singular
matrix is a matrix for which the inverse does not exist. This message tells us that there is no unique solution to this
system. We must now use an alternative method to determine whether there are infinite solutions or no solution to
the system. Using linear combination as shown below we can see that there are infinite solutions to this system.

3(3x+11y = 2) ⇒ 9x+33y = 6

−9x−33y =−6 −9x−33y =−6

0 = 0
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Examples

Example 1

Earlier, you were asked how much did the shop charge for a medium cone versus a large cone.

Solve the system using matrices on the calculator:

24x+32y = 292

40x+60y = 525

The shop charges $4.50 for a medium cone and $5.75 for a large cone.

Example 2

Find the inverse of −2 4 −5
3 −1 4
7 2 1


using your calculator.

Solve the following systems using matrices on the calculator.

−2 4 −5
3 −1 4
7 2 1

−1

=

− 9
53 −14

53
11
53

25
53

33
53 − 7

53
13
53

32
53 −10

53


The calculator will convert all the values in the matrix to fractions. Press MATH and ENTER to choose 1 :> FRAC.

Example 3

Let

A =

[
2 3
−6 −7

]
and

B =

[
13
−21

]
.

Using the calculator

A−1B =

[
−7
9

]
.

The solution is (-7, 9).
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Example 4

3x−5y+ z =−24

−4x+3y−2z = 9

7x+ y−3z =−30

Let

A =

 3 −5 1
−4 3 −2
7 1 −3


and

B =

−24
9
−30

 .
Using the calculator

A−1B =

−2
5
7

 .
The solution is (-2, 5, 7).

Review

Use a calculator to find the inverse of each matrix below.

1. [
2 −3
8 2

]
2. [

−6 8
−3 2

]
3.  5 2 −1

3 5 0
−4 1 6


Solve the systems using matrices and a calculator.

4.

2x+ y =−1

−3x−2y =−3
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5.

2x+10y = 6

x+11y =−3

6.

−3x+ y = 17

2x−3y =−23

7.

10x−5y = 9

2.5y = 5x+4

8.

4x−3y =−12

7x = 2y+5

9.

2x+5y = 0

−4x+10y =−12

10.

7x+2y+3z =−12

−8x− y+4z =−6

−10x+3y+5z = 1

11.

2x−4y+11z = 18

−3x+5y−13z =−25

5x+10y+10z = 5

12.

8x+ y−4z = 4

−2z−3y+4z =−7

4x+5y−8z = 11

For the following word problems, set up a system of linear equations to solve using matrices.

13. A mix of 1 lb almonds and 1.5 lbs cashews sells for $15.00. A mix of 2 lbs almonds and 1 lb cashews sells for
$17.00. How much does each nut cost per pound?

14. Maria, Rebecca and Sally are selling baked goods for their math club. Maria sold 15 cookies, 20 brownies and
12 cupcakes and raised $23.50. Rebecca sold 22 cookies, 10 brownies and 11 cupcakes and raised $19.85.
Sally sold 16 cookies, 5 brownies and 8 cupcakes and raised $13.30. How much did they charge for each type
of baked good?

15. Justin, Mark and George go to the farmer’s market to buy fruit. Justin buys 2 lbs apples, 3 lbs pears and 1 lb
of peaches for $13.24. Mark buys 1 lb apples, 2 lbs pears and 3 lbs peaches for $13.34. George buys 3 lbs
apples, 1 lb pears and 2 lbs peaches for $14.04. How much does each fruit cost per pound?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 4.12.
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6.1 Applications of Conics

A conic section is a curve created when a cone intersects with a plane. Conics can also be connected to circles,
ellipses, hyperbola and parabolas too. In fact, wherever there are curves and intersections of curves, you can find
conic sections. Do you know some of the applications of conic sections in the real world? If you have a cylinder cut
at an angle, then you are working with a conic section - think about architecture in the world where this is the case.
Early astronomers studied the elliptical patterns that planets make when they orbit the sun. If you include a satellite,
then you have to understand conics to see how curves and intersections work together. Conics are also applied to the
reflection of light and sound waves. Take some time to do some other research on the application of conics and you
may be surprised what else you can find.

Here is an additional resource that provides a more in-depth exploration of this topic.

• Solving Systems of Lines, Quadratics, and Conics
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6.2 Conic Sections

Here you will learn what the conic sections are and the general equations for each of the conics.

Conic sections are a family of graphs that include circles and parabolas. Why are they called conic sections?

Conic Sections

The conic sections are the shapes that can be created when a plane intersects a double cone like the one below. In
other words, the conic sections are the cross sections of a double cone.

There are four primary conic sections - the circle, the parabola, the ellipse, and the hyperbola. These conic sections
are shown below with their general equations. In geometry, you will focus on circles and parabolas. You will study
ellipses and hyperbolas in more depth in future courses.

TABLE 6.1:

Conic Section Equation Picture
Circle (x−h)2 +(y− k)2 = r2

Parabola (x−h)2 = 4p(y− k)
OR
(y− k)2 = 4p(x−h)
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TABLE 6.1: (continued)

Ellipse (x−h)2

a2 + (y−k)2

b2 = 1

Hyperbola (x−h)2

a2 − (y−k)2

b2 = 1
OR
(y−k)2

a2 − (x−h)2

b2 = 1

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61843

How is a circle created as the intersection of a double cone and a plane?

The cross section is taken parallel to the base of the cones, as shown below.

How is an ellipse created as the intersection of a double cone and a plane?

The intersection plane is at a slight angle with the plane containing the base, as shown below.

320

http://www.ck12.org
http://www.ck12.org/flx/show/video/http%3A//www.youtube.com/embed/iJOcn9C9y4w%3Fwmode%3Dtransparent%26rel%3D0%26hash%3D36fbca87116b8896a957f5031256e734
https://www.ck12.org/flx/render/embeddedobject/61843


www.ck12.org Chapter 6. Unit 6: Conics

Identify each of the following conics from their equations.

(x−1)2

4 + (y+3)2

9 = 1

Ellipse

(x−4)2 = 4(y−1)

Parabola

(x−2)2 +(y−3)2 = 16

Circle
(x−1)2

4 − (y+3)2

9 = 1

Hyperbola

Notice that the only equation where both the x and y terms are not squared is the parabola. The difference between
the ellipse and hyperbola equations is with an ellipse the coefficients of x and y are the same sign while with a
hyperbola the coefficients of x and y are different signs. The coefficients of the x and y terms are always exactly the
same for a circle.

Examples

Example 1

Earlier, you were asked why is it called conic sections.

Conic sections are called conic sections because they are the cross sections of a double cone. The word conic comes
from the word cone, and the word section comes from cross section.

Example 2

How is a parabola created as the intersection of a double cone and a plane?

The intersection plane has the same slope as the lateral surface of the cone and passes through just one cone. Below,
the same intersection is shown from two different perspectives.
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Example 3

How is an ellipse created as the intersection of a double cone and a plane?

The intersection plane is at an angle with the plane containing the base such that it passes through both cones, as
shown below.

Example 4

Are there any other cross sections of a double cone besides the four primary conic sections?

There are three other cross sections – a point, a line, and a pair of intersecting lines. These are referred to as the
degenerate conics, because they are not as complex. The study of conic sections focuses on the four primary conic
sections and not on the degenerate conics.

Review

1. What are the four primary conic sections?

2. Why are the conic sections called conic sections?
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Name each of the conic sections based on its picture or equation.

3. (x−2)2 +(y+5)2 = 1

4.

5. (x−2)2

4 + (y+5)2

9 = 1

6. − (x−2)2

4 + (y+5)2

9 = 1

7.

8. (x−2)2 = 4(y−5)

9.

10. (y+2)2

4 + (x+5)2

9 = 1

11.
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12. x2 + y2 = 9

13. x = 1
4(y−1)2 +5

14. What are the degenerate conics?

15. Why are the degenerate conics called degenerate conics?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.1.
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6.3 Classifying Conic Sections

Here you’ll learn how to classify conic sections using the discriminant.

You and your friends are playing Name the Conic Section. Your friend pulls a card with the equation x2 + 3xy =
−5y2−10 written on it. What type of conic section is represented by the equation?

Classifying Conic Sections

Another way to classify a conic section when it is in the general form is to use the discriminant, like from the
Quadratic Formula. The discriminant is what is underneath the radical, b2−4ac, and we can use this to determine
if the conic is a parabola, circle, ellipse, or hyperbola. If the general form of the equation is Ax2 +Bxy+Cy2 +Dx+
Ey+F = 0, where B = 0, then the discriminant will be B2−4AC.

Use the table below:

TABLE 6.2:

B2−4AC = 0 and A = 0 or C = 0 Parabola
B2−4AC < 0 and A =C Circle
B2−4AC < 0 and A 6=C Ellipse
B2−4AC > 0 Hyperbola

Solve the following problems

Use the discriminant to determine the type of conic section: x2−4y2 +5x−8y+16 = 0.

A = 1, B = 0, and C =−4

02−4(1)(−4) = 16 This is a hyperbola.

Use the discriminant to determine the type of conic: 3x2 +3y2−9x−12y−20 = 0

A = 3, B = 0, C = 3

02−4(3)(3) =−36 Because A =C and the discriminant is less than zero, this is a circle.

Use the discriminant to determine the type of conic. Then, change the equation into standard form to verify your
answer. Find the center or vertex, if it is a parabola. x2 + y2−6x+14y−86 = 0

A = 1, B = 0, C = 1 This is a circle.

(x2−6x+9)+(y2 +14y+49) = 86+49+9

(x−3)2 +(y+7)2 = 144

325

http://www.ck12.org


6.3. Classifying Conic Sections www.ck12.org

The center is (3, −7).

Examples

Example 1

Earlier, you were asked what type of conic section is represented by the equation.

First we need to rewrite the equation is standard form.

x2 +3xy =−5y2−10x2 +3xy+5y2 +10 = 0

Now we can use the discriminant to find the type of conic section represented by the equation.

A = 1, B = 3, C = 5

32−4(1)(5) =−11 Because A 6=C and the discriminant is less than zero, this equation represents an ellipse.

Use the discriminant to determine the type of conic.

Example 2

2x2 +5y2−8x+25y+115 = 0

02−4(2)(5) =−40, this is an ellipse.

Example 3

5y2−9x−10y−14 = 0

02−4(0)(5) = 0, this is a parabola.

Example 4

Use the discriminant to determine the type of conic. Then, change the equation into standard form to verify your
answer. Find the center or vertex, if it is a parabola.

−4x2 +3y2−8x+24y+32 = 0

02−4(−4)(3) = 48, this is a hyperbola. Changing it to standard form, we have:

(−4x2−8x)+(3y2 +24y) =−32

−4(x2 +2x+1)+3(y2 +8y+16) =−32+48−4

−4(x+1)2 +3(y+4)2 = 12

−(x+1)2

3
+

(y+4)2

4
= 1

Usually, we write the negative term second, so the equation is (y+4)2

4 − (x+1)2

3 = 1. The center is (−1,−4).
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Review

Use the discriminant to determine the type of conic each equation represents.

1. 2x2 +2y2 +16x−8y+25 = 0
2. x2− y2−2x+5y−12 = 0
3. 6x2 + y2−12x+7y+35 = 0
4. 3x2−15x+9y−18 = 0
5. 10y2 +6x−40y+253 = 0
6. 4x2 +4y2 +32x+48y+465 = 0

Match the equation with the correct graph.

7. x2 +10x+4y+41 = 0
8. 4y2 + x+56y+188 = 0
9. x2 + y2 +10x−14y+65 = 0

10. 25x2 + y2−200x−10y+400 = 0

Use the discriminant to determine the type of conic. Then, change the equation into standard form to verify your
answer. Find the center or vertex, if it is a parabola.

11. x2−12x+6y+66 = 0
12. x2 + y2 +2x+2y−2 = 0
13. x2− y2−10x−10y−10 = 0
14. y2−10x+8y+46 = 0
15. Find the Area of an Ellipse Graph x2 + y2 = 36and find is area.

a. Then, graph x2

36 +
y2

25 = 1 and x2

25 +
y2

36 = 1 on the same axes.
b. Do these ellipses have the same area? Why or why not?
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c. If the equation of the area of a circle is A = πr2, what do you think the area of an ellipse is? Use a and b
as in the standard form, x2

a2 +
y2

b2 = 1.
d. Find the areas of the ellipses from part a. Are the areas more or less than the area of the circle? Why or

why not?

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.11.
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6.4 General Forms of Conic Sections

Here you will explore the differences between the various equations of the conic sections, and will learn to identify
a conic section by its equation.

Kelli was reviewing for her pre-calc final on conic sections, and she was trying to memorize all of the rules for each
of the shapes. She was actually doing pretty well, but was frustrated with the challenge of keeping them all straight.

Kelli found herself wishing there were a way to identify the shape early on, so she would have an idea of what she
was generally sketching before she worried about specifics.

Too bad Kelli didn’t know about the material in this lesson!

Watch This

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/55036

Khan Academy: Identifying Conics1

Guidance

Let’s examine all the equations of the conic sections we’ve studied in this chapter.

Ellipses: x2

a2 +
y2

b2 = 1, where a and b are any positive numbers (the circle is the specific case when a = b).

Parabolas: y = ax2 or x = ay2 where a is any non-zero number.

Hyperbolas: x2

a2 − y2

b2 = 1 or y2

a2 − x2

b2 = 1, where a and b are any positive numbers.

All these equations have in common that they are degree-2 polynomials, meaning the highest exponent of any
variable—or sum of exponents of products of variables—is two. So for example, here are some degree two
polynomial equations in a more general form:

2x2 +5y2−3y+4 = 0

x2−3y2 + x− y+3 = 0

10x2− y−5 = 0

xy = 2

Some of these probably already look like conic sections to you. For example, in the first equation, we can complete
the square to remove the −3y term and we will see that we have an ellipse. In the second equation we can complete
the square twice to remove both the x and−y terms and we will have a hyperbola. This is a hyperbola, not an ellipse,
because the coefficient of the x2 and y2 terms have opposite signs.
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The third equation is a parabola since there is an x2 term and y term but not a y2 term. Do you see how you can solve
for y, putting the equation in the standard form for a vertically oriented parabola?

But what about the fourth equation? Like the others, it is a degree-2 polynomial, since the exponents of the x and y
term sum to 2. But the fourth equation looks nothing like any of the forms for conic sections that we’ve examined
so far. Nonetheless, as we saw in the last section, xy = 2 appears to be a hyperbola with foci (2,2) and (-2,-2).
The reason it doesn’t fit either of the standard forms for hyperbolas is because it is diagonally oriented, rather than
horizontally or vertically oriented (do you see how its two foci lie on a diagonal line, rather than a horizontal or
vertical line?)

In order to see how such differently-oriented conic sections fit into our standard forms, we need to rotate them so
that they are either horizontally or vertically oriented.

Identifying Conics

How can we look at a degree-2 polynomial equation and determine which conic section it depicts?

Ax2 +By2 +Cxy+Dx+Ey+F = 0

When C = 0 we have already discussed how to determine which conic section the equation refers to. In summary,
if A and B are both positive, the conic section is an ellipse. This is also true of A and B are both negative, as the
entire equation can be multiplied by -1 without changing the solution set. If A and B differ in sign, the equation is a
hyperbola, and if A or B equals zero the equation is a parabola.

There are a few new, more general, rules I will show you that give more information about the case when C 6= 0 and
hence the conic section needs to be rotated to achieve horizontal or vertical orientation.

If C2 < 4AB, the equation is an ellipse (note when C = 0 this holds whenever A and B are the same sign, which is
consistent with our simpler rule stated above.)

If C2 > 4AB, the equation is an hyperbola (note when C = 0 this holds whenever A and B are the opposite sign,
which is consistent with our simpler rule stated above.)

If C2 = 4AB, the equation is a parabola (note when C = 0, either A or B equals zero, which is consistent with our
simpler rule stated above.)

Rotating Conics

Suppose we have an equation of degree two polynomials, such as the xy = 2 example discussed above. In order to
put it into the more recognizable form of a ellipse, parabola, or a hyperbola, we need to rotate it in such a way so
that rotated version has no xy term. So we need to find an appropriate angle θ such that changing the x−coordinate
to x′ cos(θ)− y′ sin(θ) and the y−coordinate to x′ sin(θ)+ y′ cos(θ) results in an equation with no xy term.

Example A

State what type of conic section is represented by the following equation: 5x2 +6y2 +2x−5y+ xy = 0.

Solution:

This is an ellipse as both a and b are positive, also note that c <4ab.

Example B

State what type of conic section is represented by the following equation: x2 +3y−20xy+20 = 0.

Solution:

This is a hyperbola, since c2 >4ab (400 >12).
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Example C

Which conic section is described by the equation?

4x3−2x2 +37 = 0

Solution:

To identify 4x3−2x2 +37 = 0 we just need to look at the signs of the squared terms:

The x2 and y2coefficients have different signs so it’s a hyperbola.
Additionally, the y2 term is negative, so it has a vertical transverse

–>

Guided Practice

When identifying conic sections, the squared terms are the only factors that matter. Run the standard form of the
equation you are questioning through the following series of tests on the squared terms:

1) If only 1 variable is squared, you have a parabola, stop further testing.
2) If the coefficients of the squared terms have opposite signs, you have a hyperbola, stop further testing.
3) If the squared terms are multiplied by the same coefficient, you have a circle, stop testing.
4) If none of the above apply, you have an ellipse.

1. Identify and describe the conic section represented by the following equation: (x−1)2 +(y+1)2 = 9

2. State what type of conic section is represented by the following equation: 3x2−5y2 +23 = 0

3. State what type of conic section is identified by the following equation: −8x2−18y2 +48x−360y−1800 = 0

4. State and describe the conic section: 2x2−16x+32+3y = 6

Answers

1. To identify (x−1)2 +(y+1)2 = 9 :

Both terms are squared: not a parabola.
The coefficients of x2 and y2 are both positive: not a hyperbola.
Both squared term coefficients are the same: a circle.
r2 = 9→ r = 3
The center (h,k) is (1,−1)

2. To identify 3x2−5y2 +23 = 0 :

The x and y are both squared: not a parabola.
The x2 and y2 coefficients have different signs: a hyperbola.
3x2−5y2 =−23→ x2

5 −
y2

3 = −23
15

Since the y2 term is negative, it has a vertical transverse

The hyperbola’s asymptotes are y =±
√

3x√
5

3. To identify −8x2−18y2 +48x−360y−1800 = 0 :
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−8(x−3)2−18(y+10)2 =−72 ..... Complete the square
(x−3)2

9 + (y+10)2

4 = 1 ..... Simplify
Both x and y are squared: not a parabola
Both coefficients are negative: not a hyperbola
The x2 and y2 terms do not have the same coefficients: not a circle either
This ellipse has center: (3, -10)
From the center, plot 2 up and

√
9 left and right to mark the vertices

4. To identify 2x2−16x+32+3y = 6 :

Only the x term is squared, this is a parabola
2(x−4)2 +3(y−2) = 0 ..... Factor and simplify
The vertex (h,k) is (4,2)
The x term is squared, this is an up/down parabola
The x2 term is positive, this parabola opens down
The parent y = x2 has been compressed vertically by 3 and horizontally by 2, resulting in a slightly wider than

standard curve

Explore More

Identify the conic that is represented by the equation.

1. (x−5)2

4 + (y−4)2

4 = 1
2. (x−3)2 + y−22 = 1
3. x2−5x− y2−4y+16 = 0
4. 2y

3 = 2(x−4)2 +1

Convert to standard form:

5. −8x2−18y2 +48x−360y−1800 = 0
6. −12x2 +12y2−72x+192y+708 = 0
7. x2 + y2−8x+10y+32 = 0
8. 9x2 +4y2−36x+64y+256 = 0
9. 9x2 + y2 +90x−8y+232 = 0

10. 9x2−9y2 +162x+162y−81 = 0

Identify and graph the following:

11. (x+4)2

9 +(y)2 = 1
12. y =−2(x+4)2−4
13. (x+2)2− (y−2)2 = 1
14. (x−1)2

4 = (y)2

16 = 1
15. x = 2(y+2)2−1
16. x =−(y−2)2 +4
17. (x+2)2

1 − (y−2)2

1 = 1

18. (y−1)2

4 − (x−4)2

4 = 1

Answers for Explore More Problems

To view the Explore More answers, open this PDF file and look for section 6.9.
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6.5 Circles

Here you will formalize the definition of a circle, translate a conic from standard form into graphing form, and graph
circles. A circle is the collection of points that are the same distance from a single point. What is the connection
between the Pythagorean Theorem and a circle?

Graphing Circles

The single point that all the points on a circle are equidistant from is called the center of the circle. A circle does
not have a focus or a directrix, instead it simply has a center. Circles can be recognized immediately from the
general equation of a conic when the coefficients of x2 and y2 are the same sign and the same value. Circles are not
functions because they do not pass the vertical line test. The distance from the center of a circle to the edge of the
circle is called the radius of the circle. The distance from one end of the circle through the center to the other end
of the circle is called the diameter. The diameter is equal to twice the radius.

The graphing form of a circle is:

(x−h)2 +(y− k)2 = r2

The center of the circle is at (h,k) and the radius of the circle is r. Note that this looks remarkably like the
Pythagorean Theorem.

To graph a circle, first plot the center and then apply the radius. Take the following equation for a circle:

(x−1)2 +(y+2)2 = 9

The center is at (1,−2). Plot that point and the four points that are exactly 3 units from the center.
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61851

Examples

Example 1

Earlier, you were asked about the connection between circles and the Pythagorean Theorem. The reason why the
graphing form of a circle looks like the Pythagorean Theorem is because each x and y coordinate along the outside
of the circle forms a perfect right triangle with the radius as the hypotenuse.

Example 2

Graph the following conic: (x+2)2 +(y−1)2 = 1

Example 3

Turn the following equation into graphing form for a circle. Identify the center and the radius.

36x2 +36y2−24x+36y−275 = 0

Complete the square and then divide by the coefficient of x2 and y2
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36x2−24x+36y2 +36y = 275

36
(

x2− 2
3

x+
)
+36(y2 + y+ ) = 275

36
(

x2− 2
3

x+
1
9

)
+36

(
y2 + y+

1
4

)
= 275+4+9

36
(

x− 1
3

)2

+36
(

y+
1
2

)2

= 288(
x− 1

3

)2

+

(
y+

1
2

)2

= 8

The center is
(1

3 ,−
1
2

)
. The radius is

√
8 = 2

√
2.

Example 4

Write the equation for the following circle.

(x−1)2 +(y+2)2 = 4

Example 5

Write the equation of the following circle.

335

http://www.ck12.org


6.5. Circles www.ck12.org

The center of the circle is at (3, 1) and the radius of the circle is r = 4. The equation is (x−3)2 +(y−1)2 = 16.

Review

Graph the following conics:

1. (x+4)2 +(y−3)2 = 1

2. (x−7)2 +(y+1)2 = 4

3. (y+2)2 +(x−1)2 = 9

4. x2 +(y−5)2 = 8

5. (x−2)2 + y2 = 16

Translate the following conics from standard form to graphing form.

6. x2−4x+ y2 +10y+18 = 0

7. x2 +2x+ y2−8y+1 = 0

8. x2−6x+ y2−4y+12 = 0

9. x2 +2x+ y2 +14y+25 = 0

10. x2−2x+ y2−2y = 0

Write the equations for the following circles.

11.

12.

13.
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14.

15.

Review (Answers)

To see the Review answers, open this PDF file and look for section 9.3.
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6.6 Circles Centered at the Origin

Here you’ll find the radius and graph a circle centered at the origin.

You draw a circle that is centered at the origin. You measure the diameter of the circle to be 32 units. Does the point
(14,8) lie on the circle?

Circles Centered at the Origin

Until now, your only reference to circles was from geometry. A circle is the set of points that are equidistant (the
radius) from a given point (the center). A line segment that passes through the center and has endpoints on the
circle is a diameter.

Now, we will take a circle and place it on the x− y plane to see if we can find its equation. In this concept, we are
going to place the center of the circle on the origin.

Investigation: Finding the Equation of a Circle

1. On a piece of graph paper, draw an x− y plane. Using a compass, draw a circle, centered at the origin that has a
radius of 5. Find the point (3,4) on the circle and draw a right triangle with the radius as the hypotenuse.

2. Using the length of each side of the right triangle, show that the Pythagorean Theorem is true.

3. Now, instead of using (3,4), change the point to (x,y) so that it represents any point on the circle. Using r to
represent the radius, rewrite the Pythagorean Theorem.

The equation of a circle, centered at the origin, is x2 + y2 = r2, where r is the radius and (x,y) is any point on the
circle.
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Solve the following problems

Find the radius of x2 + y2 = 16 and graph.

To find the radius, we can set 16 = r2, making r = 4. r is not -4 because it is a distance and distances are always
positive. To graph the circle, start at the origin and go out 4 units in each direction and connect.

Find the equation of the circle with center at the origin and passes through (−7,−7).

Using the equation of the circle, we have: (−7)2 +(−7)2 = r2. Solve for r2.

(−7)2 +(−7)2 = r2

49+49 = r2

98 = r2

So, the equation is x2 + y2 = 98. The radius of the circle is r =
√

98 = 7
√

2.

Determine if the point (9,−11) is on the circle x2 + y2 = 225.

Substitute the point in for x and y and see if it equals 225.

92 +(−11)2 = 225

81+121 ?
= 225

202 6= 225

The point is not on the circle.
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Examples

Example 1

Earlier, you were asked does the point (14,8) lie on the circle.

From this lesson, you know that the equation of a circle that is centered at the origin is x2 + y2 = r2, where r is the
radius and (x,y) is any point on the circle.

With the point (14,8), x = 14 and y = 8. We are given the diameter, but we need the radius. Recall that the radius is
half the diameter, so the radius is 32

2 = 16.

Plug these values into the equation of the circle. If they result in a true statement, the point lies on the circle.

x2 + y2 = r2

142 +82 ?
= 162

196+64 ?
= 256

260 6= 256

Therefore the point does not lie on the circle.

Example 2

Graph and find the radius of x2 + y2 = 4.

r =
√

4 = 2

Example 3

Find the equation of the circle with a radius of 6
√

5.
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Plug in 6
√

5 for r in x2 + y2 = r2

x2 + y2 =
(

6
√

5
)2

x2 + y2 = 62 ·
(√

5
)2

x2 + y2 = 36 ·5
x2 + y2 = 180

Example 4

Find the equation of the circle that passes through (5,8).

Plug in (5,8) for x and y, respectively.

52 +82 = r2

25+64 = r2

89 = r2

The equation is x2 + y2 = 89

Example 5

Determine if (−10,7) in on the circle x2 + y2 = 149.

Plug in (−10,7) to see if it is a valid equation.

(−10)2 +72 = 149

100+49 = 149

Yes, the point is on the circle.

Review

Graph the following circles and find the radius.

1. x2 + y2 = 9
2. x2 + y2 = 64
3. x2 + y2 = 8
4. x2 + y2 = 50
5. 2x2 +2y2 = 162
6. 5x2 +5y2 = 150

Write the equation of the circle with the given radius and centered at the origin.

7. 14
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8. 6
9. 9
√

2

Write the equation of the circle that passes through the given point and is centered at the origin.

10. (7,−24)
11. (2,2)
12. (−9,−10)

Determine if the following points are on the circle, x2 + y2 = 74.

13. (−8,0)
14. (7,−5)
15. (6,−6)

Challenge In Geometry, you learned about tangent lines to a circle. Recall that the tangent line touches a circle at
one point and is perpendicular to the radius at that point, called the point of tangency.

16. The equation of a circle is x2 + y2 = 10 with point of tangency (−3,1).

a. Find the slope of the radius from the center to (−3,1).
b. Find the perpendicular slope to (a). This is the slope of the tangent line.
c. Use the slope from (b) and the given point to find the equation of the tangent line.

17. Repeat the steps in #16 to find the equation of the tangent line to x2 + y2 = 34 with a point of tangency of
(3,5).

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.3.
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6.7 Circles Centered at (h, k)

Here you’ll find the equation of and graph circles with a center of (h,k).

You draw a circle that is centered at (−2,−2). You measure the diameter of the circle to be 18 units. Does the point
(4,5) lie on the circle?

Circles Centered at (h,k)

When a circle is centered at the origin (as in the last concept), the equation is x2+y2 = r2. If we rewrite this equation,
using the center, it would look like (x−0)2 +(y−0)2 = r2. Extending this idea to any point as the center, we would
have (x−h)2 +(y− k)2 = r2, where (h,k) is the center.

Solve the following problems

Find the center and radius of (x+1)2 +(y−3)2 = 16 and graph.

Using the general equation above, the center would be (−1,3) and the radius is
√

16 or 4. To graph, plot the center
and then go out 4 units up, down, to the left, and to the right.

Find the equation of the circle with center (2,4) and radius 5.

Plug in the center and radius to the equation and simplify.
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(x−2)2 +(y−4)2 = 52

(x−2)2 +(y−4)2 = 25

Find the equation of the circle with center (6,−1) and (5,2) is on the circle.

In this example, we are not given the radius. To find the radius, we must use the distance formula, d =

√
(x2− x1)

2 +(y2− y1)
2.

r =
√

(5−6)2 +(2− (−1))2

=

√
(−1)2 +32

=
√

1+9

=
√

10

Therefore, the equation of this circle is (x−6)2 +(y− (−1))2 =
(√

10
)2

or (x−6)2 +(y+1)2 = 10.

Examples

Example 1

Earlier, you were asked does the point (4,5) lie on the circle.

In this lesson, you learned the equation of a circle that is centered somewhere other than the origin is (x−h)2 +(y−
k)2 = r2, where (h,k) is the center.

We are given that the center is (−2,−2), so h =−2 and k =−2. We are also given the diameter of the circle, but we
need the radius. Recall that the radius is half the diameter, so r = 18

2 = 9.

If we plug these values into the equation for the circle, we get:

(x−h)2 +(y− k)2 = r2

(x− (−2))2 +(y− (−2))2 = 92

(x+2)2 +(y+2)2 = 81

Now to find if the point (4,5) lies on the circle we substitute 4 for x and 5 for y and see if the equation holds true.

(x+2)2 +(y+2)2 = 81

(4+2)2 +(5+2)2 ?
= 81

62 +72 ?
= 81

85 6= 81

Therefore, the point does not lie on the circle.
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Example 2

Graph (x+4)2 +(y+3)2 = 25 and find the center and radius.

The center is (−4,−3) and the radius is 5.

Example 3

Find the equation of the circle with center (−8,3) and (2,−5) is on the circle.

Use the distance formula to find the radius.

r =
√
(2− (−8))2 +(−5−3)2

=

√
102 +(−8)2

=
√

100+64

=
√

164

The equation of this circle is (x+8)2 +(y−3)2 = 164.

Example 4

The endpoints of a diameter of a circle are (−3,1) and (9,6). Find the equation.

In this problem, we are not given the center or radius. We can find the length of the diameter using the distance
formula and then divide it by 2.
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d =

√
(9− (−3))2 +(6−1)2

=
√

122 +52 The radius is 13÷2 =
13
2
.

=
√

144+25

=
√

169 = 13

Now, we need to find the center. Use the midpoint formula with the endpoints.

c =
(
−3+9

2
,
1+6

2

)
=

(
3,

7
2

)

Therefore, the equation is (x−3)2 +
(
y− 7

2

)2
= 169

4 .

Review

For questions 1-4, match the equation with the graph.

1. (x−8)2 +(y+2)2 = 4
2. x2 +(y−6)2 = 9
3. (x+2)2 +(y−3)2 = 36
4. (x−4)2 +(y+4)2 = 25

Graph the following circles. Find the center and radius.

5. (x−2)2 +(y−5)2 = 16
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6. (x+4)2 +(y+3)2 = 18
7. (x+7)2 +(y−1)2 = 8

Find the equation of the circle, given the information below.

8. center: (−3,−3) radius: 7
9. center: (−7,6) radius:

√
15

10. center: (8,−1) point on circle: (0,14)
11. center: (−2,−5) point on circle: (3,2)
12. diameter endpoints: (−4,1) and (6,3)
13. diameter endpoints: (5,−8) and (11,2)
14. Is (−9,12) on the circle (x+5)2 +(y−6)2 = 54? How do you know?
15. Challenge Using the steps from #16 in the previous concept, find the equation of the tangent line to the circle

with center (3,−4) and the point of tangency is (−1,8).
16. Extension Rewrite the equation of the circle, x2 + y2 + 4x− 8y+ 11 = 0 in standard form by completing the

square for both the x and y terms. Then, find the center and radius.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.4.
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6.8 Hyperbolas

Here you will translate conic equations into graphing form and graph hyperbolas. You will also learn how to
measure the eccentricity of a hyperbola and solve word problems.

Hyperbolas are relations that have asymptotes. When graphing rational functions you often produce a hyperbola. In
this concept, hyperbolas will not be oriented in the same way as with rational functions, but the basic shape of a
hyperbola will still be there.

Hyperbolas can be oriented so that they open side to side or up and down. One of the most common mistakes that
you can make is to forget which way a given hyperbola should open. What are some strategies to help?

Graphing Hyperbolas

A hyperbola has two foci. For every point on the hyperbola, the difference of the distances to each foci is con-
stant. This is what defines a hyperbola. The graphing form of a hyperbola that opens side to side is:
(x−h)2

a2 − (y−k)2

b2 = 1

A hyperbola that opens up and down is:
(y−k)2

a2 − (x−h)2

b2 = 1

Notice that for hyperbolas, a goes with the positive term and b goes with the negative term. It does not matter
which constant is larger.

When graphing, the constants a and b enable you to draw a rectangle around the center. The transverse axis travels
from vertex to vertex and has length 2a. The conjugate axis travels perpendicular to the transverse axis through the
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center and has length 2b. The foci lie beyond the vertices so the eccentricity, which is measured as e = c
a , is larger

than 1 for all hyperbolas. Hyperbolas also have two directrix lines that are a2

c away from the center (not shown on
the image).

The focal radius is a2 +b2 = c2.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61869

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61871

Examples

Example 1

Earlier, you were asked how to determine the direction that a hyperbola opens. The best strategy to remember which
direction the hyperbola opens is often the simplest. Consider the hyperbola x2− y2 = 1. This hyperbola opens side
to side because x can clearly never be equal to zero. This is a basic case that shows that when the negative is with
the y value then the hyperbola opens up side to side.

Example 2

Put the following hyperbola into graphing form, list the components, and sketch it.

9x2−4y2 +36x−8y−4 = 0

9(x2 +4x)−4(y2 +2y) = 4

9(x2 +4x+4)−4(y2 +2y+1) = 4+36−4

9(x+2)2−4(y+1)2 = 36

(x+2)2

4
− (y+1)2

9
= 1

Shape: Hyperbola that opens horizontally.

Center: (-2, -1)

a = 2
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b = 3

c =
√

13

e = c
a =

√
13
2

d = a2

c = 4√
13

Foci: (-2+
√

13
2 , -1), ( -2-

√
13
2 , -1)

Vertices: (-4, -1), (0, -1)

Equations of asymptotes: ±3
2(x+2) = (y+1)

Note that it is easiest to write the equations of the asymptotes in point-slope form using the center and the slope.

Equations of directrices: y =−2± 4√
13

Example 3

Find the equation of the hyperbola with foci at (-3, 5) and (9, 5) and asymptotes with slopes of ±4
3 .

The center is between the foci at (3, 5). The focal radius is c = 6. The slope of the asymptotes is always the rise
over run inside the box. In this case since the hyperbola is horizontal and a is in the x direction the slope is b

a . This
makes a system of equations.

b
a
=±4

3
a2 +b2 = 62

When you solve,you get a =
√

13, b = 4
3

√
13.

(x−3)2

13 − (y−5)2

16
9 ·13

= 1

Example 4

Find the equation of the conic that has a focus point at (1, 2), a directrix at x = 5, and an eccentricity equal to 3
2 . Use

the property that the distance from a point on the hyperbola to the focus is equal to the eccentricity times the distance
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from that same point to the directrix:

PF = ePD

This relationship bridges the gap between ellipses which have eccentricity less than one and hyperbolas which have
eccentricity greater than one. When eccentricity is equal to one, the shape is a parabola.√

(x−1)2 +(y−2)2 = 3
2

√
(x−5)2

Square both sides and rearrange terms so that it is becomes a hyperbola in graphing form.

x2−2x+1+(y−2)2 =
9
4
(x2−10x+25)

x2−2x+1− 9
4

x2 +
90
4

x− 225
4

+(y−2)2 = 0

−5
4

x2 +
92
4

x+(y−2)2 =
221
4

−5x2 +92x+4(y−2)2 = 221

−5
(

x2− 92
5

x
)
+4(y−2)2 = 221

−5
(

x2− 92
5

x+
922

102

)
+4(y−2)2 = 221− 2116

5

−5
(

x− 92
10

)2

+4(y−2)2 =−1011
5(

x− 92
10

)2

− (y−2)2 =
1011
100(

x− 92
10

)2(1011
100

) − (y−2)2(1011
100

) = 1

Example 5

Given the following graph, estimate the equation of the conic.
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Since exact points are not marked, you will need to estimate the slope of asymptotes to get an approximation for a
and b. The slope seems to be about ±2

3 . The center seems to be at (-1, -2). The transverse axis is 6 which means
a = 3.
(x+1)2

9 − (y+2)2

4 = 1

Review

Use the following equation for #1 - #5: x2 +2x−4y2−24y−51 = 0

1. Put the hyperbola into graphing form. Explain how you know it is a hyperbola.

2. Identify whether the hyperbola opens side to side or up and down.

3. Find the location of the vertices.

4. Find the equations of the asymptotes.

5. Sketch the hyperbola.

Use the following equation for #6 - #10: −9x2−36x+16y2−32y−164 = 0

6. Put the hyperbola into graphing form. Explain how you know it is a hyperbola.

7. Identify whether the hyperbola opens side to side or up and down.

8. Find the location of the vertices.

9. Find the equations of the asymptotes.

10. Sketch the hyperbola.

Use the following equation for #11 - #15: x2−6x−9y2−54y−81 = 0

11. Put the hyperbola into graphing form. Explain how you know it is a hyperbola.

12. Identify whether the hyperbola opens side to side or up and down.

13. Find the location of the vertices.

14. Find the equations of the asymptotes.

15. Sketch the hyperbola.

Review (Answers)

To see the Review answers, open this PDF file and look for section 9.5.

352

http://www.ck12.org
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-09-PreCalculus-Concepts.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-09-PreCalculus-Concepts.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-09-PreCalculus-Concepts.pdf


www.ck12.org Chapter 6. Unit 6: Conics

6.9 Hyperbolas and Asymptotes

Here you will learn how to identify the asymptotes of a hyperbola.

Like other conic sections, hyperbolas can be created by "slicing" a cone and looking at the cross-section. Unlike
other conics, hyperbolas actually require 2 cones stacked on top of each other, point to point. The shape is the result
of effectively creating a parabola out of both cones at the same time.

So the question is, should hyperbolas really be considered a shape all their own? Or are they just two parabolas
graphed at the same time? Could "different" shapes be made from any of the other conic sections if two cones were
used at the same time?

Watch This

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/55033

Khan Academy: Conic Sections Hyperbolas 2

Guidance

In addition to their focal property, hyperbolas also have another interesting geometric property. Unlike a parabola,
a hyperbola becomes infinitesimally close to a certain line as the x− or y−coordinates approach infinity. What we
mean by “infinitesimally close?” Here we mean two things: 1) The further you go along the curve, the closer you
get to the asymptote, and 2) If you name a distance, no matter how small, eventually the curve will be that close to
the asymptote. Or, using the language of limits, as we go further from the vertex of the hyperbola the limit of the
distance between the hyperbola and the asymptote is 0.

These lines are called asymptotes.

There are two asymptotes, and they cross at the point at which the hyperbola is centered:
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For a hyperbola of the form x2

a2 − y2

b2 = 1, the asymptotes are the lines:

y = b
a x and y =−b

a x.

For a hyperbola of the form y2

a2 − x2

b2 = 1 the asymptotes are the lines:

y = a
b x and y =−a

b x.

(For a shifted hyperbola, the asymptotes shift accordingly.)

Example A

Graph the following hyperbola, drawing its foci and asymptotes and using them to create a better drawing: 9x2−
36x−4y2−16y−16 = 0.

Solution:

First, we put the hyperbola into the standard form:

9(x2−4x)−4(y2 +4y) = 16

9(x2−4x+4)−4(y2 +4y+4) = 36

(x−2)2

4
− (y+2)2

9
= 1

So a = 2, b = 3 and c =
√

4+9 =
√

13. The hyperbola is horizontally oriented, centered at the point (2,-2), with
foci at

(
2+
√

13,−2
)

and
(

2−
√

13,−2
)

. After taking shifting into consideration, the asymptotes are the lines:

y+2= 3
2(x−2) and y+2=−3

2(x−2). So graphing the vertices and a few points on either side, we see the hyperbola
looks something like this:
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Example B

Graph the following hyperbola, drawing its foci and asymptotes and using them to create a better drawing: 16x2−
96x−9y2−36y−84 = 0

Solution:

Example C

Graph the following hyperbola, drawing its foci and asymptotes and using them to create a better drawing: y2−
14y−25x2−200x−376 = 0

Solution:

355

http://www.ck12.org


6.9. Hyperbolas and Asymptotes www.ck12.org

TABLE 6.3:

Concept question wrap-up:
Hyperbolas are considered different shapes, because there are specific behaviors that are unique to hyperbolas.
Also, though hyperbolas are the result of dual parabolas, none of the other conics really create unique shapes with
dual cones - just double figures - and in any case require multiple "slices".

–>

Guided Practice

1) Find the equation for a hyperbola with asymptotes of slopes 5
12 and − 5

12 , and foci at points (2,11) and (2,1).

2) A hyperbola with perpendicular asymptotes is called perpendicular. What does the equation of a perpendicular
hyperbola look like?

3) Find an equation of the hyperbola with x-intercepts at x = -7 and x = 5, and foci at (-6, 0) and (4, 0).

Answers

1) (y−6)2

25 − (x−2)2

144 = 1

2) The slopes of perpendicular lines are negative reciprocals of each other. This means that a
b =

b
a , which, for positive

a and b means a = b

3) To find the equation:

The foci have the same y-coordinates, so this is a left/right hyperbola with the center, foci, and vertices on a line
paralleling the x-axis.
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Since it is a left/right hyperbola, the y part of the equation will be negative and equation will lead with the x2 term
(since the leading term is positive by convention and the squared term must have different signs if this is a
hyperbola).: The center is midway between the foci, so the center (h,k) = (−1,0). The foci c are 5 units to
either side of the center, so c = 5→ c2 = 25

The x-intercepts are 4 units to either side of the center, and the foci are on the x-axis so the intercepts must be the
vertices a a = 4→ a2 = 16

Use the Pythagorean theorem, a2 +b2 = c2, to get b2 = 25−16 = 9

Substitute the calculated values into the standard form (x−h)2

a − (y−k)2

b = 1 to get

(x+1)2

16 − y2

9 = 1

Explore More

Find the equations of the asymptotes of each hyperbola.

1. (y+3)2

4 − (x−2)2 = 1

2. y2

16 − (x+3)2 = 1

3. (x+2)2

4 − (y+1)2

9 = 1

4. (y−4)2

16 − (x−4)2

16 = 1

5. (x−1)2

1 − 9(y+4)2

1 = 9

6. (y+2)2

16 − (x−2)2

1 = 1

7. (x−4)2

1 − (y+1)2

4 = 1

8. y2

16 −
(x+1)2

4 = 1

9. (x−3)2

4 − (y−4)2

1 = 1

10. (x−4)2

4 − (y−3)2

1 = 1

Graph the hyperbolas, give the equation of the asymptotes, and use the asymptotes to enhance the accuracy
of your graph.

11. (x+4)2

4 − (y−1)2

9 = 1

12. (y+3)2

4 − (x−4)2

9 = 1

13. (y+4)2

16 − (x−1)2

4 = 1
14. (x−2)2−4y2 = 16
15. y2

4 −
(x−1)2

4 = 1

16. (x−2)2

16 − (y+4)2

1 = 1

17. (x+2)2

9 − (y+2)2

16 = 1

18. (x+4)2

9 − (y−2)2

4 = 1

Answers for Explore More Problems

To view the Explore More answers, open this PDF file and look for section 6.7.
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6.10 Hyperbola Equations and the Focal Prop-
erty

Here you will learn about the focal property of hyperbolas and you will explore the process of graphing parabolas.

Adrian and Evan were discussing the math class they just completed. The class focused on hyperbolas (pun
intended!), and reviewed the properties of hyperbolas.

Adrian thinks that hyperbolas are very similar to the parabolas that they studied last week, and believes that the
shapes are really the same. Evan thinks that it does not matter what the parts of the hyperbola look like, since it is
the complete shape that they are studying.

Who is correct?

Watch This

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/55034

Khan Academy: Conic Sections Intro to Hyperbolas

Guidance

Compared to parabolas and ellipses, hyperbolas may seem... messy! Not only is it an infinite shape, but there are
two pieces that aren’t even connected! Hyperbolas are conic sections though: when the plane slices through two
parts of the cone, the two infinite “U”-shaped parts are together called a hyperbola.
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In this section we will see that this sprawling shape actually has some beautiful properties that make it as noble as
its cousins.

The Focal Property

Even though this shape seems much harder to conceive of than an ellipse, the hyperbola has a defining focal property
that is as simple as the ellipse’s. Remember, an ellipse has two foci and the shape can be defined as the set of points
in a plane whose distances to these two foci have a fixed sum.

Hyperbolas also have two foci, and they can be defined as the set of points in a plane whose distances to these two
points have the same difference. So in the picture below, for every point P on the hyperbola, |d2−d1|=C for some
constant C.

The general form for a hyperbola that opens upwards and downwards and whose foci lie on the y−axis is:
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y2

a2 −
x2

b2 = 1

Switching x and y we have hyperbolas that open rightwards and leftwards and whose foci lie on the x−axis.

x2

a2 −
y2

b2 = 1

For a hyperbola that is centered around the point (h,k) we have the shifted equations:

(y− k)2

a2 − (x−h)2

b2 = 1

for a hyperbola opening up and down, and

(x−h)2

a2 − (y− k)2

b2 = 1

for a hyperbola opening left and right.

Example A

The hyperbola is infinite in size. In mathematics this is called unbounded, which means no circle, no matter how
large, can enclose the shape. Explain why a focal property involving a difference results in an unbounded shape,
while a focal property involving a sum results in a bounded shape.

Solution:

In the case of an ellipse, we had two distances summing to a constant. Since the distances are both positive then
there is a limit to the size of the numbers. In the case of hyperbolas, two very large positive numbers can have a
much smaller difference, infinitely small in fact.

Example B

Show that the following equation is a hyperbola. Graph it, and show its foci.

144x2−576x−25y2−150y−3249 = 0

Solution:

The positive leading coefficient for the x2 term and the negative leading coefficient for the y2 term indicate that this
is a hyperbola that is horizontally oriented. Grouping and completing the square, we have:

144(x2−4x)−25(y2 +6y) = 3249

144(x2−4x+4)−25(y2 +6y+9) = 3249+576−225

144(x−2)2−25(y+3)2 = 3600

(x−2)2

52 − (y+3)2

122 = 1
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So our hyperbola is centered at (2,-3). Its vertices are 5 units to the right and left of (2,-3), or at the points (7,-3)
and (-3,-3). It opens to the right and left from these vertices. It’s foci are c units to the left and right of (2,-3), where
c =

√
a2 +b2 =

√
52 +122 = 13. So it’s foci are at (15,-3) and (-11,-3). Plotting a few points near (7,-3) and

(-3,-3), the graph looks like:

Example C

Graph the following hyperbola and mark its foci: 16x2 +64x−9y2 +90y−305 = 0

Solution:

The positive leading coefficient for the term and the negative leading coefficient for the term indicate that this is a
hyperbola that is horizontally oriented. Grouping and completing the square, we have:

16(x2 +4x+4)−9(y2−10y+25)−305 = 64−225

Factoring and combining like terms:

16(x+2)2−9(y−5)2 = 144

Divide both sides by 144 and rewrite 9 and 16 as 32 and 42:

(x+2)2

32 − (y−5)2

42 = 1
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TABLE 6.4:

Concept question wrap-up:
Evan and Adrian are both correct in their own ways. Adrian is correct that a hyperbola is just two parabolas in
opposite directions, which becomes clear when you consider that a parabola is created by slicing a single cone,
and a hyperbola by slicing two identical cones at the same time. Evan is correct that although a hyperbola is
constructed of two parabolas, it is the complete shape that they are studying, and many or most of the formulas
and definitions that they will consider only apply to the complete shape.

–>

Guided Practice

1) Graph the following hyperbola and mark its foci: x2−8x− y2−4y =−28

2) Graph the following hyperbola and mark its foci: 25x2 +150x−4y2 +24y+89 = 0

3) Find the equation for the following hyperbola:
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Answers

1) To graph x2−8x− y2 +4y =−28

(x−4)2− (y−2)2 =−16 ..... complete the square to factor
(y−2)2

16 − (x−4)2

16 = 1 ..... rewrite in standard form
x−4 = 0→ x = 4 and y−2 = 0→ y = 2 ..... therefore the center is (4, 2)
Mark 4 units left and right of (4, 2) and Mark 2 units above and below (4, 2), use those four points to define the

sides of a box.
Connect the corners of the box to illustrate the asymptotes.
Since the "y" term is the positive one, the hyperbola opens up and down.
Graph the hyperbola, it should look like this:

2) To graph x2−8x− y2−2y =−14

(x−4)2− (y+1)2 = 1 ..... complete the square to factor
(x−4)2

1 − (y+1)2

1 = 1 ..... rewrite in standard form
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x−4 = 0→ x = 4 and y+1 = 0→ y =−1 ..... therefore the center is (4, -1)
Mark 4 units left and right of (4, -1) and Mark 1 unit above and below (4, -1), use those four points to define the

sides of a box.
Connect the corners of the box to illustrate the asymptotes.
Since the "x" term is the positive one, the hyperbola opens left and right.
Graph the hyperbola, it should look like this:

3) (x−4)2

4 − (y+2)2

45 = 1

Explore More

Sketch the hyperbolas.

1. (x+4)2

4 − (y−1)2

9 = 1

2. (y+3)2

4 − (x−4)2

9 = 1

3. (y+4)2

16 − (x−1)2

4 = 1
4. (x−2)2−4y2 = 16
5. y2

4 −
(x−1)2

4 = 1

6. (x−2)2

16 − (y+4)2

1 = 1

7. (x+2)2

9 − (y+2)2

16 = 1

8. (x+4)2

9 − (y−2)2

4 = 1
9. Graph the hyperbola and mark its foci: 9y2 +18y− x2 +4x−4 = 0

10. Graph the hyperbola and mark its foci: 25x2 +150x−4y2 +24y+89 = 0

Identify the equation of the hyperbola using the image.
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11.

12.

13.
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14.

15.

Answers for Explore More Problems

To view the Explore More answers, open this PDF file and look for section 6.6.
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6.11 Writing the Equation of a Hyperbola, Cen-
tered at the Origin

Here you’ll write the equation of a hyperbola given the foci, vertices, and/or the asymptotes.

You are asked to solve a riddle. You are given the following pieces of information to help you.

1. I am a hyperbola centered at the origin.

2. My vertex is (0,−2).

3. One of my foci is (0,−3).

What is my equation?

The Equation of a Hyperbola

In the previous concept, we graphed hyperbolas, given the equation. In this concept, we are going to work backwards
and find the equation, given certain pieces of information. For this entire concept, the hyperbola will be centered at
the origin.

Find the equation of the hyperbolas

Find the equation of the hyperbola, centered at the origin, with a vertex of (−4,0) and focus of (−6,0).

Because the vertex and focus are on the x-axis, we know that the transverse axis is horizontal. Therefore, the equation
will be x2

a2 − y2

b2 = 1. From the vertex, we know that a = 4 and c = 6. Let’s solve for b2 using c2 = a2 +b2.

62 = 42 +b2

36 = 16+b2→ b2 = 20

The equation of the hyperbola is x2

16 −
y2

20 = 1.

Find the equation of the hyperbola, centered at the origin, with an asymptote of y = 2
3 x and vertex of (0,12).

We know that a = 12, making the transverse axis is vertical and the general equation of the asymptote y = a
b x.

Therefore, 2
3 = 12

b , making b = 18. Therefore, the equation of the hyperbola is y2

144 −
x2

324 = 1.

In this example, we showed that the slope of the asymptote can be reduced to something that is not always a
b , but

c
(m

n

)
= a

b , where c is some constant that we can reduce the fraction by.

Find the equations of two hyperbolas with an asymptote of y =−5
9 x.

This asymptote can be for either a vertical or horizontal hyperbola. −5
9 can also be a reduced fraction of a

b , like in
the previous example. For example, the asymptote y =−10

18 x reduces to y =−5
9 x.
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If the hyperbola is horizontal, then the equation of the asymptote is y =−b
a x and that would make a = 9 and b = 5

and the equation would be x2

81−
y2

25 = 1. If the equation is vertical, then the asymptote is y=−a
b x and a= 5 and b= 9.

The equation would be y2

25 −
x2

81 = 1. If the slope is reduced from a larger fraction, we could also have x2

324 −
y2

100 = 1

or y2

100 −
x2

324 = 1 as a possible answer.

There are infinitely many hyperbolic equations with this asymptote.

Examples

Example 1

Earlier, you were asked what is your equation.

Because the vertex and focus are on the y-axis, we know that the transverse axis is vertical. Therefore, the equation
will be y2

a2 − x2

b2 = 1.

From the vertex and the focus, we know that a = 2 and c = 3. Let’s solve for b2 using c2 = a2 +b2.

32 = 22 +b2

9 = 4+b2→ b2 = 5

Therefore, the equation of the hyperbola will be y2

4 −
x2

5 = 1.

Find the equation of the hyperbolas, centered at the origin, with the given information.
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Example 2

vertex: (0,2)

focus: (0,5)

The vertex is on the y-axis, so this is a vertical hyperbola with a = 2. c = 5, so we need to find b2.

c2 = a2 +b2

25 = 4+b2→ b2 = 21

The equation of the hyperbola is y2

4 −
x2

21 = 1.

Example 3

asymptote: y = x

vertex: (4,0)

Rewriting the slope of y = x, we get y = 1
1 x. So, we know that a and b are in a ratio of 1:1. Because the vertex is

(4,0), we know that a = 4 and that the hyperbola is horizontal. Because a and b are in a ratio of 1:1, b has to equal
4 as well. The equation of the hyperbola is x2

16 −
y2

16 = 1.

Example 4

Find the equations of two hyperbolas, centered at the origin, with different a and b values and an asymptote of
y = 3

4 x.

One possibility is that b = 3 and a = 4 making the equation x2

16 −
y2

9 = 1. A second possibility could be that a and b

are a multiply of the ratio 4:3. So, a = 8 and b = 6, making the equation x2

64 −
y2

36 = 1.

Review

Find the equation of the hyperbola, centered at the origin, given the information below.

1. vertex: (−2,0), focus: (−5,0)
2. vertex: (4,0), focus: (7,0)
3. b = 8, focus: (−15,0)
4. vertex: (−6,0), asymptote: y = 4

3 x
5. b = 6, focus: (0,11)
6. vertex: (0,5), asymptote: y = x
7. asymptote: y =−1

2 x, vertex: (6,0)
8. asymptote: y = 3x, b = 9, vertical transverse axis
9. vertex: (0,8), focus:

(
0,6
√

2
)

10. Find the equation of two hyperbolas such that they have the same a and b values, the equation of an asymptote
is y = 4

5 x, and centered at the origin.
11. Find the equation of two hyperbolas such that they have different a and b values, both horizontal, the equation

of an asymptote is y =−2
3 x, and centered at the origin.

12. Find the equation of two hyperbolas such that they have different a and b values, both vertical, the equation of
an asymptote is y = 6x, and centered at the origin.
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13. Find the equation of two hyperbolas such that they have the same a and b values, the equation of an asymptote
is y =−10

7 x, and centered at the origin.

Find the equation of the hyperbolas below.

14.

15.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.8.
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6.12 Graphing Hyperbolas Centered at the Ori-
gin

Here you’ll analyze hyperbolas centered at the origin.

Your homework assignment is to graph the hyperbola 9y2− 4x2 = 36. What are the asymptotes and foci of your
graph?

Graphing Hyperbolas

From the Rational Functions chapter, we know that the resulting graph of a rational function is a hyperbola with two
branches. A hyperbola is also a conic section. To create a hyperbola, you would slice a plane through two inverted
cones, such that the plane is perpendicular to the bases of the cones.

By the conic definition, a hyperbola is the set of all points such that the of the differences of the distances from the
foci is constant.
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Using the picture, any point, (x,y) on a hyperbola has the property, d1−d2 = P, where P is a constant.

Comparing this to the ellipse, where d1 +d2 = P and the equation was x2

a2 +
y2

b2 = 1 or x2

b2 +
y2

a2 = 1.

For a hyperbola, then, the equation will be x2

a2 − y2

b2 = 1 or y2

a2 − x2

b2 = 1. Notice in the vertical orientation of a hyperbola,
the y2 term in first. Just like with an ellipse, there are two vertices, on the hyperbola. Here, they are the two points
that are closest to each other on the graph. The line through the vertices and foci is called the transverse axis. Its
midpoint is the center of the hyperbola. In this concept, the center will be the origin. There will always be two
branches for any hyperbola and two asymptotes.
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Graph the following hyperbolas

Graph x2

64 −
y2

25 = 1. Then, find the vertices, foci, and asymptotes.

First, this hyperbola has a horizontal transverse axis because the x2 term is first. Also, with hyperbolas, the a and b
term stay in place, but the x and y terms switch. ais not always greater than b.

Therefore, a =
√

64 = 8 and b =
√

25 = 5. To graph this hyperbola, go out 8 units to the left and right of the center
and 5 units up and down to make a rectangle. The diagonals of this rectangle are the asymptotes.

Draw the hyperbola branches with the vertices on the transverse axis and the rectangle. Sketch the branches to get
close to the asymptotes, but not touch them.
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The vertices are (±8,0) and the asymptotes are y=±5
8 x (see pictures above. To find the foci, we use the Pythagorean

Theorem, c2 = a2 +b2 because the foci are further away from the center than the vertices.

c2 = 64+25 = 89

c =
√

89

The foci are
(
±
√

89,0
)

.

Graph 36y2−9x2 = 324. Identify the foci.

This equation is not in standard form. To rewrite it in standard form, the right side of the equation must be 1. Divide
everything by 324.

36y2

324
− 9x2

324
=

324
324

y2

9
− x2

36
= 1

Now, we can see that this is a vertical hyperbola, where a = 3 and b = 6. Draw the rectangle, asymptotes, and plot
the vertices on the y-axis.
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To find the foci, use c2 = a2 +b2.

c2 = 36+9 = 45

c =
√

45 = 3
√

5

The foci are
(

0,3
√

5
)

and
(

0,−3
√

5
)

.

Graph x2

4 −
y2

4 = 1. Identify the asymptotes.

This will be a horizontal hyperbola, because the x-term is first. a and b will both be 2 because
√

4 = 2. Draw the
square and diagonals to form the asymptotes.
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The asymptotes are y =±2
2 x or y = x and y =−x.

Important Note: The asymptotes and square are not a part of the function. They are included in graphing a
hyperbola because it makes it easier to do so.

Also, when graphing hyperbolas, we are sketching each branch. We did not make a table of values to find certain
points and then connect. You can do this, but using the square or rectangle with the asymptotes produces a pretty
accurate graph and is much simpler.

Examples

Example 1

Earlier, you were asked what is the asymptotes and foci of your graph.

First we need to get the equation in the form y2

a2 − x2

b2 = 1, so divide by 36.

9y2−4x2 = 36

9y2

36
− 4x2

36
=

36
36

y2

4
− x2

9
= 1

.

Now we can see that a2 = 4 and b2 = 9, so a = 2 and b = 3. Also, because the y-term comes first, the hyperbola is
vertically oriented. Therefore, the asymptotes are y =−a

b x and y = a
b x.

Substituting for a and b, we get y =−2
3 x and y = 2

3 x.

Finally, to find the foci, use c2 = a2 +b2.
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c2 = 4+9 = 13

c =
√

13

The foci are
(

0,
√

13
)

and
(

0,−
√

13
)

.

Example 2

Find the vertices, foci, and asymptotes of y2− x2

25 = 1.

First, let’s rewrite the equation like this: y2

1 −
x2

25 = 1. We know that the transverse axis is vertical because the y-term
is first, making a = 1 and b = 5. Therefore, the vertices are (0,−1) and (0,1). The asymptotes are y = 1

5 x and
y =−1

5 x. Lastly, let’s find the foci using c2 = a2 +b2.

c2 = 1+25 = 26

c =
√

26

The foci are
(

0,−
√

26
)

and
(

0,
√

26
)

.

Example 3

Graph #2.
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Example 4

Graph 9x2−49y2 = 411.

Rewrite the equation so that the right side is equal to 1. Divide everything by 441.

9x2

441
− 49y2

441
=

441
441

x2

49
− y2

9
= 1

a = 9 and b = 6 with a horizontal transverse axis.

Review

Find the vertices, asymptotes, and foci of each hyperbola below.

1. x2

9 −
y2

16 = 1
2. 4y2−25x2 = 100
3. x2

81 −
y2

64 = 1
4. x2− y2 = 16
5. y2

49 −
x2

25 = 1
6. 121y2−9x2 = 1089
7. y2− x2 = 1
8. x2

64 −
y2

4 = 1

9. y2

4 −
x2

64 = 1
10. Graph #1.
11. Graph #2.
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12. Graph #8.
13. Graph #9.
14. Writing Compare the hyperbolas from #8 and #9. How are they the same? How are they different? What do

you know about the asymptotes and foci?
15. Critical Thinking Compare the equations x2

25 −
y2

9 = 1 and x2

25 +
y2

9 = 1. Graph them on the same axes and find
their foci.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.7.
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6.13 Hyperbolas Centered at (h, k)

Here you’ll graph and find the equation of hyperbolas that are centered at the origin.

Your homework assignment is to graph the hyperbola 9(y+ 2)2− 4(x− 3)2 = 36. What are the vertices of your
graph?

Hyperbolas Centered at (h,k)

Just like in the previous lessons, a hyperbola does not always have to be placed with its center at the origin. If the
center is (h,k) the entire ellipse will be shifted h units to the left or right and k units up or down. The equation
becomes (x−h)2

a2 − (y−k)2

b2 = 1. We will address how the vertices, co-vertices, and foci change in the next example.

Graph the following hyperbolas

Graph (x−2)2

16 − (y+1)2

9 = 1. Then, find the vertices, foci, and asymptotes.

First, we know this is a horizontal hyperbola because the x term is first. Therefore, the center is (2,−1) and a = 4
and b = 3. Use this information to graph the hyperbola.

To graph, plot the center and then go out 4 units to the right and left and then up and down 3 units. Draw the box
and asymptotes.

This is also how you can find the vertices. The vertices are (2±4,−1) or (6,−1) and (−2,−1).

To find the foci, we need to find c using c2 = a2 +b2.
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c2 = 16+9 = 25

c = 5

Therefore, the foci are (2±5,−1) or (7,−1) and (−3,−1).

To find the asymptotes, we have to do a little work to find the y-intercepts. We know that the slope is ±b
a or ±3

4 and
they pass through the center. Let’s write each asymptote in point-slope form using the center and each slope.

y−1 = 3
4(x+2) and y−1 =−3

4(x+2)

Simplifying each equation, the asymptotes are y = 3
4 x− 5

2 and y =−3
4 x+ 1

2 .

From this example, we can create formulas for finding the vertices, foci, and asymptotes of a hyperbola with center
(h,k). Also, when graphing a hyperbola, not centered at the origin, make sure to plot the center.

TABLE 6.5:

Orientation Equation Vertices Foci Asymptotes
Horizontal (x−h)2

a2 − (y−k)2

b2 = 1 (h±a,k) (h± c,k) y− k =±b
a(x−h)

Vertical (y−k)2

a2 + (x−h)2

b2 = 1 (h,k±a) (h,k± c) y− k =±a
b(x−h)

Find the equation of the hyperbola with vertices (−3,2) and (7,2) and focus (−5,2).

These two vertices create a horizontal transverse axis, making the hyperbola horizontal. If you are unsure, plot the
given information on a set of axes. To find the center, use the midpoint formula with the vertices.(−3+7

2 , 2+2
2

)
=
(4

2 ,
4
2

)
= (2,2)

The distance from one of the vertices to the center is a, |7−2|= 5. The distance from the center to the given focus
is c, |−5−2|= 7. Use a and c to solve for b.

72 = 52 +b2

b2 = 24→ b = 2
√

6

Therefore, the equation is (x−2)2

25 − (y−2)2

24 = 1.

Graph 49(y−3)2−25(x+4)2 = 1225 and find the foci.

First we have to get the equation into standard form, like the equations above. To make the right side 1, we need to
divide everything by 1225.

49(y−3)2

1225
− 25(x+4)2

1225
=

1225
1225

(y−3)2

25
− (x+4)2

49
= 1

Now, we know that the hyperbola will be vertical because the y-term is first. a = 5, b = 7 and the center is (−4,3).
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To find the foci, we first need to find c by using c2 = a2 +b2.

c2 = 49+25 = 74

c =
√

74

The foci are
(
−4,3±

√
74
)

or (−4,11.6) and (−4,−5.6).

Examples

Example 1

Earlier, you were asked what are the vertices of your graph.

First we need to get the equation in standard form (y−k)2

a2 + (x−h)2

b2 = 1, so we divide by 36.

9(y+2)2−4(x−3)2 = 36

9(y+2)2

36
− 4(x−3)2

36
=

36
36

(y+2)2

4
− (x−3)2

9
= 1

.

Because the y-term is first, we can now see that the vertices are (h,k±a)(3,−2±2). That is, (3,0) and (3,−4)

Example 2

Find the center, vertices, foci, and asymptotes of (y−1)2

81 − (x+5)2

16 = 1.
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The center is (−5,1), a =
√

81 = 9 and b =
√

16 = 4, and the hyperbola is horizontal because the y-term is first.
The vertices are (−5,1±9) or (−5,10) and (−5,−8). Use c2 = a2 +b2 to find c.

c2 = 81+16 = 97

c =
√

97

The foci are
(
−5,1+

√
97
)

and
(
−5,1−

√
97
)

.

The asymptotes are y−1 =±9
4(x+5) or y = 9

4 x+12 1
4 and y =−9

4 x−10 1
4 .

Example 3

Graph 25(x−3)2−4(y−1)2 = 100 and find the foci.

Change this equation to standard form in order to graph.

25(x−3)2

100
− 4(y−1)2

100
=

100
100

(x−3)2

4
− (y−1)2

25
= 1

center: (3,1), a = 2, b = 5

Find the foci.

c2 = 25+4 = 29

c =
√

29
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The foci are
(

3,1+
√

29
)

and
(

3,1−
√

29
)

.

Example 4

Find the equation of the hyperbola with vertices (−6,−3) and (−6,5) and focus (−6,7).

The vertices are (−6,−3) and (−6,5) and the focus is (−6,7). The transverse axis is going to be vertical because
the x-value does not change between these three points. The distance between the vertices is |−3− 5|= 8 units,
making a = 4. The midpoint between the vertices is the center.(
−6, −3+5

2

)
=
(
−6, 2

2

)
= (−6,1)

The focus is (−6,7) and the distance between it and the center is 6 units, or c. Find b.

36 = b2 +16

20 = b2

b =
√

20 = 2
√

5

The equation of the hyperbola is (y−1)2

16 − (x+6)2

20 = 1.

Review

Find the center, vertices, foci, and asymptotes of each hyperbola below.

1. (x+5)2

25 − (y+1)2

36 = 1
2. (y+2)2−16(x−6)2 = 16
3. (y−2)2

9 − (x−3)2

49 = 1
4. 25x2−64(y−6)2 = 1600
5. (x−8)2− (y−4)2

9 = 1
6. 81(y+4)2−4(x+5)2 = 324
7. Graph the hyperbola in #1.
8. Graph the hyperbola in #2.
9. Graph the hyperbola in #5.

10. Graph the hyperbola in #6.

Using the information below, find the equation of each hyperbola.

11. vertices: (−2,−3) and (8,−3)b = 7
12. vertices: (5,6) and (5,−12) focus: (5,−15)
13. asymptote: y+3 = 4

9(x+1) horizontal transverse axis
14. foci: (−11,−4) and (1,−4) vertex: (−8,−4)
15. Extension Rewrite the equation of the hyperbola, 49x2− 4y2 + 490x− 16y+ 1013 = 0 in standard form, by

completing the square for both the x and y terms.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.9.
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6.14 Parabolas

Here you will define a parabola in terms of its directrix and focus, graph parabolas vertically and horizontally, and
use a new graphing form of the parabola equation.

When working with parabolas in the past you probably used vertex form and analyzed the graph by finding its roots
and intercepts. There is another way of defining a parabola that turns out to be more useful in the real world. One
of the many uses of parabolic shapes in the real world is satellite dishes. In these shapes it is vital to know where
the receptor point should be placed so that it can absorb all the signals being reflected from the dish.

Where should the receptor be located on a satellite dish that is four feet wide and nine inches deep?

Graphing Parabolas

The definition of a parabola is the collection of points equidistant from a point called the focus and a line called the
directrix.

Notice how the three points P1,P2,P3 are each connected by a blue line to the focus point F and the directrix line L.

FP1 = P1Q1

FP2 = P2Q2

FP3 = P3Q3

There are two graphing equations for parabolas that will be used in this concept. The only difference is one equation
graphs parabolas opening vertically and one equation graphs parabolas opening horizontally. You can recognize
the parabolas opening vertically because they have an x2 term. Likewise, parabolas opening horizontally have a
y2 term.

The general equation for a parabola opening vertically is (x−h)2 =±4p(y−k). The general equation for a parabola
opening horizontally is (y− k)2 =±4p(x−h).
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Note that the vertex is still (h,k). The parabola opens upwards or to the right if the 4p is positive. The parabola
opens down or to the left if the 4p is negative. The focus is just a point that is distance p away from the vertex. The
directrix is just a line that is distance p away from the vertex in the opposite direction. You can sketch how wide the
parabola is by noting the focal width is |4p|.

Once you put the parabola into this graphing form you can sketch the parabola by plotting the vertex, identifying p
and plotting the focus and directrix and lastly determining the focal width and sketching the curve.

Take the conic:

2x2 +16x+ y = 0

This is a parabola because the y2 coefficient is zero.

x2 +8x =−1
2

y

x2 +8x+16 =−1
2

y+16

(x+4)2 =−1
2
(y−32)

(x+4)2 =−4 · 1
8
(y−32)

The vertex is (-4, 32). The focal length is p = 1
8 . This parabola opens down which means that the focus is at(

−4,32− 1
8

)
and the directrix is horizontal at y = 32+ 1

8 . The focal width is 1
2 .

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61845
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61847

Examples

Example 1

Earlier, you were asked where the receptor should be located on a satellite dish that is four feet wide and nine inches
deep.

Since real world problems do not come with a predetermined coordinate system, you can choose to make the vertex
of the parabola at (0, 0). Then, if everything is done in inches, another point on the parabola will be (24, 9). (Many
people might mistakenly believe the point (48, 9) is on the parabola but remember that half this width stretches to
(-24, 9) as well.) Using these two points, the focal width can be found.

(x−0)2 = 4p(y−0)

(24−0)2 = 4p(9−0)

242

4 ·9
= p

16 = p

The receptor should be sixteen inches away from the vertex of the parabolic dish.

Example 2

Sketch the following parabola and identify the important pieces of information.

(y+1)2 = 4 · 1
2 · (x+3)

The vertex is at (-3, -1). The parabola is sideways because there is a y2 term. The parabola opens to the right
because the 4p is positive. The focal length is p = 1

2 which means the focus is 1
2 to the right of the vertex at (-2.5,
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-1) and the directrix is 1
2 to the left of the vertex at x = −3.5. The focal width is 2 which is why the width of the

parabola stretches from (-2.5, 0) to (-2.5, -2).

Example 3

What is the equation of a parabola that has a focus at (4, 3) and a directrix of y =−1?

It would probably be useful to graph the information that you have in order to reason about where the vertex is.

The vertex must be halfway between the focus and the directrix. This places it at (4, 1). The focal length is 2. The
parabola opens upwards. This is all the information you need to create the equation.

(x−4)2 = 4 ·2 · (y−1)

OR (x−4)2 = 8(y−1)

Example 4

What is the equation of a parabola that opens to the right with focal width from (6, -7) to (6, 12)?

The focus is in the middle of the focal width. The focus is
(
6, 5

2

)
. The focal width is 19 which is four times the

focal length so the focal length must be 19
4 . The vertex must be a focal length to the left of the focus, so the vertex

is at
(
6− 19

4 ,
5
2

)
. This is enough information to write the equation of the parabola.(

y− 5
2

)2
= 4 · 19

4 ·
(
x−6+ 19

4

)
Example 5

Sketch the following conic by putting it into graphing form and identifying important information.

y2−4y+12x−32 = 0

y2−4y =−12x+32

y2−4y+4 =−12x+32+4

(y−2)2 =−12(x−3)

(y−2)2 =−4 ·3 · (x−3)
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The vertex is at (3, 2). The focus is at (0, 2). The directrix is at x = 6.

Review

1. What is the equation of a parabola with focus at (1, 4) and directrix at y =−2?

2. What is the equation of a parabola that opens to the left with focal width from (-2, 5) to (-2, -7)?

3. What is the equation of a parabola that opens to the right with vertex at (5, 4) and focal width of 12?

4. What is the equation of a parabola with vertex at (1, 8) and directrix at y = 12?

5. What is the equation of a parabola with focus at (-2, 4) and directrix at x = 4?

6. What is the equation of a parabola that opens downward with a focal width from (-4, 9) to (16, 9)?

7. What is the equation of a parabola that opens upward with vertex at (1, 11) and focal width of 4?

Sketch the following parabolas by putting them into graphing form and identifying important information.

8. y2 +2y−8x+33 = 0

9. x2−8x+20y+36 = 0

10. x2 +6x−12y−15 = 0

11. y2−12y+8x+4 = 0

12. x2 +6x−4y+21 = 0

13. y2 +14y−2x+59 = 0

14. x2 +12x− 8
3 y+ 92

3 = 0

15. x2 +2x− 4
5 y+1 = 0

Review (Answers)

To see the Review answers, open this PDF file and look for section 9.2.
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6.15 Applications of Parabolas

Here you will explore the fact that all parabolas are the same basic shape (they are all similar), and will consider
some real world applications of parabolas.

Kelly is nearly done with the chapter on parabolas in her math class. She has become pretty familiar with the general
shape of a parabola, and has started noticing the use of parabolas all around her. One thing that she hasn’t figured
out yet is why satellite-tv dishes are 3-d parabolas. She is sure it isn’t a coincidence, but doesn’t know what it is
about a parabolic shape that is important.

Do you know?

Watch This

This video is a fun example of what can be done with a parabola

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/55035

Green Power Science: 46" Parabolic Mirror

Guidance

There is a very interesting property of parabolas. This is the fact that all parabolas have the same shape. Or, in the
language of geometry, any two parabolas are similar to one another. This means that any parabola can be scaled
in or out to produce another parabola of exactly the same shape. This may come across as surprising, because
parabolas where x2 has a large coefficient certainly look much “steeper” than parabolas with a small coefficient when
examined over the same domain, as shown in the graphs below.

TABLE 6.6:

a. Tall and skinny: b. Short and wide:

But when one of the parabolas is scaled appropriately, these parabolas are identical:
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TABLE 6.7:

a. Tall and skinny - zoomed in by
4x:

b. Short and wide:

This fact about parabolas can be seen from an algebra standpoint given the fact that all parabolas are generated from
a line and a point not on that line. This configuration of generating objects, a line and a point, is always the same
shape. Any other line and point looks exactly the same—simply zoom in or out until the line and point are the same
distance from one another. So the shapes that any two such configurations generate must also be the same shape.

From an analytic geometry standpoint, there were two factors that might affect the shape of the parabola. The first is
the distance between the cutting plane and the apex of the cone. But cones have the same proportions at any scale,
so no matter what this distance, the picture can be reduced or enlarged, affecting this distance but not the shape of
the cone or plane. So this parameter does not actually change the shape of the conic section that results. The other
factor is the shape of the actual cone. This is its steepness, defined by the angle at the apex, or equivalently by the
ratio between the radius and the height at any point. This is a bit trickier. It’s not at all obvious that short, squat
cones and tall, skinny cones would produce parabolas of the same shape.

TABLE 6.8:

a. Tall and skinny: b. Short and wide:

According to what we found, any parabola produced by slicing any cone resulted in an equation of this form:

y = ax2

We want to show that if we generate two such parabolas, that they actually have the same shape. So suppose we use
two cone constructions and come up with these parabolas: y = a1x2 and y = a2x2. We want to show there is some
scale factor, call it f , that shrinks or enlarges y = a1x2 into y = a2x2. To keep a shape the same, the scale factor needs
to affect both the x− and y−variables. So we need to find an f such that ( f y) = a1( f x)2 is equivalent to y = a2x2.
The first equation can be written y = (a1 f )x2, which is equivalent to the second equation when a1 f = a2, or when
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f = a2
a1

. Such an f always exists for non-negative numbers a1 and a2. So the parabolas are indeed the same shape.
If a is less than zero, then the parabola can be reflected vertically to produce a parabola of the same shape and with
positive coefficient a.

Parabola Applications

Burning Mirrors:

Diocles (∼ 240−180 BCE) was a mathematician from Ancient Greece about whom we know very little. However,
we know enough from a few scant documents that he thought about an important application of parabolas. It comes
from what is sometimes called the “optical property” of parabolas. Remember the optical property of ellipses: lines
from one focus “bounce off” the side of the ellipse to hit the other focus.

For parabolas, since parabolas have only one focus, the directrix plays a role. For the parabola, the optical property
is that lines perpendicular to the directrix “bounce off” the parabola and converge at the focus. Or, alternatively,
lines from the focus “bounce off” off the parabola and continue perpendicular to the directrix. As with the ellipse,
“bouncing off” means that the two lines meet the parabola at equal angles to the tangent.

In the above diagram, the optical property states that 2 α ∼= 2 β. The proof is similar to the proof of the optical
property of ellipses. In the above diagram P is the focus and Q is a point on the parabola. Let R′ be the point on
the directrix that is obtained by extending PQ. Then PR′, the straight line, is clearly the shortest distance between P
and R′ that passes through the tangent line. Let R be on the line lying directly above Q such that QR = QR′. The R
can be thought of as R′, reflected across the tangent line. Then 2 α∼= 2 γ (vertical angles) and 2 γ∼= 2 β (reflected
angles), and so 2 α∼= 2 β (transitive property).

The optical property has some interesting applications. Diocles described one potential application in his document
“On Burning Mirrors”. He envisioned a parabolic-shaped mirror (basically a parabola rotated about its line of
symmetry) which would collect light from the sun and focus it on the focal point, creating enough of a concentration
of light to start a fire at that point. Some claim that Archimedes attempted to make such a contraption with copper
plates to fight the Romans in Syracuse.
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TABLE 6.9:

Headlights:The optical property
is also responsible for parabola-
shaped unidirectional lights, such as
car headlights. If a bulb is placed at
the focus of a parabolic mirror, the
light rays reflect off the mirror par-
allel to each other, making a focused
beam of light.

Cassegrain Telescopes:Satellite
telescopes take advantage of the
optical property of parabolas to
collect as much light from a distant
star as possible. The dish of the
satellite below is parabolic in shape
and reflects light to the point in the
middle.

TABLE 6.10:

Concept question wrap-up:
The satellite dish is a 3-d parabola so that all of the signal it collects over a wide area will be concentrated at the
focus of the parabola, significantly increasing the reception.

Example A

Explain why not all ellipses are similar the way parabolas are. While enlarging or shrinking doesn’t work to make
two ellipses identical, how can you change the view of two ellipses that have different shapes so that they look the
same?

Solution:

The eccentricity of ellipses defines the shape, so when the eccentricity is different for two ellipses, the ellipses are
not similar to one another. Viewing one of the ellipses at an angle, however, changes the perceived eccentricity of
that ellipse, and the angle can be chosen to match the perceived eccentricity to the eccentricity of the other ellipse,
producing an image that is similar to the other ellipse.

Example B

If nothing was used to deflect light before it entered a "burning mirror," where would the sun have to be in relationship
to you and the place you want to start a fire? Why is this a constraint? Design a way to circumvent this constraint.

Solution:

The fire-locale must lie on the segment between you and the sun. This is a problem because to start a ground fire,
you would have to wait until evening when the sun is low in the sky so you could aim your lens at the ground,
unfortunately the sun is not as bright in the evening so you would lose a significant amount of power. A lens or
mirror that changes the angle of the suns rays could help you work around this constraint.
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Example C

In the above diagram of a car headlight, the lens directs the beams of light downwards, to keep them out of the eyes
of oncoming drivers, if that was the only purpose of the lens, alternatively the lens could be omitted and the headlight
could just be angled down slightly. But there is another purpose to the lens. What is it?

Solution:

The lens also expands the array of light which is why it is called “dispersed light.” Without the lens, the headlight
would only illuminate a strip the width of the headlight itself, which would not be very useful for driving. –>

Guided Practice

A satellite dish antenna is to be constructed in the shape of a paraboloid. The paraboloid is formed by rotating the
parabola with focus at the point (25, 0) and directrix x = −25 about the x-axis, where x and y are in inches. The
diameter of the antenna is to be 80 inches.

a) Find the equation of the parabola and the domain of x.
b) Sketch the graph of the parabola, showing the location of the focus.
c) A receiver is to be placed at the focus. The designer has warned that a user or installer should take care, the

receiver would hit the ground and could be damaged if the antenna were placed "face-down". Determine
algebraically whether this observation is correct.

Answers

a) x = 1
100 y2 The domain is the positive real number set.

b)

c)Yes, as discovered in part a and shown in the graph of part b, the focus is at x = 25, while the dish only extends
to x = 16.

Explore More

1. A football player is standing on a hill that is 200 feet above sea-level he throws the football with an initial
vertical velocity of 96 feet per second. After how many seconds will the ball reach its maximum height above
sea level? What is the maximum height?
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2. A shot-gun is discharged vertically upward at a height of 3 feet above the ground. If the bullet has an initial
muzzle velocity of 200 feet per second, what maximum height will it reach before it starts to fall to the ground?
a) 628 feet b) 1,878 feet c) 20.87 feet d) 199.33 feet

3. An over-zealous golfer hits a flop shot with a sand wedge to get out of the corner of a sand trip with an initial
vertical velocity of 45 feet per second. What is the maximum height that the golf ball will reach? a) 45 feet b)
13.19 feet c) 36.64 feet d) 95.26 feet

4. You are standing on the top of a 1680 ft tall hill, and throw a small ball upwards. At every second, you measure
the distance of the ball from the ground. Exactly t seconds after you throw the object, its height, (measured in
feet) is h(t) =−16t2 +256t +1680 a) Find h(3) the ball position 3 seconds after you throw it. b) How much
does the object travel during the two seconds between 5 seconds and 7 seconds? c) How long does it take for
the object to reach a height of 2640 ft? d) How long does it take for the object to hit the ground?

5. A student participating in a game of kick ball kicked the ball with an initial vertical velocity of 32 feet per
second. Its height above the earth in feet is given by s(t) =−16t2+32t where t is time in seconds. What is the
maximum height reached by the ball? HINT - Graph the parabola (you only need to worry about the section
where 0≤ t ≤ 2 or rewrite the equation to find the vertex.

6. An arch over the entrance to an enchanted trail has a parabolic shape, the arch has a height of 25 feet and it
is 30 feet between the support pillars. Find an equation that models the arch, using the x-axis to represent the
ground of the park. State the focus and directrix.

7. A satellite dish has a parabolic shape with a diameter of 80 meters. The collected tv signals are focused on a
single point, called the "focal" point, which is the focus of the paraboloid (the cross-section of the parabola).
If the focal length is 45 meters, find the depth of the dish, rounded to one decimal place.

8. When new highways go in, they are often designed with parabolic surfaces which allow water to drain off.
A new highway is being laid, it is 32 feet wide and is .4 feet higher in the center of the highway then on the
sides. a) Find an equation if the parabola that models the highway surface (assume that the origin is at the
center of the highway) b) How far from the center of the highway is the surface of the road .1 feet lower than
in the middle?

9. The internal distance of the sketch of an arch is 8cm and the height of the arch is 9cm. Assuming the scale
1cm = 2m, work out a formula which calculates the actual height of the inside edge of this structure (y), in
metres at any horizontal distance x measured from the origin point which is the floor at the center of the arch.

A new bridge has been built for foot traffic cross a river. The two towers on either end of the bridge are 50 feet high
and 300 feet away from each other. The supporting cables (2) are connected at the top of the towers and hang in a
curve that forms the shape of a parabola. There are vertical cables that connect the walkway to the supporting cables.
These cables connect every 15 feet from the walkway up to the supporting cables. At the center of the bridge, the
parabola is 5 feet above the walkway.

Specialty Cable Company back east sells cable for $52.75 per 10 feet with a shipping charge of $300.00 for the entire
order. Cables R US, on the West Coast sells cable for $432.90 per 100 feet with a shipping charge of $350.00 for
the entire order. Cable had to be purchased in either 10-foot lengths from SCC or in 100-foot lengths from CRUS.
Once purchased, the cables can be cut or welded together.

10. Write an equation for the parabola that represents each of the support cables.
11. Determine the number of vertical cables needed.
12. Determine the length of each of the vertical cables.
13. How much does it cost to purchase the needed materials from each company?

Look at the image. It shows the parabolic cross section of a satellite dish antenna. The equation for the parabola is
x = 0.01y2
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14. What is the focus of the parabola as shown in the image?
15. A radio signal comes in at y = 20 as marked in red. Identify where the ray strikes the parabola, give coordinates.
16. Identify the angle measure between the incoming ray and a line between the strike point and the focus.
17. An incoming ray and its reflected ray make angles of equal measure with a line tangent to the curved surface.

Use the angle you just measured between the signal and the reflected line to calculate the measures of the
angles between the incoming signal and the tangent to the point of impact and from the tangent to the reflected
ray. Are they the same? Measure with a protractor to confirm your calculations.

18. Find the equation for the tangent line. Use angle C to find its slope.
19. Randomly choose another incoming ray. Calculate the angles as before. Is the incoming ray tangent to the

parabola at the point where the incoming ray strikes the graph? How do you know?
20. What can you say about the direction a reflected ray takes whenever the incoming ray is parallel to the axis

of the parabola? Can you see why the name "focus" is used and why television satellite antennas and other
listening devices are made in the shape of a paraboloid?

Answers for Explore More Problems

To view the Explore More answers, open this PDF file and look for section 6.5.
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6.16 Parabolas and the Distance Formula

Here you will learn about parabolas, you will explore the general shape and description of a parabola, and will learn
about the distance formula for evaluating a parabola.

In previous lessons on conic sections, we discussed both the circle and the ellipse, which each result from "slicing"
a cone clear through from left to right. In this lesson, we will discuss the shape formed when we slice through only
one side of the cone, creating a bowl-shaped figure called a parabola.

Consider the "hourglass" figure we used in the definitions of the circle and ellipse, created by connecting two infinite
cones at their tips. What limitation would there be on the angle of the slice we would take out of one of the cones, if
we wanted to only get a parabola (not get an ellipse, and not hit the other cone in any way)?

Watch This

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/55030

Khan Academy: Parabola Focus and Directrix 1
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Guidance

We’ve examined ellipses and circles, the two cases when a plane intersects only one side of the cone and creates a
finite cross-section. Is it possible for a plane to intersect only one side of the cone, but create an infinite cross-section?

It turns out that this is possible if and only if the plane is parallel to one of the lines making up the cone. Or, in
other words, the angle between the plane and the horizon, is equal to the angle formed by a side of the cone and the
horizontal plane.

In the image above, if you tilt the plane a little bit to the left it will cut off a finite ellipse (possibly a very large one if
you only tilt it a little.) Tilt the plane to the right and it will intersect both sides of the cone, making a two-part conic
section called a hyperbola, which will be discussed in the next section.

When the plane is parallel to from the side of the cone, the infinite shape that results from the intersection of the
plane and the cone is called a parabola. Like the ellipse, it has a number of interesting geometric properties.

The equation of a parabola is simpler than that of the ellipse. There are a couple of methods of deriving the equation
of a parabola, in this lesson we explore the distance formula.

This first method arises directly from the focus-directrix property discussed in the previous section. Suppose we
have a line and a point not on that line in a plane, and we want to find the equation of the set of points in the plane
that is equidistant to these two objects. Without losing any generality, we can orient the line horizontally and the
point on the y−axis, with the origin halfway between them. Since the parabola is the set of points equidistant from
the line and the point, The parabola passes through the origin, (0,0). The picture below shows this configuration.
The point directly between the directrix and the focus (the origin in this case) is called the vertex of the parabola.
Suppose the focus is located at (0,b). Then the directrix must be y =−b.
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Thus, the parabola is the set of points (x,y) equidistant from the line y =−b and the focus point (0,b). The distance
to the line is the vertical segment from (x,y) down to (0,−b), which has length y− (−b) = y+b. The distance from

(x,y) to the focus (0,b) is distance =
√
(x−0)2 +(y−b)2 by the distance formula. So the equation of the parabola

is the set of points where these two distances equal.

y+b =
√

(x−0)2 +(y−b)2

Since distances are always positive, we can square both sides without losing any information, obtaining the follow-
ing.

y2 +2by+b2 = x2 + y2−2by+b2

2by = x2−2by

4by = x2

y =
1
4b

x2

But b was chosen arbitrarily and could have been any positive number, and for any positive number, a, there always
exists a number b such that a = 1

4b , so we can rewrite this equation as:

y = ax2

where a is any constant.

This is the general form of a parabola with a horizontal directrix, with a focus lying above it, and with a vertex at the
origin. If a is negative, the parabola is reflected about the x−axis, resulting in a parabola with a horizontal directrix,
with a focus lying below it, and with a vertex at the origin. The equation can be shifted horizontally or vertically
by moving the vertex, resulting in the general form of a parabola with a horizontal directrix and passing through a
vertex of (h,k):

y− k = a(x−h)2
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Switching x and y, the equation for a parabola with a vertical directrix and with a vertex at (h,k) is:

x−h = a(y− k)2

Example A

Sketch a graph of the parabola y = 3x2 +12x+17.

Solution:

First, we need to factor out the coefficient of the x2 term and complete the square:

y = 3(x2 +4x)+17

y = 3(x2 +4x+4)+17−12

y = 3(x+2)2 +5

Now we write it in the form y− k = a(x−h)2:

y−5 = 3(x+2)2

So the vertex is at (−2,5) and plotting a few x−values on either side of x = −2, we can draw the following sketch
of the parabola:
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Example B

Sketch a graph of the following parabola: y = 2x2−2x−3

Solution:

Factor out the 2: y = 2(x2− x)−3

Complete the square: y+ 1
2 = 2(x2− x+ 1

4)−3

Add 3 to both sides and factor the trinomial: y+3 1
2 = 2(x− 1

2)
2

The vertex (h, k) is: (1
2 ,−3 1

2)

Plot a couple of points to get:

Example C

Sketch a graph of the following parabola: 3x2 +12x+11− y = 0

Solution:

Factor out the 3 and move y and 11: 3(x2 +4x) = y−11

Complete the square: 3(x2 +4x+4) = y−11+12

Factor the trinomial and collect like terms: 3(x+2)2 = y+1

The vertex (h, k) is at: (−2,−1)

Plot a couple of points to get:
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TABLE 6.11:

402

http://www.ck12.org


www.ck12.org Chapter 6. Unit 6: Conics

TABLE 6.11: (continued)

Concept question wrap-up:
In order to only get a parabola cross section, the slice must be taken at the same angle as the side of the cone, that
way the edge of the slice runs parallel to the edge of the cone and never intersects it at either top or bottom. This
can be seen by a close look at the image from above:

–>

Guided Practice

1) Sketch a graph of the following parabola: 0 = x2− y+3x+5

2) Identify which of the following equations are parabolas:

a) y−5x+ x2 = 3
b) x2−3y2 +3y−2x+15 = 0
c) x−6y2 +20x−100 = 0

3) Calculate the distance between (3, 4) and (9, 5)

4) Calculate the distance between (-2, 7) and (11, 23)

Answers

1) Move the y, and complete the square, and factor to get: (x+ 3
2)

2 = y−2 3
4 The focus is: (−3

2 ,2
3
4)

Plot points to get:
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2) Recall that a parabola has a squared input term only:

Since: x2− 3y2 + 3y− 2x+ 15 = 0 is squared on the input and output. In other words, both x and y are squared,
therefore it is not a parabola.

y−5x+ x2 = 3 and x−6y2 +20x−100 = 0 are the correct answers.

By the way, after completing the square, the first equation factors as: (x−1)2−3(y− 1
2)

2 +14 3
4 = 0

Look familiar? It should, you worked on a bunch of them last chapter!

3) To calculate the distance between (3, 4) and (9, 5), use the distance formula distance =
√

(x2− x1)2 +(y2− y1)2

distance =
√

(9−3)2 +(5−4)2 ..... Substitute

distance =
√
(6)2 +(1)2 ..... Simplify

distance =
√

36+1→
√

37

∴
√

37 is the distance between (3, 4) and (9, 5)

4) To calculate the distance between (-2, 7) and (11, 23), use the distance formula distance=
√

(x2− x1)2 +(y2− y1)2

distance =
√
(11− (−2))2 +(23−7)2 ..... Substitute

distance =
√
(13)2 +(16)2 ..... Simplify

distance =
√

169+256→
√

425→ 5
√

17

∴ 5
√

17 is the distance between (-2, 7) and (11, 23)
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Explore More

Graph the following:

1. y =−3(x−1)2 +2
2. y = 3(x−1)2−1
3. x =−2(y+2)2−1
4. y = 3(x+4)2−1
5. y = (x−3)2

6. x =−3(y)2 +1
7. x =−(y−3)2−4
8. x =−3(y−4)2 +4
9. y = 2(x+3)2−3

10. x = (y−1)2−2

For problems 11-20, imagine a limited cone (not infinitely tall), as pictured below. Assume the two coordinates listed
represent the intersection of a parabolic curve and the top of the cone. If the top surface of the cone were represented
by the x-axis, then the two coordinates could be considered the x-intercepts of the equation of the parabola. Find the
distance between the points, and where required, the coordinates of the points.

11. Coordinates: (-20, -17) and (6, -1)
12. Coordinates: (-1, -5) and (6, -13)
13. Coordinates: (1, 2) and (5, -5)
14. Coordinates: (13, 12) and (15, 6)
15. Coordinates: (3, 9) and (6, -14)
16. −25x2 +15x+10 = 0
17. −24x2 +22x−4 = 0
18. 4x2−24x+32 = 0
19. 24x2 +54x+27 = 0
20. 12x2 +25x+12 = 0

Answers for Explore More Problems

To view the Explore More answers, open this PDF file and look for section 6.3.

405

http://www.ck12.org
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-06-Math-Analysis-Concepts.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-06-Math-Analysis-Concepts.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-06-Math-Analysis-Concepts.pdf


6.17. Parabolas with Vertex at the Origin www.ck12.org

6.17 Parabolas with Vertex at the Origin

Here you’ll write and graph the equation of a parabola, with vertex (0,0), and find the focus, directrix, and vertex.

The area of a square is represented by the equation y = 9x2. What are the focus and directrix of this equation?

Parabolas with Vertex at the Origin

You already know that the graph of a parabola has the parent graph y = x2, with a vertex of (0,0) and an axis of
symmetry of x = 0. A parabola can also be defined in a different way. It has a property such that any point on it is
equidistant from another point, called the focus, and a line called the directrix.

The focus is on the axis of symmetry and the vertex is halfway between it and the directrix. The directrix is
perpendicular to the axis of symmetry.

Until now, we have been used to seeing the equation of a parabola like y = ax2. In this concept, we will rewrite the
equation to look like x2 = 4py where p is used to find the focus and directrix. We will also draw the parabola with a
horizontal orientation, such that the equation will be y2 = 4px.
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Notice, that when the parabola opens to the left or right, the y is squared. In this concept, the vertex will be (0,0).

Solve the following problems

Analyze the equation y2 =−12x. Find the focus, directrix, and determine if the function opens up, down, to the left
or right. Then graph the parabola.

To find the focus and directrix, we need to find p. We can set −12 = 4p and solve for p.

−12 = 4p

−3 = p

Because y is squared, we know that the parabola opens to the left or right. Because p is negative, we know it is
going to open to the left, towards the negative side of the x-axis. Using the pictures above, this parabola is like the
second one under y2 = 4px. Therefore, the focus is (−3,0) and the directrix is x = 3. To graph the parabola, plot
the vertex, focus, directrix, and sketch the curve. Find at least one or two points on the curve to make sure your
sketch is accurate. For example, because (−3,6) is on the parabola, then (−3,−6) is also on the parabola because it
is symmetrical.

Notice that the points (−3,6) and (−3,−6) are equidistant from the focus and the directrix. They are both 6 units
from each.
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The focus of a parabola is
(
0, 1

2

)
. Find the equation of the parabola.

Because the p value is the y-value and positive, this parabola is going to open up. So, the general equation is
x2 = 4py. Plugging in 1

2 for p, we have x2 = 4 · 1
2 y or x2 = 2y.

Find the equation of the parabola below.

The equation of the directrix is y = 5, which means that p =−5 and the general equation will be x2 = 4py. Plugging
in -5 for p, we have x2 =−20y.
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Examples

Example 1

Earlier, you were asked what is the focus and directrix of the equation.

To find the focus and directrix, we need to solve for x2 and then find p.

y = 9x2

1
9

y = x2

We can now set 1
9 = 4p and solve for p.

1
9
= 4p

1
36

= p

Therefore, the focus is (0, 1
36) and the directrix is y =− 1

36 .

Example 2

Determine if the parabola x2 =−2y opens up, down, left or right.

Down; p is negative and x is squared.

Example 3

Find the focus and directrix of y2 = 6x. Then, graph the parabola.

Solving for p, we have 4p = 6→ p = 3
2 . Because y is squared and p is positive, the parabola will open to the right.

The focus is
(3

2 ,0
)

and the directrix is x =−3
2 .
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Example 4

Find the equation of the parabola with directrix x =−3
8 .

If the directrix is negative and vertical (x =), we know that the equation is going to be y2 = 4px and the parabola
will open to the right, making p positive; p = 3

8 . Therefore, the equation will be y2 = 4 · 3
8 · x→ y2 = 3

2 x.

Review

Determine if the parabola opens to the left, right, up or down.

1. x2 = 4y
2. y2 =−1

2 x
3. x2 =−y

Find the focus and directrix of the following parabolas.

4. x2 =−2y
5. y2 = 1

4 x
6. y2 =−5x

Graph the following parabolas. Identify the focus and directrix as well.

7. x2 = 8y
8. y2 = 1

2 x
9. x2 =−3y

Find the equation of the parabola given that the vertex is (0,0) and the focus or directrix.

10. focus: (4,0)
11. directrix: x = 10
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12. focus:
(
0, 7

2

)
13. In the Quadratics chapter, the basic parabolic equation was y = ax2. Now, we write x2 = 4py. Rewrite p in

terms of a and determine how they affect each other.

14. Challenge Use the distance formula, d =

√
(x2− x1)

2− (y2− y1)
2, to prove that the point (4,2) is on the

parabola x2 = 8y.
15. Real World Application A satellite dish is a 3-dimensional parabola used to retrieve sound, TV, or other waves.

Assuming the vertex is (0,0), where would the focus have to be on a satellite dish that is 4 feet wide and 9
inches deep? You may assume the parabola has a vertical orientation (opens up).

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.1.
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6.18 Parabolas with Vertex at (h, k)

Here you’ll write and graph the equation of a parabola with vertex (h,k) and find the focus, directrix, and vertex.

Your homework assignment is to find the focus of the parabola (x+4)2 =−12(y−5). You say the focus is (−4,5).
Banu says the focus is (0,−3). Carlos says the focus is (−4,2). Which one of you is correct?

Parabolas with Vertex at (h, k)

You learned in the Quadratic Functions chapter that parabolas don’t always have their vertex at (0,0). In this
concept, we will address parabolas where the vertex is (h,k), learn how to find the focus, directrix and graph.

Recall from the previous concept that the equation of a parabola is x2 = 4py or y2 = 4px and the vertex is on the
origin. In the Quadratic Functions chapter, we learned that the vertex form of a parabola is y = a(x− h)2 + k.
Combining the two, we can find the vertex form for conics.

y = a(x−h)2 + k and x2 = 4py Solve the first for (x−h)2.

(x−h)2 =
1
a
(y− k) From #13 in the previous concept, we found that 4p =

1
a
.

(x−h)2 = 4p(y− k)

If the parabola is horizontal, then the equation will be (y−k)2 = 4p(x−h). Notice, that even though the orientation
is changed, the h and k values remain with the x and y values, respectively.

Finding the focus and directrix are a little more complicated. Use the extended table (from the previous concept)
below to help you find these values.
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Notice that the way we find the focus and directrix does not change whether p is positive or negative.

Solve the following problems

Analyze the equation (y−1)2 = 8(x+3). Find the vertex, axis of symmetry, focus, and directrix. Then determine if
the function opens up, down, left or right.

First, because y is squared, we know that the parabola will open to the left or right. We can conclude that the
parabola will open to the right because 8 is positive, meaning that p is positive. Next, find the vertex. Using the
general equation, (y− k)2 = 4p(x−h), the vertex is (−3,1) and the axis of symmetry is y = 1. Setting 4p = 8, we
have that p = 2. Adding p to the x-value of the vertex, we get the focus, (−1,1). Subtracting p from the x-value of
the vertex, we get the directrix, x =−5.

Graph the parabola from Example A. Plot the vertex, axis of symmetry, focus, and directrix.

First, plot all the critical values we found from Example A. Then, determine a set of symmetrical points that are on
the parabola to make sure your curve is correct. If x = 5, then y is either -7 or 9. This means that the points (5,−7)
and (5,9) are both on the parabola.
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It is important to note that parabolas with a horizontal orientation are not functions because they do not pass the
vertical line test.

The vertex of a parabola is (−2,4) and the directrix is y = 7. Find the equation of the parabola.

First, let’s determine the orientation of this parabola. Because the directrix is horizontal, we know that the parabola
will open up or down (see table/pictures above). We also know that the directrix is above the vertex, making the
parabola open down and p will be negative (plot this on an x− y plane if you are unsure).

To find p, we can use the vertex, (h,k) and the equation for a horizontal directrix, y = k− p.

7 = 4− p

3 =−p Remember, p is negative because of the downward orientation of the parabola.

−3 = p

Now, using the general form, (x−h)2 = 4p(y− k), we can find the equation of this parabola.

(x− (−2))2 = 4(−3)(y−4)

(x+2)2 =−12(y−4)

Examples

Example 1

Earlier, you were asked who is correct.

This parabola is of the form (x−h)2 = 4p(y− k). From the table earlier in this lesson, we can see that the focus of
a parabola of this form is (h,k+ p). So now we have to find h, k, and p.
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If we compare (x+4)2 =−12(y−5) to (x−h)2 = 4p(y− k), we see that:

1. 4 =−h or h =−4

2. −12 = 4p or p =−3

3. 5 = k

From these facts we can find k+ p = 5+(−3) = 2.

Therefore, the focus of the parabola is (−4,2) and Carlos is correct.

Example 2

Find the vertex, focus, axis of symmetry and directrix of (x+5)2 = 2(y+2).

The vertex is (−5,−2) and the parabola opens up because p is positive and x is squared. 4p = 2, making p = 2. The
focus is (−5,−2+2) or (−5,0), the axis of symmetry is x =−5, and the directrix is y =−2−2 or y =−4.

Example 3

Graph the parabola from #1.

Example 4

Find the equation of the parabola with vertex (−5,−1) and focus (−8,−1).

The vertex is (−5,−1), so h =−5 and k =−1. The focus is (−8,−1), meaning that that parabola will be horizontal.
We know this because the y-values of the vertex and focus are both -1. Therefore, p is added or subtracted to h.

(h+ p,k)→ (−8,−1) we can infer that h+ p =−8→−5+ p =−8 and p =−3

Therefore, the equation is (y− (−1))2 = 4(−3)(x− (−5))→ (y+1)2 =−12(x+5).
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Review

Find the vertex, focus, axis of symmetry, and directrix of the parabolas below.

1. (x+1)2 =−3(y−6)
2. (x−3)2 = y−7
3. (y+2)2 = 8(x+1)
4. y2 =−10(x−3)
5. (x+6)2 = 4(y+8)
6. (y−5)2 =−1

2 x
7. Graph the parabola from #1.
8. Graph the parabola from #2.
9. Graph the parabola from #4.

10. Graph the parabola from #5.

Find the equation of the parabola given the vertex and either the focus or directrix.

11. vertex: (2,−1), focus: (2,−4)
12. vertex: (−3,6), directrix: x = 2
13. vertex: (6,10), directrix: y = 9.5
14. Challenge focus: (−1,−2), directrix: x = 3
15. Extension Rewrite the equation of the parabola, x2− 8x+ 2y+ 22 = 0, in standard form by completing the

square. Then, find the vertex. (For a review, see the Completing the Square When the Leading Coefficient
Equals 1 concept.)

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.2.
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6.19 Ellipses

Here you will translate ellipse equations from standard conic form to graphing form, graph ellipses and identify the
different axes. You will also identify eccentricity and solve word problems involving ellipses.

An ellipse is commonly known as an oval. Ellipses are just as common as parabolas in the real world with their own
uses. Rooms that have elliptical shaped ceilings are called whisper rooms because if you stand at one focus point
and whisper, someone standing at the other focus point will be able to hear you.

Ellipses look similar to circles, but there are a few key differences between these shapes. Ellipses have both an
x-radius and a y-radius while circles have only one radius. Another difference between circles and ellipses is that an
ellipse is defined as the collection of points that are a set distance from two focus points while circles are defined as
the collection of points that are a set distance from one center point. A third difference between ellipses and circles
is that not all ellipses are similar to each other while all circles are similar to each other. Some ellipses are narrow
and some are almost circular. How do you measure how strangely shaped an ellipse is?

Graphing Ellipses

An ellipse has two foci. For every point on the ellipse, the sum of the distances to each foci is constant. This is what
defines an ellipse. Another way of thinking about the definition of an ellipse is to allocate a set amount of string and
fix the two ends of the string so that there is some slack between them. Then use a pencil to pull the string taught
and trace the curve all the way around both fixed points. You will trace an ellipse and the fixed end points of the
string will be the foci. Foci is the plural form of focus. In the picture below, (h,k) is the center of the ellipse and
the other two marked points are the foci.
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The major axis is the longest distance from end to end of an ellipse and is twice as long as the semi-major axis. The
semi-major axis is the distance from the center of the ellipse to the furthest point on the ellipse and the semi-minor
axis is the distance from the center to the edge of the ellipse on the axis that is perpendicular to the semi-major axis.

The general equation for an ellipse is:
(x−h)2

a2 + (y−k)2

b2 = 1

In this case the major axis is horizontal because a, the x-radius, is larger. If the y-radius were larger, then a and b
would reverse. In other words, the coefficient a always comes from the length of the semi major axis (the longer
one) and the coefficient b always comes from the length of the semi minor axis (the shorter one).

In order to find the locations of the two foci, you will need to find the focal radius represented as c using the following
relationship:

a2−b2 = c2

Once you have the focal radius, measure from the center along the major axis to locate the foci. The general shape
of an ellipse is measured using eccentricity. Eccentricity is a measure of how oval or how circular the shape is.
Ellipses can have an eccentricity between 0 and 1 where a number close to 0 is extremely circular and a number
close to 1 is less circular. Eccentricity is calculated by:

e = c
a

Ellipses also have two directrix lines that correspond to each focus but on the outside of the ellipse. The distance
from the center of the ellipse to each directrix line is a2

c .

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61865

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61867

Examples

Example 1

Earlier, you were asked how you measure how strangely shaped an ellipse is. Ellipses are measured using their
eccentricity. Here are three ellipses with estimated eccentricity for you to compare.

418

http://www.ck12.org
http://www.ck12.org/flx/show/video/http%3A//www.youtube.com/embed/LVumLCx3fQo%3Fwmode%3Dtransparent%26rel%3D0%26hash%3Dcf5ba56592cd7278b1e363cc39b38ce7
https://www.ck12.org/flx/render/embeddedobject/61865
http://www.ck12.org/flx/show/video/http%3A//www.youtube.com/embed/oZB69DY0q9A%3Fwmode%3Dtransparent%26rel%3D0%26hash%3D3d96b2d9d1ea248a104396ed61089e1f
https://www.ck12.org/flx/render/embeddedobject/61867


www.ck12.org Chapter 6. Unit 6: Conics

Eccentricity is the ratio of the focal radius to the semi major axis: e = c
a .

Example 2

Find the vertices (endpoints of the major axis), foci and eccentricity of the following ellipse.
(x−2)2

4 + (y+1)2

16 = 1

The center of the ellipse is at (2, -1). The major axis is vertical which means the semi major axis is a = 4. The
vertices are (2, 3) and (2, -5).

162−42 = c2

4
√

15 =
√

240 = c

Thus the foci are (2,−1+4
√

15) and (2,−1−4
√

15)

Example 3

Sketch the following ellipse.
(y−1)2

16 + (x−2)2

9 = 1

Plotting the foci are usually important, but in this case the question simply asks you to sketch the ellipse. All you
need is the center, x-radius and y-radius.

Example 4

Put the following conic into graphing form.
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25x2−150x+36y2 +72y−639 = 0

25x2−150x+36y2 +72y−639 = 0

25(x2−6x)+36(y2 +2y) = 639

25(x2−6x+9)+36(y2 +2y+1) = 639+225+36

25(x−3)2 +36(y+1)2 = 900

25(x−3)2

900
+

36(y+1)2

900
=

900
900

(x−3)2

36
+

(y+1)2

25
= 1

Example 5

Put the following conic into graphing form.

9x2−9x+4y2 +12y+ 9
4 =−8

9x2−9x+4y2 +12y+
9
4
=−8

9x2−9x+
9
4
+4y2 +12y =−8

9
(

x2− x− 1
4

)
+4(y2 +3y) =−8

9
(

x− 1
2

)2

+4
(

y2 +3y+
9
4

)
=−8+4 · 9

4

9
(

x− 1
2

)2

+4
(

y+
3
2

)2

= 1(
x− 1

2

)2

1
9

+

(
y+ 3

2

)2

1
4

= 1

Review

Find the vertices, foci, and eccentricity for each of the following ellipses.

1. (x−1)2

4 + (y+5)2

16 = 1

2. (x+1)2

9 + (y+2)2

4 = 1

3. (x−2)2 + (y−1)2

4 = 1

Now sketch each of the following ellipses (note that they are the same as the ellipses in #1 - #3).

4. (x−1)2

4 + (y+5)2

16 = 1

5. (x+1)2

9 + (y+2)2

4 = 1

6. (x−2)2 + (y−1)2

4 = 1
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Put each of the following equations into graphing form.

7. x2 +2x+4y2 +56y+197 = 16

8. x2−8x+9y2 +18y+25 = 9

9. 9x2−36x+4y2 +16y+52 = 36

Find the equation for each ellipse based on the description.

10. An ellipse with vertices (4, -2) and (4, 8) and minor axis of length 6.

11. An ellipse with minor axis from (4, -1) to (4, 3) and major axis of length 12.

12. An ellipse with minor axis from (-2, 1) to (-2, 7) and one focus at (2, 4).

13. An ellipse with one vertex at (6, -15), and foci at (6, 10) and (6, -14).

A bridge over a roadway is to be built with its bottom the shape of a semi-ellipse 100 feet wide and 25 feet high at
the center. The roadway is to be 70 feet wide.

14. Find one possible equation of the ellipse that models the bottom of the bridge.

15. What is the clearance between the roadway and the overpass at the edge of the roadway?

Review (Answers)

To see the Review answers, open this PDF file and look for section 9.4.
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6.20 Equation of an Ellipse

Here you will explore the mathematical equation which describes an ellipse. You will learn to recognize the foci and
eccentricity of ellipses.

Ken is having a disagreement with his friend Scott. Scott says that the track that they run on at school is not really an
ellipse, but an oval. Ken thinks that is a silly distinction, since ovals and ellipses are the same thing. Who is correct?

Watch This

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/55031

James Sousa: Conic Sections: The Ellipse part 1

Guidance

When a plane "slices through" one side of a cone, we get either a circle or an “oval-shaped” object as shown below.
It turns out that this is no ordinary oval, but something called an ellipse, a shape with special properties.

TABLE 6.12:

a. Cone "sliced through" by a plane
90o to the axis of the cone to form a
circle.

b. Cone "sliced through" by a plane
at an angle to form an ellipse.

Ellipses can be defined by some of their properties. One way to define an ellipse is as a “stretched out circle”. It’s
the shape you would get if you sketched a circle on a deflated balloon and then stretched out the balloon evenly in
two opposite directions:

It’s also the shape of the surface of water that results when you tilt a round glass:
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Or an ellipse could be thought of as the shape of a circle drawn on a piece of paper when it is viewed at an angle.

Equations of Ellipses

This “stretching” can be represented algebraically. For simplicity, take the circle of radius 1 centered at the origin
(0,0). The distance formula tells us that this is the set of points (x,y) that is a distance 1 unit away from the origin.

D =
√

(x1− x2)2 +(y1− y2)2

1 =
√

(x−0)2 +(y−0)2

1 = x2 + y2

This equation, x2+y2 = 1, can be altered to stretch the circle in the horizontal (i.e. x−axis) direction by dividing the
x variable by a constant a > 1,

( x
a

)2
+ y2 = 1

Why does this stretch the circle horizontally? Well, the effect of dividing x by a is that for each y−value in an
ordered pair (x,y) that satisfies the original equation, the corresponding x value must be multiplied by a in order for
the pair to make a solution to the altered equation. So solutions (x,y) of the circle are in one-to-one correspondence
with solutions (ax,y) of the altered equation, hence stretching the corresponding graph to the left and right by a
factor of a.

Here is the graph of
( x

2

)2
+ y2 = 1:
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Generalizing the equation by allowing a stretch in the vertical direction, we get the following.

( x
a

)2
+
( y

b

)2
= 1

The factor a stretches the circle in the horizontal direction and the factor b stretches the circle in the vertical direction.
If a = b, this is just a circle. When a 6= b, this equation represents an ellipse. The ellipse is stretched in the horizontal
direction if b < a and it is stretched in the vertical direction if a < b.

Often the above equation is written as follows.

x2

a2 +
y2

b2 = 1

This is called the standard form of the equation of an ellipse, assuming that the ellipse is centered at (0,0).

To sketch a graph of an ellipse with the equation x2

a2 +
y2

b2 = 1, start by plotting the four axes intercepts, which are
easy to find by plugging in 0 for x and then for y. Then sketch the ellipse freehand, or with a graphing program or
calculator.

The Foci

In every ellipse there are two special points called the foci (foci is plural, focus is singular), which lie inside the
ellipse and which can be used to define the shape. For an ellipse centered at (0,0) that is wider than it is tall, its major
axis is horizontal and its foci are at

(√
a2−b2,0

)
and

(
−
√

a2−b2,0
)

.

What is the significance of these points? Ellipses relate to these points much as a circle relates to its center.
Remember a circle can be thought of as the set of points in a plane that are a certain distance from the center
point, in fact, that is typically the definition of a circle. Well, the foci act like the center except that there are two of
them. An ellipse is the set of points where the sum of the distance between each point on the ellipse and each of the
two foci is a constant number. In the diagram below, for any point P on the ellipse, F1P+F2P = d, where F1 and F2
are the foci and d is a constant.
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Example A

Sketch the graph of x2

4 + y2

9 = 1.

Solution:

This equation can be rewritten as x2

22 +
y2

32 = 1

To sketch, we set x = 0 and solve for y to find the x-intercepts and
set y = 0 and solve for x to find the y− intercepts
The four points we get are: (0,3), (0,-3), (2,0), and (-2,0)
Plot those points and sketch the ellipse:

Example B

Sketch the graph of x2

16 + y2 = 1.

Solution:

This can be rewritten as x2

42 +
y2

12 = 1 After finding the intercepts and sketching the graph with the same process as
above, we have:
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The segment spanning the long direction of the ellipse is called the major axis, and the segment spanning the short
direction of the ellipse is called the minor axis. So in the last example the major axis is the segment from (-4,0) to
(4,0) and the minor axis is the segment from (0,-1) to (0,1).

The major and minor axes are examples of what are sometimes called reference lines. Apollonius, the Ancient
Greek mathematician who wrote an early treatise on conics, used these and other reference lines to orient conic
sections. Though the Greeks did not use a coordinate plane to discuss geometry, these reference lines offer a framing
perspective that is similar to the Cartesian plane that we use today. Apollonius’ way of framing conics with reference
lines was the closest mathematics came to the system of coordinate geometry that you know so well until Descartes’
and Fermat’s systematic work in the seventeenth century.

Example C

What is the full range of the eccentricity of an ellipse? What does it look like near the extremes of this range?

Solution:

Foci can be used to measure how far an ellipse is “stretched” from a circle. The symbol ε stands for the eccentricity

of an ellipse, and it is defined by the distance between the foci divided by the length of the major axis, or
√

a2−b2
a

for horizontally oriented ellipses and
√

b2−a2
b for vertically oriented ellipses. Since a circle is an ellipse where

a = b, circles have an eccentricity of 0.

The interval of possible values is ε ∈ [0,1). At ε = 0, the ellipse is a circle; as the eccentricity approaches 1 it
becomes more and more elongated.

TABLE 6.13:

Concept question wrap-up:
Scott is, of course, correct. Ovals are not the same as ellipses.

–>

Guided Practice

1) Not all equations for ellipses start off in the standard form above. For example, 25x2 + 9y2 = 225 is an ellipse.
Put it in the proper form and graph it.

2) It was mentioned above that when a round glass of water is tilted, the surface of the water is an ellipse. Using our
working definition of an ellipse as “stretched out circle”, explain why you think the water takes this shape.

3) Sketch the following ellipse: 36x2 +25y2 = 900

4) Now try sketching this ellipse where the numbers don’t turn out to be so neat: 3x2 +4y2 = 12
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Answers

1) To graph 25x2 +9y2 = 225 as the ellipse it is:

x2

9 + y2

25 = 1 ..... First, divide both sides by 225
x2

32 +
y2

52 = 1 ..... Find the intercepts

Graphing, we have:

2) Answers may vary, but should explain why the shape that results stretches a circle in one direction because the
width of the glass is constant.

3) To graph 36x2 +25y2 = 900

x2

25 +
y2

36 = 1 ..... First, divide both sides by 900
x2

52 +
y2

62 = 1 ..... Find the intercepts

Graphing:
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4) To graph 3x2 +4y2 = 12

x2

4 + y2

3 = 1 ..... First, divide both sides by 12
x2

22 +
y2
√

3
2 = 1 ..... Find the intercepts

Graphing, we get:

Explore More

Convert each equation to the standard form of an ellipse.

1. x2 +4y2 = 4
2. 9x2 +16y2 = 144
3. 25x2 +36y2 = 900
4. 36x2 +9y2 = 324
5. 49x2 + y2 = 49
6. 16x2 +4y2 = 64
7. x2 +2y2 = 2
8. 3x2 +4y2 = 12
9. 5x2 +6y2 = 30

10. 6x2 +3y2 = 18
11. 7x2 + y2 = 7
12. 4x2 +2y2 = 8

Graph the following ellipses.

13. 9x2 +16y2 = 144
14. 49x2 + y2 = 49
15. x2 +2y2 = 2
16. 7x2 + y2 = 7

Answers for Explore More Problems

To view the Explore More answers, open this PDF file and look for section 6.1.
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6.21 Ellipses Centered at the Origin

Here you’ll analyze ellipses centered at the origin.

Your homework assignment is to draw the ellipse 16x2 +4y2 = 144. Where will the foci of your graph be located?

Ellipses Centered at the Origin

The third conic section is an ellipse. Recall that a circle is when a plane sliced through a cone and that plane is
parallel to the base of the cone. An ellipse is formed when that plane is not parallel to the base. Therefore, a circle
is actually a more specific version of an ellipse.

By definition, an ellipse is the set of all points such that the sum of the distances from two fixed points, called foci
(the plural of focus), is constant.

Investigation: Drawing an Ellipse

In this investigation we will use the definition to draw an ellipse.

1. On a piece of graph paper, draw a set of axes and plot (−2,0) and (2,0). These will be the foci.

2. From the definition, we can conclude a point (x,y) is on an ellipse if the sum of the distances is always constant.
In the picture, d1 +d2 = r and g1 +g2 = r.

3. Determine how far apart the foci are. Then, find d1 and d2.

4. Determine if the point (−2,3) is on the ellipse.

429

http://www.ck12.org


6.21. Ellipses Centered at the Origin www.ck12.org

Extension: Check out the website, http://schools.spsd.sk.ca/mountroyal/hoffman/MathC30/Ellipse/Ellipse.MOV to
see an animation of (x,y) moving around the ellipse, showing that d1 +d2 remains constant.

In this concept, the center of an ellipse will be (0,0). An ellipse can have either a vertical or horizontal orientation
(see below). There are always two foci and they are on the major axis. The major axis is the longer of the two axes
that pass through the center of an ellipse. Also on the major axis are the vertices, which its endpoints and are the
furthest two points away from each other on an ellipse. The shorter axis that passes through the center is called the
minor axis, with endpoints called co-vertices. The midpoint of both axes is the center.
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TABLE 6.14: Equation of an Ellipse, Centered at the Origin

x2

a2 +
y2

b2 = 1 HORIZONTAL
major axis is the x-axis with length 2a.
minor axis is the y-axis with length 2b.

x2

b2 +
y2

a2 = 1 VERTICAL
major axis is the y-axis with length 2a.
minor axis is the x-axis with length 2b.

Other Important Facts

• a is ALWAYS greater than b. If they are equal, we have a circle.
• The foci, vertices, and co-vertices relate through a version of the Pythagorean Theorem: c2 = a2−b2

Solve the following problems

Find the vertices, co-vertices, and foci of x2

64 +
y2

25 = 1. Then, graph the ellipse.

First, we need to determine if this is a horizontal or vertical ellipse. Because 64 > 25, we know that the ellipse will
be horizontal. Therefore, a2 = 64 making a =

√
64 = 8 and b2 = 25, making b =

√
25 = 5. Using the pictures

above, the vertices will be (8,0) and (−8,0) and the co-vertices will be (0,5) and (0,−5).

To find the foci, we need to use the equation c2 = a2−b2 and solve for c.
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c2 = 64−25 = 39

c =
√

39

The foci are
(√

39,0
)

and
(
−
√

39,0
)

.

To graph the ellipse, plot the vertices and co-vertices and connect the four points to make the closed curve.

Graph 49x2 +9y2 = 441. Identify the foci.

This equation is not in standard form. To rewrite it in standard form, the right side of the equation must be 1. Divide
everything by 441.

49x2

441
+

9y2

441
=

441
441

x2

9
+

y2

49
= 1

Now, we can see that this is a vertical ellipse, where b = 3 and a = 7.
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To find the foci, use c2 = a2−b2.

c2 = 49−9 = 40

c =
√

40 = 2
√

10

The foci are
(

0,2
√

10
)

and
(

0,−2
√

10
)

.

Write an equation for the ellipse with the given characteristics below and centered at the origin.

In either part, you may wish to draw the ellipse to help with the orientation.

vertex: (−6,0), co-vertex: (0,4)

We can conclude that a = 6 and b = 4. The ellipse is horizontal, because the larger value, a, is the x-value of the
vertex. The equation is x2

36 +
y2

16 = 1.

vertex: (0,9), focus: (0,−5)

For part b, we know that a = 9 and c = 5 and that the ellipse is vertical. Solve for b using c2 = a2−b2

52 = 92−b2

25 = 81−b2

b2 = 56→ b = 2
√

14

The equation is x2

56 +
y2

81 = 1
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Examples

Example 1

Earlier, you were asked where would the foci of your graph be located.

This equation is not in standard form. To rewrite it in standard form, the right side of the equation must be 1. Divide
everything by 144.

16x2

144
+

4y2

144
=

144
144

x2

9
+

y2

36
= 1

Now, we can see that this is a vertical ellipse, where b = 3 and a = 6.

To find the foci, use c2 = a2−b2.

c2 = 36−9 = 27

c =
√

27 = 3
√

3

The foci are therefore
(

0,3
√

3
)

and
(

0,−3
√

3
)

.

Example 2

Find the vertices, co-vertices, and foci of x2

4 + y2

36 = 1. Then, graph the equation.

Because the larger number is under y2, the ellipse is vertical. Therefore, a = 6 and b2. Use c2 = a2−b2 to find c.
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c2 = 62−22 = 36−4 = 32

c =
√

32 = 4
√

2

vertices: (0,6) and (0,−6)

co-vertices: (2,0) and (−2,0)

foci:
(

0,4
√

2
)

and
(

0,−4
√

2
)

Example 3

Graph 49x2 +64y2 = 3136 and find the foci.

Rewrite 49x2 +64y2 = 3136 in standard form.

49x2

3136
+

64y2

3136
=

3136
3136

x2

64
+

y2

49
= 1

This ellipse is horizontal with a = 8 and b = 7. Find c.

c2 = 64−49 = 15

c =
√

15

The foci are
(
−
√

15,0
)

and
(√

15,0
)

.
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Example 4

Find the equation of the ellipse with co-vertex (0,−7), focus (15,0) and centered at the origin.

Because the co-vertex is (0,−7),b = 7 and the ellipse is horizontal. From the foci, we know that c = 15. Find a.

152 = a2−72

a2 = 225+49 = 274 The equation is
x2

274
+

y2

49
= 1.

a =
√

274

Review

Find the vertices, co-vertices, and foci of each ellipse below. Then, graph.

1. x2

9 + y2

16 = 1
2. 4x2 +25y2 = 100
3. x2

64 + y2 = 1
4. 81x2 +100y2 = 8100
5. x2

49 +
y2

16 = 1
6. 121x2 +9y2 = 1089

Find the equation of the ellipse, centered at the origin, with the given information.

7. vertex: (−3,0) co-vertex: (0,1)
8. co-vertex: (7,0) major axis: 18 units
9. vertex: (0,5) minor axis: 4 units

10. vertex: (0,6) co-vertex: (−2,0)
11. co-vertex: (17,0) focus: (0,17)
12. vertex: (4,0) focus: (−3,0)
13. co-vertex: (−6,0) focus: (0,5)
14. focus: (0,−9) minor axis: 16 units
15. Real Life Application A portion of the backyard of the White House is called The Ellipse. The major axis is

1058 feet and the minor axis is 903 feet. Find the equation of the horizontal ellipse, assuming it is centered at
the origin.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.5.
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6.22 Ellipses Centered at (h, k)

Here you’ll graph and find the equation of ellipses that are not centered at the origin.

Your homework assignment is to draw the ellipse 16(x− 2)2 + 4(y+ 3)2 = 144. What is the vertex of your graph
and where will the foci of the ellipse be located?

Ellipses Centered at (h,k)

Just like in the previous lessons, an ellipse does not always have to be placed with its center at the origin. If the
center is (h,k) the entire ellipse will be shifted h units to the left or right and k units up or down. The equation

becomes (x−h)2

a2 + (y−k)2

b2 = 1. We will address how the vertices, co-vertices, and foci change in the next example.

Solve the following problems

Graph (x−3)2

16 + (y+1)2

4 = 1. Then, find the vertices, co-vertices, and foci.

First, we know this is a horizontal ellipse because 16 > 4. Therefore, the center is (3,−1) and a = 4 and b = 2. Use
this information to graph the ellipse.

To graph, plot the center and then go out 4 units to the right and left and then up and down two units. This is also
how you can find the vertices and co-vertices. The vertices are (3±4,−1) or (7,−1) and (−1,−1). The co-vertices
are (3,−1±2) or (3,1) and (3,−3).

To find the foci, we need to find c using c2 = a2−b2.
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c2 = 16−4 = 12

c = 2
√

3

Therefore, the foci are
(

3±2
√

3,−1
)

.

From this example, we can create formulas for finding the vertices, co-vertices, and foci of an ellipse with center
(h,k). Also, when graphing an ellipse, not centered at the origin, make sure to plot the center.

TABLE 6.15:

Orientation Equation Vertices Co-Vertices Foci
Horizontal (x−h)2

a2 + (y−k)2

b2 = 1 (h±a,k) (h,k±b) (h± c,k)

Vertical (x−h)2

b2 + (y−k)2

a2 = 1 (h,k±a) (h±b,k) (h,k± c)

Find the equation of the ellipse with vertices (−3,2) and (7,2) and co-vertex (2,−1).

These two vertices create a horizontal major axis, making the ellipse horizontal. If you are unsure, plot the given
information on a set of axes. To find the center, use the midpoint formula with the vertices.(−3+7

2 , 2+2
2

)
=
(4

2 ,
4
2

)
= (2,2)

The distance from one of the vertices to the center is a, |7−2|= 5. The distance from the co-vertex to the center is

b, |−1−2|= 3. Therefore, the equation is (x−2)2

52 + (y−2)2

32 = 1 or (x−2)2

25 + (y−2)2

9 = 1.

Graph 49(x−5)2 +25(y+2)2 = 1225 and find the foci.

First we have to get this into standard form, like the equations above. To make the right side 1, we need to divide
everything by 1225.

49(x−5)2

1225
+

25(y+2)2

1225
=

1225
1225

(x−5)2

25
+

(y+2)2

49
= 1

Now, we know that the ellipse will be vertical because 25 < 49. a = 7,b = 5 and the center is (5,−2).

438

http://www.ck12.org


www.ck12.org Chapter 6. Unit 6: Conics

To find the foci, we first need to find c by using c2 = a2−b2.

c2 = 49−25 = 24

c =
√

24 = 2
√

6

The foci are
(

5,−2±2
√

6
)

or (5,−6.9) and (5,2.9).

Examples

Example 1

Earlier, you were asked what is the vertex of your graph and where will the foci of the ellipse be located.

We first need to get our equation in the form of (x−h)2

a2 + (y−k)2

b2 = 1. So we divide both sides by 144.

16(x−2)2

144
+

4(y+3)2

144
=

144
144

(x−2)2

9
+

(y+3)2

36
.

Now we can see that h = 2 and 3 =−k or k =−3. Therefore the origin is (2,−3).

Because 9 < 36, we know this is a vertical ellipse. To find the foci, use c2 = a2−b2.

c2 = 36−9 = 27

c =
√

27 = 3
√

3

The foci are therefore
(

2, -3+3
√

3
)

and
(

2, -3−3
√

3
)

.
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Example 2

Find the center, vertices, co-vertices and foci of (x+4)2

81 + (y−7)2

16 = 1.

The center is (−4,7),a =
√

81 = 9 and b =
√

16 = 4, making the ellipse horizontal. The vertices are (−4±9,7) or
(−13,7) and (5,7). The co-vertices are (−4,7±4) or (−4,3) and (−4,11). Use c2 = a2−b2 to find c.

c2 = 81−16 = 65

c =
√

65

The foci are
(
−4−

√
65,7

)
and

(
−4+

√
65,7

)
.

Example 3

Graph 25(x−3)2 +4(y−1)2 = 100 and find the foci.

Change this equation to standard form in order to graph.

25(x−3)2

100
+

4(y−1)2

100
=

100
100

(x−3)2

4
+

(y−1)2

25
= 1

center: (3,1),b = 2,a = 5

Find the foci.

c2 = 25−4 = 21

c =
√

21
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The foci are
(

3,1+
√

21
)

and
(

3,1−
√

21
)

.

Example 4

Find the equation of the ellipse with co-vertices (−3,−6) and (5,−6) and focus (1,−2).

The co-vertices (−3,−6) and (5,−6) are the endpoints of the minor axis. It is |−3−5| = 8 units long, making
b = 4. The midpoint between the co-vertices is the center.(−3+5

2 ,−6
)
=
(2

2 ,−6
)
= (1,−6)

The focus is (1,−1) and the distance between it and the center is 4 units, or c. Find a.

16 = a2−16

32 = a2

a =
√

32 = 4
√

2

The equation of the ellipse is (x−1)2

16 + (y+6)2

32 = 1.

Review

Find the center, vertices, co-vertices, and foci of each ellipse below.

1. (x+5)2

25 + (y+1)2

36 = 1
2. (x+2)2 +16(y−6)2 = 16

3. (x−2)2

9 + (y−3)2

49 = 1
4. 25x2 +64(y−6)2 = 1600

5. (x−8)2 + (y−4)2

9 = 1
6. 81(x+4)2 +4(y+5)2 = 324
7. Graph the ellipse in #1.
8. Graph the ellipse in #2.
9. Graph the ellipse in #4.

10. Graph the ellipse in #5.

Using the information below, find the equation of each ellipse.

11. vertices: (−2,−3) and (8,−3) co-vertex: (3,−5)
12. vertices: (5,6) and (5,−12) focus: (5,−7)
13. co-vertices: (0,4) and (14,4) focus: (7,1)
14. foci: (−11,−4) and (1,−4) vertex: (−12,−4)
15. Extension Rewrite the equation of the ellipse, 36x2 + 25y2 − 72x + 200y− 464 = 0 in standard form, by

completing the square for both the x and y terms.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.6.
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6.23 Focal Property of Ellipses

Here you will learn about the focal property of ellipses, and you will further explore the standard form of the equation
of an ellipse.

In 1602, the astronomer Johannes Kepler was working on a problem for his boss Tycho Brahe. He was continuing a
centuries-old study trying to devise a formula that could calculate the orbits of the planets, specifically Mars in this
case. He worked for years on the problem with the most advanced technology of the time, but was never satisfied
with the results as they were never truly accurate or reliable.

To simplify his calculations, he hit upon the concept that a planet sweeps out equal areas of space (in a pie-slice
shaped figure with the sun at the tip) in equal amounts of time, despite differences in the distance of the planet from
the sun.

For the next three years he attempted to design the perfect equation to describe an orbit which would fit this and
other observations he was using.

Finally, in 1605, he realized that he had the answer. His realization/discovery would firmly place him as one of the
most famous scientists of all time.

What did he realize?

Watch This

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/54990

James Sousa: Graphing Quadratics

Guidance

Ellipses Not Centered at the Origin

To find an equation for ellipses centered around another point, say (h,k), simply replace x with x− h and y with
y− k. This will shift all the points of the ellipse to the right h units (or left if h < 0) and to up k units (or down if
k < 0). So the general form for a horizontally- or vertically-oriented ellipse is:

(x−h)2

a2 +
(y− k)2

b2 = 1

It is centered about the point (h,k). If b < a, the ellipse is horizontally oriented and has foci
(

h+
√

a2−b2,k
)

and(
h−

√
a2−b2,k

)
on its horizontal major axis. If a < b, it is vertically oriented and has foci

(
h,k+

√
a2−b2

)
and

(
h,k−

√
a2−b2

)
on its vertical major axis.
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Example A

Explain why subtracting h from the x−term and k from the y−term in the equation for an ellipse shifts the ellipse h
horizontally and k vertically.

Solution:

If (x,y) is a solution to (x−h)2

a2 + (y−k)2

b2 = 1

then (x+h,y+ k) is a solution to (x−h)2

a2 + (y−k)2

b2 = 1

This produces a graph that is shifted horizontally by h and vertically by k.

Example B

Graph the equation 4x2 +8x+9y2−36y+4 = 0.

Solution:

We need to get the equation into the form of general equation above. The first step is to group all the x terms and y
terms, factor our the leading coefficients of x2 and y2, and move the constants to the other side of the equation:

4(x2 +2x)+9(y2−4y) =−4

Now, we “complete the square” by adding the appropriate terms to the x expressions and the y expressions to make
a perfect square.

4(x2 +2x+1)+9(y2−4y+4) =−4+4+36

Now we factor and divide by the coefficients to get:

(x+1)2

9
+

(y−2)2

4
= 1

And there we have it. Once it’s in this form, we see this is an ellipse is centered around the point (-1,2), it has a
horizontal major axis of length 3 and a vertical minor axis of length 2, and from this we can make a sketch of the
ellipse:
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Example C

The National Statuary Hall in the United States Capital Building is an example of an ellipse-shaped room, sometimes
called an “echo room”, which provide an interesting application to a property of ellipses. If a person whispers very
quietly at one of the foci, the sound echoes in a way such that a person at the other focus can often hear them very
clearly. Rumor has it that John Quincy Adams took advantage of this property to eavesdrop on conversations in this
room.

How do Echo Rooms work? What does the elliptical shape of the room have to do with it?

Solution:

The property of ellipses that makes echo rooms work is called the “optical property.” So why echoes, if this is an
optical property? Well, light rays and sound waves bounce around in similar ways. In particular, they both bounce
off walls at equal angles. In the diagram below, α = β.

For a curved wall, they bounce at equal angles to the tangent line at that point:
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So the “optical property” of ellipses is that lines between a point on the ellipse and the two foci form equal angles to
the tangent at that point, or in other words, whispers coming from one foci bounce directly to the other foci. In the
diagram below, for each Q on the ellipse, 6 α∼= 6 β.

TABLE 6.16:

Concept question wrap-up:
In the introduction, we considered the problem that astronomer Johannes Kepler was working on for his boss
Tycho Brahe.
Kepler’s realization was that, even though he had deliberately avoided them for a very long time because they
were so simple, ellipses were the perfect shape to make all of his calculations come together.
When a planet orbits the sun (or when any object orbits any other), it takes an elliptical path and the sun lies at one
of the two foci of the ellipse. Kepler’s laws regarding planetary motion are accurate enough to produce modern
computations which are still used to predict the motion of artificial satellites today.

–>

Guided Practice

1) Though planets take an elliptical path around the sun, these ellipses often have a very low eccentricity, meaning
they are close to being circles. The diagram above exaggerates the elliptical shape of a planet’s orbit. The Earth’s
orbit has an eccentricity of 0.0167. Its minimum distance from the sun is 146 million km. What is its maximum
distance from the sun? If the sun’s diameter is 1.4 million kilometers, do both foci of the Earth’s orbit lie within the
sun?

2) What is the sum of the distances to the foci of the points on a vertically-oriented ellipse?

3) Graph the ellipse: x2−6x+5y2−10y−66 = 0.

4) Try to graph the ellipse:

3x2−12x+5y2 +10y−3 = 0
What goes wrong? Explain what you think the graph of this equation might look like.

5) Graph the ellipse (plot points):
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5x2−15x−2y2 +8y−50 = 0
What is different here? Explain what you think the graph of this equation might look like.

Answers

1) Recall that the eccentricity of an ellipse is ε =

√
a2−b2

a .

Assume that the orbit of the sun is an ellipse centered at (0,0). Then we can use the distance from the origin to the

focus
√

a2−b2 to set up the equations 146+146+2
√

a2−b2 = 2a and 0.167 =

√
a2−b2

a . Solving we get
a = 175.270,b = 175.245, and the distance from (0,0) to the foci, c = 2.927 (all units are in millions of km).
Finally the maximum distance from the earth to the sun is approximately 152 million km. From Kepler’s law,
we know one of the foci of its orbit is at the center of the sun. The other foci is 2(2.927) = 5.854 million
kilometers away, so it is outside the sun (but not by very far!)

2) 2b

3) To graph x2−6x+5y2−10y−66 = 0

(x−3)2 +5(y−1)2 = 80 ..... complete the square and factor (see the previous lesson if you need to review)
(x−3)2

80 + (y−1)2

16 = 1 ..... divide both sides by 80

4) After completing the square, we have the sum of positive numbers equaling a negative number. This is an
impossibility, so the equation has no solutions.

5) After completing the square, the x term and the y term are opposite signs. If you plot some points you will see that
the graph has two disconnected sections. This class of conic sections will be discussed in the lesson on hyperbolas.

Explore More

Graph the following more advanced ellipses.

1. (x)2 + (y+2)2

9 = 1
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2. (x+2)2

4 +(y+2)2 = 1

3. (x+2)2

9 +(y)2 = 1

4. (x−1)2

9 + (y−4)2

16 = 1
5. 4(x−1)2 +9(y)2 = 36
6. (x+1)2 + (y−1)2

9 = 1

7. (x−4)2 + (y+3)2

16 = 1

8. (x)2

16 + (y)2

9 = 1
9. 4(x+1)2 +(y−3)2 = 16

10. (x+4)2 + (y−1)2

16 = 1

Graph the following special-case ellipses.

11. (x+4)2 +(y+2)2 = 4
12. (x+2)2 +(y)2 = 16
13. (x−3)2 +(y−2)2 = 1
14. (x+2)2 +(y−1)2 = 9
15. (x−3)2 +(y−1)2 = 9
16. What do these ellipses have in common?

Answer the following word problems.

17. While the elliptical paths of planets are ellipses that are closely approximated by circles, comets and asteroids
often have orbits that are ellipses with very high eccentricity. Halley’s comet has an eccentricity of 0.967, and
comes within 54.6 million miles of the sun at its closest point, or “perihelion”. What is the furthest point it
reaches from the sun?

18. Calculate the area of an ellipse with the equation (x−h)2

a2 + (y−k)2

b2 = 1 (Hint: use a geometric argument starting
with the area of a circle.)

19. Design the largest possible echo room with the following constraints: You would like to spy on someone who
will be 3 m from the tip of the ellipse. The room cannot be more than 100 m wide in any direction. How far
from the person you’re spying on will you be standing?

20. No matter what the orientation of a stick, if you trace out the path that the shadow of the tip makes on a flat
surface, you will find it is an ellipse. Describe why this is true.

Answers for Explore More Problems

To view the Explore More answers, open this PDF file and look for section 6.2.
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6.24 Solving Systems of Lines, Quadratics, and
Conics

Here you’ll solve systems of equations with lines, parabolas, circles, or ellipses by graphing and substitution.

You are given the ellipse x2

4 + y2

9 = 1 and the line y = 3
2 x+ 3. You want to determine at which point(s), if any, the

two equations intersect without graphing. Does the line intersect the ellipse? If so, at which point(s) does it do so?

Systems of Lines, Quadratics and Conics

In the Solving Systems of Equations chapter, we solved a system involving two lines or three planes, by using
graphing, substitution, and linear combinations. In this concept, we will add circles, parabolas, and ellipses to
systems of equations. Because both x and y can be squared in these equations, there will often be more than one
answer.

Solve the following problems

Estimate the solutions for the system of equations below.

These two ellipses intersect in four places. They look to be the following points:

(0,7), (4.7,5.5), (4.9,4.3), and (−1,2.9)

Keep in mind these are only estimates. In the next example, we will show how to find the exact answers.
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Solve

x2 + y2 = 25

3x+2y = 6

Let’s solve this system by graphing. The first equation is a circle, centered at the origin, with a radius of 5. The
second equation is a line. In slope intercept form, it is y =−3

2 x+3.

Now, let’s estimate where the line and circle intersect. In the second quadrant, it looks like (−1.2,4.8) and in the
fourth quadrant it looks like (4,−3). These are our estimated answers.

To find the exact value of these points of intersection, we need to use substitution. Substitute in the linear equation
in for y into the circle equation and solve for x.

x2 +

(
−3

2
x+3

)2

= 25

x2 +
9
4

x2−9x+9 = 25

13
4

x2−9x−16 = 0

13x2−36x−64 = 0

Use the Quadratic Formula:
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x =
36±

√
362−4(13)(−64)

2(13)

=
36±

√
4624

26

=
36±68

26

The solutions, for x, are 36+68
26 = 4 and 36−68

26 =−1 3
13 . Plug these into either equation to solve for y.

y =−3
2(4)+3 =−3 and y =−3

2

(
−16

13

)
+3 = 4 11

13

The points are (4,−3) and
(
−1 3

13 ,4
11
13

)
.

The technique used in this example is how it is recommended you approach each problem. First, graph the system
so that you have an idea of how many solutions there are and where they are located. Then, use substitution to solve
for the exact answers.

Solve

x2

16
+

y2

9
= 1

y2 =−4
3
(x−6)

Graphing the two equations, we have four points of intersection below. The second equation is solved for y2, so
substitute that into the first equation.
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x2

16
− 4(x−6)

3 ·9
= 1

x2

16
− 4x−24

27
= 1

27x2−16(4x−24) = 432

27x2−64x−48 = 0

Now, use the Quadratic Formula to solve for x.

x =
64±

√
(−64)2−4(27)(−48)

2(27)

=
64±

√
9280

54

=
32±4

√
145

27

Plugging these into the calculator we get x = 32+4
√

145
27 ≈ 2.97 and x = 32−4

√
145

27 ≈−0.6. Looking at the graph,
we know that there will be two different y-values for each x-value to give four points of intersection. Using the
estimations, solve for y. You can choose either equation.

y2 =−4
3
(2.97−6) y2 =−4

3
(−0.6−6)

y2 = 4.04 and y2 = 8.8

y =±2.01 y =±2.97

The points are (2.97,2.01), (2.97,−2.01), (−0.6,2.97), and (−0.6,−2.97).

Examples

Example 1

Earlier, you were asked does the line intersect the ellipse. If so, at which point(s)?

First, let’s get rid of the fractions in the equation of the ellipse to make it easier to work with. To do so, we multiply
by the LCD.

x2

4
+

y2

9
= 1

36
x2

4
+36

y2

9
= 36 ·1

9x2 +4y2 = 36

Now we can substitute the equation of the line y = 3
2 x+3 in for y and solve for x.
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9x2 +4(
3
2

x+3)2 = 36

9x2 +4(
9
4

x2 +9x+9) = 36

9x2 +9x2 +36x+36 = 36

18x2 +36x = 0

18x(x+2) = 0

So, x = 0 or x =−2

Finally we can substitute these x values into the equation of the line to find the corresponding y values.

y = 3
2(0)+3 = 3

y = 3
2(−2)+3 = 0

Therefore, the line intersects the ellipse at points (0,3) and (−2,0).

Example 2

Estimate the solutions to the system below.

(3,−0.1) and (4.5,−6)

Find the solutions to the systems below.
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Example 3

x2 +(y−1)2 = 36

x2 = 2(y+9)

This is a circle and a parabola that intersects in four places.

Using substitution for x2, we have:

2(y+9)+(y−1)2 = 36

2y+18+ y2−2y+1 = 36

y2 = 17

y =±
√

17≈±4.12

The corresponding x-values are:

x2 = 2(4.12+9) x2 = 2(−4.12+9)

x2 = 26.25 and x2 = 9.76

x =±5.12 x =±3.12

The solutions are: (4.12,5.12), (4.12,−5.12), (−4.12,3.12) and (−4.12,−3.12).
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Example 4

x2 = y+8

4x+5y = 12

This is a line and a parabola that intersect in two points.

Solve the first equation for y and substitute into the second.

4x+5(x2−8) = 12

4x+5x2−40 = 12

5x2 +4x−52 = 0

x =
−4±

√
42−4(5)(−52)

2(5)

x =
−4±

√
1056

10
≈ 3.65,2.85

Using the first equation, y = 3.652−8 = 5.32 and y = 2.852−8 = 0.12. The points are (3.65,5.32) and (2.85,0.12).

Review

Estimate the solutions for each system of equations below.
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1.

2.
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3.

4.

Solve each system of equations below.

5. .

5x2 +3y = 17

x− y = 1

6. .
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x2 + y2 = 7.5

x+2y = 6

7. .

x2 = y+4

x2

4
+(y+2)2 = 1

8. .

(x−1)2 +(y−3)2 = 25

x2 =−2(y−10)

9. .

x2 + y2 = 16

4x−3y = 18

10. .

(x+4)2 +(y+1)2 = 36

(x+1)2

4
+

(y−2)2

25
= 1

11. How many different ways can a circle and a parabola intersect? Draw each possibility.
12. How many different ways can a circle and an ellipse intersect? Draw each possibility.
13. Create a system of two circles with no solution. What would the graph look like?

14. Challenge Find the solutions for the system

x2 + y2 = r2

y = mx

Leave your answers in terms of m and r.

15. Challenge Determine if the system of three equations below have one common solution.

x2 +3y2 = 16

3x2 + y2 = 16

y = x
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Answers for Review Problems

To see the Review answers, open this PDF file and look for section 10.12.

458

http://www.ck12.org
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-10-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-10-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-10-Algebra-II-withTrigonometry-Concepts-%28Revised%29.pdf


www.ck12.org Chapter 6. Unit 6: Conics

6.25 References

1. . . CC BY-NC-SA
2. . . CC BY-NC-SA
3. . . CC BY-NC-SA
4. . . CC BY-NC-SA
5. . . CC BY-NC-SA
6. . . CC BY-NC-SA
7. . . CC BY-NC-SA
8. . . CC BY-NC-SA
9. . . CC BY-NC-SA

10. . . CC BY-NC-SA
11. . . CC BY-NC-SA
12. . . CC BY-NC-SA
13. . . CC BY-NC-SA
14. . . CC BY-NC-SA

459

http://www.ck12.org


www.ck12.org

CHAPTER 7 Unit 7: Vectors
Chapter Outline

7.1 TRIGONOMETRIC FORM OF COMPLEX NUMBERS

7.2 POLAR TO RECTANGULAR CONVERSIONS

7.3 RECTANGULAR TO POLAR FORM FOR EQUATIONS

7.4 OPERATIONS WITH VECTORS

7.5 RESULTANT AS MAGNITUDE AND DIRECTION

7.6 RESULTANT AS THE SUM OF TWO COMPONENTS

7.7 RESOLUTION OF VECTORS INTO COMPONENTS

7.8 RESULTANT OF TWO DISPLACEMENTS

7.9 VECTOR MULTIPLIED BY A SCALAR

7.10 UNIT VECTORS AND COMPONENTS

460

http://www.ck12.org


www.ck12.org Chapter 7. Unit 7: Vectors

7.1 Trigonometric Form of Complex Numbers

Here you’ll learn how to express a complex number in trigonometric form by understanding the relationship between
the rectangular form of complex numbers and their corresponding polar form.

You have begun working with complex numbers in your math class. While describing numbers in the complex plane,
you realize that the plotting of a complex number is a lot like plotting a set of points on a rectangular coordinate
system.

You also learned in math class that you can convert coordinates from a rectangular system into a polar system. As
you are considering this, you plot the complex number 2+ 3i. Can you somehow convert this into a type of polar
plot that you’ve done before?

Trigonometric Form of Complex Numbers

A number in the form a+ bi, where a and b are real numbers, and i is the imaginary unit, or
√
−1, is called a

complex number. Despite their names, complex numbers and imaginary numbers have very real and significant
applications in both mathematics and in the real world. Complex numbers are useful in pure mathematics, providing
a more consistent and flexible number system that helps solve algebra and calculus problems. We will see some of
these applications in the examples throughout this Concept.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/176793

The following diagram will introduce you to the relationship between complex numbers and polar coordinates.
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In the figure above, the point that represents the number x+yi was plotted and a vector was drawn from the origin to
this point. As a result, an angle in standard position, θ, has been formed. In addition to this, the point that represents
x+ yi is r units from the origin. Therefore, any point in the complex plane can be found if the angle θ and the r−
value are known. The following equations relate x,y,r and θ.

x = r cosθ y = r sinθ r2 = x2 + y2 tanθ =
y
x

If we apply the first two equations to the point x+ yi the result would be:

x+ yi = r cosθ+ risinθ→ r(cosθ+ isinθ)

The right side of this equation r(cosθ+ isinθ) is called the polar or trigonometric form of a complex number. A
shortened version of this polar form is written as r cis θ. The length r is called the absolute value or the modulus,
and the angle θ is called the argument of the complex number. Therefore, the following equations define the polar
form of a complex number:

r2 = x2 + y2 tanθ =
y
x

x+ yi = r(cosθ+ isinθ)

It is now time to implement these equations perform the operation of converting complex numbers in standard form
to complex numbers in polar form. You will use the above equations to do this.

Represent the complex number

Here is the graph of 5+7i.
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Converting to polar from rectangular, x = 5 and y = 7.

r =
√

52 +72 = 8.6 tanθ =
7
5

tan−1(tanθ) = tan−1 7
5

θ = 54.5◦

So, the polar form is 8.6(cos54.5◦+ isin54.5◦).

Another widely used notation for the polar form of a complex number is r 6 θ = r(cosθ+ isinθ). Finally, there is a
third way to write a complex number, in the form of rcisθ, where "r" is the length of the vector in polar form, and θ

is the angle the vector makes with the positive "x" axis. This makes a total of three ways to write the polar form of a
complex number.

x+ yi = r(cosθ+ isinθ) x+ yi = rcisθ x+ yi = r 6 θ

Express the following polar form of each complex number using the shorthand representations.

4.92(cos214.6◦+ isin214.6◦)

4.926 214.6◦

4.92 cis 214.6◦

15.6(cos37◦+ isin37◦)

15.66 37◦

15.6 cis 37◦
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Represent the complex number

From the rectangular form of −3.12−4.64i x =−3.12 and y =−4.64

r =
√

x2 + y2

r =
√

(−3.12)2 +(−4.64)2

r = 5.59

tanθ =
y
x

tanθ =
−4.64
−3.12

θ = 56.1◦

This is the reference angle so now we must determine the measure of the angle in the third quadrant. 56.1◦+180◦ =
236.1◦

One polar notation of the point −3.12−4.64i is 5.59(cos236.1◦+ isin236.1◦). Another polar notation of the point
is 5.596 236.1◦

So far we have expressed all values of theta in degrees. Polar form of a complex number can also have theta expressed
in radian measure. This would be beneficial when plotting the polar form of complex numbers in the polar plane.

The answer to the above example −3.12−4.64i with theta expressed in radian measure would be:
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tanθ =
−4.64
−3.12

tanθ = .9788(reference angle)

0.9788+3.14 = 4.12 rad.

5.59(cos4.12+ isin4.12)

Now that we have explored the polar form of complex numbers and the steps for performing these conversions, we
will look at an example in circuit analysis that requires a complex number given in polar form to be expressed in
standard form.

Examples

Example 1

Earlier, you were asked to convert a complex number into polar form.

You can now convert 2+ 3i into polar form by using the equations giving the radius and angle of the number’s
position in the complex plane:

r =
√

x2 + y2

r =
√

(2)2 +(3)2

r =
√

13

tanθ =
y
x

tanθ =
3
2

θ = 56.31◦

Therefore, the polar form of 2+3i is
√

13(cos56.31◦+ isin56.31◦).

Example 2

The impedance Z, in ohms, in an alternating circuit is given by Z = 4650 6 − 35.2◦. Express the value for Z in
standard form. (In electricity, negative angles are often used.)

The value for Z is given in polar form. From this notation, we know that r = 4650 and θ = −35.2◦ Using these
values, we can write:

Z = 4650(cos(−35.2◦)+ isin(−35.2◦))

x = 4650cos(−35.2◦)→ 3800

y = 4650sin(−35.2◦)→−2680

Therefore the standard form is Z = 3800−2680iohms.
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Example 3

Express the following complex numbers in their polar form.

1. 4+3i
2. −2+9i
3. 7− i
4. −5−2i

1. 4+3i→ x = 4,y = 3

r =
√

42 +32 = 5, tanθ =
3
4
→ θ = 36.87◦→ 5(cos36.87◦+ isin36.87◦)

2. −2+9i→ x =−2,y = 9

r =
√
(−2)2 +92 =

√
85≈ 9.22, tanθ =−9

2
→ θ = 102.53◦→ 9.22(cos102.53◦+ isin102.53◦)

3. 7− i→ x = 7,y =−1

r =
√

72 +12 =
√

50≈ 7.07, tanθ =−1
7
→ θ = 351.87◦→ 7.07(cos351.87◦+ isin351.87◦)

4. −5−2i→ x =−5,y =−2

r =
√

(−5)2 +(−2)2 =
√

29≈ 5.39, tanθ =
2
5
→ θ = 201.8◦→ 5.39(cos201.8◦+ isin201.8◦)

Example 4

Express the complex number 6−8i graphically and write it in its polar form.

6−8i
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6−8i

x = 6 and y =−8 tanθ =
y
x

r =
√

x2 + y2 tanθ =
−8
6

r =
√
(6)2 +(−8)2 θ =−53.1◦

r = 10

Since θ is in the fourth quadrant then θ =−53.1◦+360◦ = 306.9◦ Expressed in polar form 6−8i is 10(cos306.9◦+
isin306.9◦) or 10 6 306.9◦

Review

Plot each of the following points in the complex plane.

1. 1+ i
2. 2−3i
3. −2− i
4. i
5. 4− i

Find the trigonometric form of the complex numbers where 0≤ θ < 2π.

6. 8−6i
7. 5+12i
8. 2−2i
9. 3+3i

10. 2+3i
11. 5−6i

Write each complex number in standard form.

12. 4(cos30◦+ isin30◦)
13. 3(cos π

4 + isin π

4 )
14. 2(cos 7π

6 + isin 7π

6 )
15. 2(cos π

12 + isin π

12)

Review (Answers)

To see the Review answers, open this PDF file and look for section 6.9.
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7.2 Polar to Rectangular Conversions

Here you’ll learn how to convert a position described in polar coordinates to the equivalent position in rectangular
coordinates.

You are hiking one day with friends. When you stop to examine your map, you mark your position on a polar plot
with your campsite at the origin, like this

You decide to plot your position on a different map, which has a rectangular grid on it instead of a polar plot. Can
you convert your coordinates from the polar representation to the rectangular one?

Converting Polar Coordinates to Rectangular Coordinates

Just as x and y are usually used to designate the rectangular coordinates of a point, r and θ are usually used to
designate the polar coordinates of the point. r is the distance of the point to the origin. θ is the angle that the line
from the origin to the point makes with the positive x−axis.
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/176786

The diagram below shows both polar and Cartesian coordinates applied to a point P. By applying trigonometry, we
can obtain equations that will show the relationship between polar coordinates (r,θ) and the rectangular coordinates
(x,y)

The point P has the polar coordinates (r,θ) and the rectangular coordinates (x,y).

Therefore

x = r cosθ r2 = x2 + y2

y = r sinθ tanθ =
y
x

These equations, also known as coordinate conversion equations, will enable you to convert from polar to rectangular
form.

Convert the following polar coordinates to rectangular coordinates

Given the following polar coordinates, find the corresponding rectangular coordinates of the points: W (4,−200◦),H
(
4, π

3

)
For W (4,−200◦),r = 4 and θ =−200◦

x = r cosθ y = r sinθ

x = 4cos(−200◦) y = 4sin(−200◦)

x = 4(−.9396) y = 4(.3420)

x≈−3.76 y≈ 1.37

The rectangular coordinates of W are approximately (−3.76,1.37).

For H
(
4, π

3

)
,r = 4 and θ = π

3
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x = r cosθ y = r sinθ

x = 4cos
π

3
y = 4sin

π

3

x = 4
(

1
2

)
y = 4

( √
3

2

)
x = 2 y = 2

√
3

The rectangular coordinates of H are (2,2
√

3) or approximately (2,3.46).

In addition to writing polar coordinates in rectangular form, the coordinate conversion equations can also be used to
write polar equations in rectangular form.

Write in rectangular form

Write the polar equation r = 4cosθ in rectangular form.

r = 4cosθ

r2 = 4r cosθ Multiply both sides by r.

x2 + y2 = 4x r2 = x2 + y2 and x = r cosθ

The equation is now in rectangular form. The r2 and θ have been replaced. However, the equation, as it appears,
does not model any shape with which we are familiar. Therefore, we must continue with the conversion.

x2−4x+ y2 = 0

x2−4x+4+ y2 = 4 Complete the square f or x2−4x.

(x−2)2 + y2 = 4 Factor x2−4x+4.

The rectangular form of the polar equation represents a circle with its centre at (2, 0) and a radius of 2 units.

This is the graph represented by the polar equation r = 4cosθ for 0≤ θ≤ 2π or the rectangular form (x−2)2+y2 = 4.

Write in rectangular form

Write the polar equation r = 3cscθ in rectangular form.
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r = 3cscθ

r
cscθ

= 3 divide bycscθ

r · 1
cscθ

= 3

r sinθ = 3 sinθ =
1

cscθ

y = 3 y = r sinθ

Examples

Example 1

Earlier, you were asked to convert your coordinates from polar representation to the rectangular one.

You can see from the map that your position is represented in polar coordinates as (3,70◦). Therefore, the radius is
equal to 3 and the angle is equal to 70◦. The rectangular coordinates of this point can be found as follows:

x = r cosθ y = r sinθ

x = 3cos(70◦) y = 3sin(70◦)

x = 3(.342) y = 3(.94)

x≈ 1.026 y≈ 2.82

Example 2

Write the polar equation r = 6cosθ in rectangular form.

r = 6cosθ

r2 = 6r cosθ

x2 + y2 = 6x

x2−6x+ y2 = 0

x2−6x+9+ y2 = 9

(x−3)2 + y2 = 9

Example 3

Write the polar equation r sinθ =−3 in rectangular form.

r sinθ =−3

y =−3
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Example 4

Write the polar equation r = 2sinθ in rectangular form.

r = 2sinθ

r2 = 2r sinθ

x2 + y2 = 2y

y2−2y =−x2

y2−2y+1 =−x2 +1

(y−1)2 =−x2 +1

x2 +(y−1)2 = 1

Review

Given the following polar coordinates, find the corresponding rectangular coordinates of the points.

1. (2, π

6 )
2. (4, 2π

3 )
3. (5, π

3 )
4. (3, π

4 )
5. (6, 3π

4 )

Write each polar equation in rectangular form.

6. r = 3sinθ

7. r = 2cosθ

8. r = 5cscθ

9. r = 3secθ

10. r = 6cosθ

11. r = 8sinθ

12. r = 2cscθ

13. r = 4secθ

14. r = 3cosθ

15. r = 5sinθ

Review (Answers)

To see the Review answers, open this PDF file and look for section 6.4.
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7.3 Rectangular to Polar Form for Equations

Here you’ll learn to convert equations expressed in rectangular coordinates to equations expressed in polar coordi-
nates through substitution.

You are working diligently in your math class when your teacher gives you an equation to graph:

(x+1)2− (y+2)2 = 7

As you start to consider how to rearrange this equation, you are told that the goal of the class is to convert the
equation to polar form instead of rectangular form.

Can you find a way to do this?

Rectangular Equations to Polar Form

Interestingly, a rectangular coordinate system isn’t the only way to plot values. A polar system can be useful.
However, it will often be the case that there are one or more equations that need to be converted from rectangular to
polar form. To write a rectangular equation in polar form, the conversion equations of x = r cosθ and y = r sinθ are
used.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/176789

If the graph of the polar equation is the same as the graph of the rectangular equation, then the conversion has been
determined correctly.
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(x−2)2 + y2 = 4

The rectangular equation (x− 2)2 + y2 = 4 represents a circle with center (2, 0) and a radius of 2 units. The polar
equation r = 4cosθ is a circle with center (2, 0) and a radius of 2 units.

Write the rectangular equation to polar form

Write the rectangular equation x2 + y2 = 2x in polar form.

Remember r =
√

x2 + y2,r2 = x2 + y2 and x = r cosθ.
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x2 + y2 = 2x

r2 = 2(r cosθ) Pythagorean T heorem and x = r cosθ

r2 = 2r cosθ

r = 2cosθ Divide each side by r

Write the rectangular equation in polar form

Write (x−2)2 + y2 = 4 in polar form.

Remember x = r cosθ and y = r sinθ.

(x−2)2 + y2 = 4

(r cosθ−2)2 +(r sinθ)2 = 4 x = r cosθ and y = r sinθ

r2 cos2
θ−4r cosθ+4+ r2 sin2

θ = 4 expand the terms

r2 cos2
θ−4r cosθ+ r2 sin2

θ = 0 subtract 4 f rom each side

r2 cos2
θ+ r2 sin2

θ = 4r cosθ isolate the squared terms

r2(cos2
θ+ sin2

θ) = 4r cosθ f actor r2−a common f actor

r2 = 4r cosθ Pythagorean Identity

r = 4cosθ Divide each side by r

Write the rectangular equation in polar form

Write the rectangular equation (x+4)2 +(y−1)2 = 17 in polar form.

(x+4)2 +(y−1)2 = 17

(r cosθ+4)2 +(r sinθ−1)2 = 17 x = r cosθ and y = r sinθ

r2 cos2
θ+8r cosθ+16+ r2 sin2

θ−2r sinθ+1 = 17 expand the terms

r2 cos2
θ+8r cosθ−2r sinθ+ r2 sin2

θ = 0 subtract 17 f rom each side

r2 cos2
θ+ r2 sin2

θ =−8r cosθ+2r sinθ isolate the squared terms

r2(cos2
θ+ sin2

θ) =−2r(4cosθ− sinθ) f actor r2−a common f actor

r2 =−2r(4cosθ− sinθ) Pythagorean Identity

r =−2(4cosθ− sinθ) Divide each side by r

Examples

Example 1

Earlier, you were asked to convert an equation to polar form.

The original equation to convert is:

(x+1)2− (y+2)2 = 7
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You can substitute x = r cosθ and y = r sinθ into the equation, and then simplify:

(r cosθ+1)2− (r sinθ+2)2 = 7

(r2 cos2
θ+2r cosθ+1)− (r2 sin2

θ+4r sinθ+4) = 7

r2(cos2
θ− sin2

θ)+2r(cosθ−2sinθ)−3 = 7

r2(cos2
θ− sin2

θ)+2r(cosθ−2sinθ) = 10

Example 2

Write the rectangular equation (x−4)2 +(y−3)2 = 25 in polar form.

(x−4)2 +(y−3)2 = 25

x2−8x+16+ y2−6y+9 = 25

x2−8x+ y2−6y+25 = 25

x2−8x+ y2−6y = 0

x2 + y2−8x−6y = 0

r2−8(r cosθ)−6(r sinθ) = 0

r2−8r cosθ−6r sinθ = 0

r(r−8cosθ−6sinθ) = 0

r = 0 or r−8cosθ−6sinθ = 0

r = 0 or r = 8cosθ+6sinθ

From graphing r−8cosθ−6sinθ = 0, we see that the additional solutions are 0 and 8.

Example 3

Write the rectangular equation 3x−2y = 1 in polar form.

3x−2y = 1

3r cosθ−2r sinθ = 1

r(3cosθ−2sinθ) = 1

r =
1

3cosθ−2sinθ

Example 4

Write the rectangular equation x2 + y2−4x+2y = 0 in polar form.
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x2 + y2−4x+2y = 0

r2 cos2
θ+ r2 sin2

θ−4r cosθ+2r sinθ = 0

r2(sin2
θ+ cos2

θ)−4r cosθ+2r sinθ = 0

r(r−4cosθ+2sinθ) = 0

r = 0 or r−4cosθ+2sinθ = 0

r = 0 or r = 4cosθ−2sinθ

Review

Write each rectangular equation in polar form.

1. x = 3
2. y = 4
3. x2 + y2 = 4
4. x2 + y2 = 9
5. (x−1)2 + y2 = 1
6. (x−2)2 +(y−3)2 = 13
7. (x−1)2 +(y−3)2 = 10
8. (x+2)2 +(y+2)2 = 8
9. (x+5)2 +(y−1)2 = 26

10. x2 +(y−6)2 = 36
11. x2 +(y+2)2 = 4
12. 2x+5y = 11
13. 4x−7y = 10
14. x+5y = 8
15. 3x−4y = 15

Review (Answers)

To see the Review answers, open this PDF file and look for section 6.6.
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7.4 Operations with Vectors

Here you will add and subtract vectors with vectors and vectors with points. When two or more forces are acting on
the same object, they combine to create a new force. A bird flying due south at 10 miles an hour in a headwind of
2 miles an hour only makes headway at a rate of 8 miles per hour. These forces directly oppose each other. In real
life, most forces are not parallel. What will happen when the headwind has a slight crosswind as well, blowing NE
at 2 miles per hour. How far does the bird get in one hour?

Basic Vector Operations

Scalar multiplication means to multiply a vector by a number. This changes the magnitude of the vector, but not
its direction. If −→v =< 3,4 >, then 2−→v =< 6,8 >. Scalar multiplication is fairly simple.

Adding and subtracting vectors is slightly more difficult. When adding vectors, place the tail of one vector at the
head of the other. This is called the tail-to-head rule. The vector that is formed by joining the tail of the first vector
with the head of the second is called the resultant vector.

Vector subtraction reverses the direction of the second vector. −→a −
−→
b =−→a +(−

−→
b ):

Adding vectors can be done in either order (just like with regular numbers). Subtracting vectors must be done in a
specific order or else the vector will be negative (just like with regular numbers).

To find the length or magnitude of a resultant vector, you can use the law of cosines. To do this, you also need to
know the angle between the two vectors. Say you were given two vectors −→a and

−→
b , have magnitudes of 5 and

9 respectively and that the angle between the vectors is 53◦. To find the magnitude of ~a+~b , which is written
as |−→a +

−→
b |, notice that you have a parallelogram.
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In order to fine the magnitude of the resulting vector in red, note that the triangle on the bottom has sides 9 and 5
with included angle 127◦ due to the properties of parallelograms. And, so applying the Law of Cosines, you get:

x2 = 92 +52−2 ·9 ·5 · cos127◦

x≈ 12.66

For this video, focus on scalar multiplication and adding and subtracting vectors:

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61368

Examples

Example 1

Earlier, you were asked about how fast a bird was flying. A bird flying due south at 10 miles an hour with a cross
headwind of 2 mph heading NE would have a force diagram that looks like this:
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The angle between the bird’s vector and the wind vector is 45◦ which means this is a perfect situation for the Law of
Cosines. Let x = the red vector.

x2 = 102 +22−2 ·10 ·2 · cos45◦

x≈ 8.7

The bird is blown slightly off track and travels only about 8.7 miles in one hour.

Example 2

Using the same vectors with magnitude 5 and 9 and angle of 53◦ from the main section, what is the angle that the
sum −→a +

−→
b makes with −→a ?

Start by drawing a good picture and labeling what you know. |−→a |= 5, |
−→
b |= 9, |−→a +

−→
b | ≈ 12.66 . Since you know

three sides of the triangle and you need to find one angle, this is the SSS application of the Law of Cosines.

92 = 12.662 +52−2 ·12.66 ·5 · cosθ

θ = 34.6◦
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Example 3

Elaine started a dog walking business. She walks two dogs at a time named Elvis and Ruby. They each pull her in
different directions at a 45◦ angle with different forces. Elvis pulls at a force of 25 N and Ruby pulls at a force of
49 N. How hard does Elaine need to pull so that she can stay balanced? Note that N stands for Newtons which is
the standard unit of force.

Even though the two vectors are centered at Elaine, the forces are added which means that you need to use the
tail-to-head rule to add the vectors together. Finding the angle between each component vector requires logical use
of supplement angles.

x2 = 492 +252−2 ·49 ·25 · cos135◦

x≈ 68.98 N

In order for Elaine to stay balanced, she will need to counteract this force with an equivalent force of her own in the
exact opposite direction.

Example 4

Consider vector −→v =< 2,5 > and vector −→u =<−1,9 >. Determine the component form of the following: 3−→v −
2−→u .

Do multiplication first for each term, followed by vector subtraction.

3 ·−→v −2 ·−→u = 3·< 2,5 >−2·<−1,9 >

=< 6,15 >−<−2,18 >

=< 8,−3 >
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Example 5

An airplane is flying at a bearing of 270◦ at 400 mph. A wind is blowing due south at 30 mph. Does this cross wind
affect the plane’s speed?

Since the cross wind is perpendicular to the plane, it pushes the plane south as the plane tries to go directly east. As
a result the plane still has an airspeed of 400 mph but the groundspeed (true speed) needs to be calculated.

4002 +302 = x2

x≈ 401

Review

Consider vector −→v =< 1,3 > and vector −→u =<−2,4 >.

1. Determine the component form of 5−→v −2−→u .
2. Determine the component form of −2−→v +4−→u .
3. Determine the component form of 6−→v +−→u .
4. Determine the component form of 3−→v −6−→u .
5. Find the magnitude of the resultant vector from #1.
6. Find the magnitude of the resultant vector from #2.
7. Find the magnitude of the resultant vector from #3.
8. Find the magnitude of the resultant vector from #4.
9. The vector < 3,4 > starts at the origin. What is the direction of the vector?

10. The vector <−1,2 > starts at the origin. What is the direction of the vector?
11. The vector < 3,−4 > starts at the origin. What is the direction of the vector?
12. A bird flies due south at 8 miles an hour with a cross headwind blowing due east at 15 miles per hour. How

far does the bird get in one hour?
13. What direction is the bird in the previous problem actually moving?
14. A football is thrown at 50 miles per hour due north. There is a wind blowing due east at 8 miles per hour. What

is the actual speed of the football?
15. What direction is the football in the previous problem actually moving?

Review (Answers)

To see the Review answers, open this PDF file and look for section 7.2.
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7.5 Resultant as Magnitude and Direction

Here you’ll learn how to express a vector as a combination of the vector’s magnitude (length) and its direction (which
way it is pointing).

You are out playing soccer with friends after school one day when you and a friend kick the soccer ball at the same
time. However, you kick the ball with 55 N of force with a vector like this:

and your friend kicks the ball with 70 N of force with a vector like this:
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The angle between the two vectors is 74◦, and combined the graph of both vectors looks like this:

Can you represent the net force on the ball? What will the resultant vector be like?

Resultant of a Magnitude and Direction

If we don’t have two perpendicular vectors, we can still find the magnitude and direction of the resultant without a
graphic estimate with a construction using a compass and ruler. This can be accomplished using both the Law of
Sines and the Law of Cosines.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/176751

Find the magnitude and direction

~A makes a 54◦ angle with ~B. The magnitude of ~A is 13.2. The magnitude of ~B is 16.7. Find the magnitude and
direction the resultant makes with the smaller vector.
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There is no preferred orientation such as a compass direction or any necessary use of x and y coordinates. The
problem can be solved without the use of unit vectors.

In order to solve this problem, we will need to use the parallelogram method. Since vectors only have magnitude
and direction, one can move them on the plane to any position one wishes, as long as the magnitude and direction
remain the same. First, we will complete the parallelogram: Label the vectors. Move~b so its tail is on the tip of
~a. Move ~a so its tail is on the tip of~b. This makes a parallelogram because the angles did not change during the
translation. Put in labels for the vertices of the parallelogram.

Since opposite angles in a parallelogram are congruent, we can find6 A.

6 CBD+ 6 CAD+ 6 ACB+ 6 BDA = 360

2 6 CBD+26 ACB = 360
6 ACB = 54◦

26 CBD = 360−2(54)

6 CBD =
360−2(54)

2
= 126

Now, we know two sides and the included angle in an oblique triangle. This means we can use the Law of Cosines
to find the magnitude of our resultant.

x2 = 13.22 +16.72−2(13.2)(16.7)cos126

x2 = 712.272762

x = 26.7
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To find the direction, we can use the Law of Sines since we now know an angle and a side across from it. We choose
the Law of Sines because it is a proportion and less computationally intense than the Law of Cosines.

sinθ

16.7
=

sin126
26.7

sinθ =
16.7sin126

26.7
sinθ = 0.5060143748

θ = sin−1 0.5060 = 30.4◦

The magnitude of the resultant is 26.7 and the direction it makes with the smaller vector is 30.4◦ counterclockwise.

We can use a similar method to add three or more vectors.

Find the magnitude and direction of the vectors

Vector A makes a 45◦ angle with the horizontal and has a magnitude of 3. Vector B makes a 25◦ angle with the
horizontal and has a magnitude of 5. Vector C makes a 65◦ angle with the horizontal and has a magnitude of 2. Find
the magnitude and direction (with the horizontal) of the resultant of all three vectors.

To begin this problem, we will find the resultant using Vector A and Vector B. We will do this using the parallelogram
method like we did above.

Since Vector A makes a 45◦ angle with the horizontal and Vector B makes a 25◦ angle with the horizontal, we know
that the angle between the two (6 ADB) is 20◦.

To find 6 DBE:
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26 ADB+26 DBE = 360
6 ADB = 20◦

26 DBE = 360−2(20)

6 DBE =
360−2(20)

2
= 160

Now, we will use the Law of Cosines to find the magnitude of DE.

DE2 = 32 +52−2(3)(5)cos160

DE2 = 62

DE = 7.9

Next, we will use the Law of Sines to find the measure of 6 EDB.

sin160
7.9

=
sin 6 EDB

3

sin 6 EDB =
3sin160

7.9
sin 6 EDB = .1299
6 EDB = sin−1 0.1299 = 7.46◦

We know that Vector B forms a 25◦ angle with the horizontal so we add that value to the measure of 6 EDB to find
the angle DE makes with the horizontal. Therefore, DE makes a 32.46◦ angle with the horizontal.

Next, we will take DE, and we will find the resultant vector of DE and Vector C from above. We will repeat the
same process we used above.

Vector C makes a 65◦ angle with the horizontal and DE makes a 32◦ angle with the horizontal. This means that the
angle between the two (6 CDE) is 33◦. We will use this information to find the measure of 6 DEF .

26 CDE +2 6 DEF = 360
6 CDE = 33◦

2 6 DEF = 360−2(33)

6 DEF =
360−2(33)

2
= 147
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Now we will use the Law of Cosines to find the magnitude of DF .

DF2 = 7.92 +22−2(7.9)(2)cos147

DF2 = 92.9

DF = 9.6

Next, we will use the Law of Sines to find 6 FDE.

sin147
9.6

=
sin 6 FDE

2

sin 6 FDE =
2sin147

9.6
sin 6 FDE = .1135
6 FDE = sin−1 0.1135 = 6.5◦ = 7◦

Finally, we will take the measure of 6 FDE and add it to the 32◦ angle that DE forms with the horizontal. Therefore,
DF forms a 39◦ angle with the horizontal.

Find the magnitude of the resultant

Two forces of 310 lbs and 460 lbs are acting on an object. The angle between the two forces is 61.3◦. What is the
magnitude of the resultant? What angle does the resultant make with the smaller force?

We do not need unit vectors here as there is no preferred direction like a compass direction or a specific axis. First,
to find the magnitude we will need to figure out the other angle in our parallelogram.
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2 6 ACB+26 CAD = 360
6 ACB = 61.3◦

26 CAD = 360−2(61.3)

6 CAD =
360−2(61.3)

2
= 118.7

Now that we know the other angle, we can find the magnitude using the Law of Cosines.

x2 = 4602 +3102−2(460)(310)cos118.7◦

x2 = 444659.7415

x = 667

To find the angle the resultant makes with the smaller force, we will use the Law of Sines.

sinθ

460
=

sin118.7
666.8

sinθ =
460sin118.7

666.8
sinθ = .6049283888

θ = sin−1 0.6049 = 37.2◦

Examples

Example 1

Earlier, you were asked to represent the net force on the ball.

As you’ve seen in this Concept, you can represent the vector resulting from both of your forces as the resultant of
vector addition. Since vectors only have magnitude and direction, one can move them on the plane to any position
one wishes, as long as the magnitude and direction remain the same. First, we will complete the parallelogram: Label
the vectors. Move~b so its tail is on the tip of ~a. Move ~a so its tail is on the tip of~b. This makes a parallelogram
because the angles did not change during the translation. Put in labels for the vertices of the parallelogram.
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Since opposite angles in a parallelogram are congruent, we can find angle A.

6 CBD+ 6 CAD+ 6 ACB+ 6 BDA = 360

2 6 CBD+26 ACB = 360
6 ACB = 72◦

26 CBD = 360−2(72)

6 CBD =
360−2(72)

2
= 108

Now, we know two sides and the included angle in an oblique triangle. This means we can use the Law of Cosines
to find the magnitude of our resultant.

x2 = 702 +552−2(70)(55)cos72

x2 = 5545.569

x = 74.47

To find the direction, we can use the Law of Sines since we now know an angle and a side across from it. We choose
the Law of Sines because it is a proportion and less computationally intense than the Law of Cosines.

sinθ

70
=

sin108
74.47

sinθ =
70sin108

74.47
sinθ = 0.89397

θ = sin−1 0.89397 = 63.68◦
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The combined force of your kick along with your friend’s is 74.47 Newtons and the direction it makes with your
kick is 63.68◦ counterclockwise.

Example 2

Forces of 140 Newtons and 186 Newtons act on an object. The angle between the forces is 43◦. Find the magnitude
of the resultant and the angle it makes with the larger force.

magnitude = 304,18.3◦ between resultant and larger force

Example 3

An airplane is traveling at a speed of 155 km/h. It’s heading is set at 83◦ while there is a 42.0 km/h wind from 305◦.
What is the airplane’s actual heading?

Recall that headings and angles in triangles are complementary. So, an 83◦ heading translates to 7◦ from the
horizontal. Adding that to 35◦ (270◦ from 305◦) we get 42◦ for two of the angles in the parallelogram. So, the
other angles in the parallelogram measure 138◦ each, 360−2(42)

2 . Using 138◦ in the Law of Cosines, we can find the
diagonal or resultant, x2 = 422 +1552−2(42)(155)cos138, so x = 188.3. We then need to find the angle between
the resultant and the speed using the Law of Sines. sina

42 = sin138
188.3 , so a = 8.6◦. To find the actual heading, this number

needs to be added to 83◦, getting 91.6◦.

Example 4

If
−→
AB is any vector, what is

−→
AB+

−→
BA?

BA is the same vector as AB, but because it starts with B it is in the opposite direction. Therefore, when you add the
two together, you will get (0,0).

Review

~a makes a 42◦ angle with~b. The magnitude of~a is 15. The magnitude of~b is 22.

1. Find the magnitude of the resultant.
2. Find the angle of the resultant makes with the smaller vector.

~c makes a 80◦ angle with ~d. The magnitude of~c is 70. The magnitude of ~d is 45.

3. Find the magnitude of the resultant.
4. Find the angle of the resultant makes with the smaller vector.

~e makes a 50◦ angle with ~f . The magnitude of~e is 32. The magnitude of ~f is 10.

5. Find the magnitude of the resultant.
6. Find the angle of the resultant makes with the smaller vector.

~g makes a 100◦ angle with~h. The magnitude of~g is 50. The magnitude of~h is 35.

7. Find the magnitude of the resultant.
8. Find the angle of the resultant makes with the smaller vector.
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9. Two forces of 100 lbs and 120 lbs are acting on an object. The angle between the two forces is 50◦. What is
the magnitude of the resultant?

10. Using the information from the previous problem, what angle does the resultant make with the larger force?
11. A force of 50 lbs acts on an object at an angle of 30◦. A second force of 75 lbs acts on the object at an angle

of −10◦. What is the magnitude of the resultant force?
12. Using the information from the previous problem, what is the direction of the resultant force?
13. A plane is flying on a bearing of 30◦ at a speed of 450 mph. A wind is blowing with the bearing 200◦ at 50

mph. What is the plane’s actual direction?
14. Vector A makes a 30◦ angle with the horizontal and has a magnitude of 4. Vector B makes a 55◦ angle with

the horizontal and has a magnitude of 6. Vector C makes a 75◦ angle with the horizontal and has a magnitude
of 3. Find the magnitude and direction (with the horizontal) of the resultant of all three vectors.

15. Vector A makes a 12◦ angle with the horizontal and has a magnitude of 5. Vector B makes a 25◦ angle with
the horizontal and has a magnitude of 2. Vector C makes a 60◦ angle with the horizontal and has a magnitude
of 7. Find the magnitude and direction (with the horizontal) of the resultant of all three vectors.

Review (Answers)

To see the Review answers, open this PDF file and look for section 5.21.
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7.6 Resultant as the Sum of Two Components

Here you’ll learn how to express a vector as the sum of two component vectors.

You are working in science class on a "weather unit". As part of this class, you are tasked with going out and
checking the wind speed each day at a meter behind your school. The wind speed you record for the day is 20 mph
at a E50◦N trajectory. This means that the wind is blowing at an angle 50◦ taken from the direction that would be
due East. At the conclusion of each day, you are supposed to break the wind speed (which is a vector) into two
components: the portion that is in a North/South direction and the portion that is in an East/West direction. Can you
figure out how to do this?

Resultant of the Sum of Two Components

We can look at any vector as the resultant of two perpendicular components. If we generalize some vector ~q into
perpendicular components, |~r|î is the horizontal component of a vector ~q and |~s| ĵ is the vertical component of ~q.
Therefore ~r is a magnitude, |~r|, times the unit vector in the x direction and ~s is its magnitude, |~s|, times the unit
vector in the y direction. The sum of~r plus~s is:~r+~s =~q. This addition can also be written as |~r|î+ |~s| ĵ =~q.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/78368

If we are given the vector ~q, we can find the components of ~q,~r, and ~s using trigonometric ratios if we know the
magnitude and direction of~q.

This is accomplished by taking the magnitude of the vector times the cosine of the vector’s angle to find the horizontal
component, and the magnitude of the vector times the sine of the vector’s angle to find the vertical component.
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Find the horizontal and vertical components.

If |~q|= 19.6 and its direction is 73◦, find the horizontal and vertical components.

If we know an angle and a side of a right triangle, we can find the other remaining sides using trigonometric ratios.
In this case, ~q is the hypotenuse of our triangle,~r is the side adjacent to our 73◦ angle,~s is the side opposite our 73◦

angle, and~r is directed along the x−axis.

To find~r, we will use cosine and to find~s we will use sine. Notice this is a scalar equation so all quantities are just
numbers. It is written as the quotient of the magnitudes, not the vectors.

cos73 =
|~r|
|~q|

=
r
q

sin73 =
|~s|
|~q|

=
s
q

cos73 =
r

19.6
sin73 =

s
19.6

r = 19.6cos73 s = 19.6sin73

r = 5.7 s = 18.7

The horizontal component is 5.7 and the vertical component is 18.7. One can rewrite this in vector notation as
5.7î+18.7 ĵ =~q. The components can also be written~q = 〈5.7,18.7〉, with the horizontal component first, followed
by the vertical component. Be careful not to confuse this with the notation for plotted points.

Find the horizontal and vertical components.

If |~m|= 12.1 and its direction is 31◦, find the horizontal and vertical components.

To find~r, we will use cosine and to find~s we will use sine. Notice this is a scalar equation so all quantities are just
numbers. It is written as the quotient of the magnitudes, not the vectors.

cos31 =
|~r|
|~m|

=
r
m

sin31 =
|~s|
|~m|

=
s
m

cos31 =
r

12.1
sin31 =

s
12.1

r = 12.1cos31 s = 12.1sin31

r = 10.37 s = 6.23

Find the resultant vector length and angle.

If |~r|= 15 and |~s|= 11, find the resultant vector length and angle.

We can view each of these vectors on the coordinate system here:
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Each of these vectors then serves as sides in a right triangle. So we can use the Pythagorean Theorem to find the
length of the resultant:

c2 = a2 +b2

c2 = 152 +112

c2 = 225+121

c2 = 346

c =
√

346≈ 18.60

The angle of rotation that the vector makes with the "x" axis can be found using the tangent function:

tanθ =
opposite
ad jacent

tanθ =
11
15

tanθ = .73

θ = tan−1 .73

θ≈ 36.13

Examples

Example 1

Earlier, you were asked to break down vectors into their individual components.

From this Concept you’ve learned how to take a vector and break it into components using trig functions. If you
draw the wind speed you recorded as a vector:
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You can find the "x" and "y" components. These are the same as the part of the wind that is blowing to the East and
the part of the wind that is blowing to the North.

East component: cos50◦ = x
20

20cos50◦ = x

x = 12.86 mph

North component: sin50◦ = y
20

20sin50◦ = y

y = 15.32 mph

Example 2

Find the magnitude of the horizontal and vertical components of the following vector if the resultant vector’s
magnitude and direction are given as magnitude = 75 direction = 35◦.

cos35◦ = x
75 ,sin35◦ = y

75 ,x = 61.4,y = 43

Example 3

Find the magnitude of the horizontal and vertical components of the following vector if the resultant vector’s
magnitude and direction are given as magnitude = 3.4 direction = 162◦.

cos162◦ = x
3.4 ,sin162◦ = y

3.4 ,x = 3.2,y = 1.1
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Example 4

Find the magnitude of the horizontal and vertical components of the following vector if the resultant vector’s
magnitude and direction are given as magnitude = 15.9 direction = 12◦.

cos12◦ = x
15.9 ,sin12◦ = y

15.9 ,x = 15.6,y = 3.3

Review

Find the horizontal and vertical components of the following vectors given the resultant vector’s magnitude and
direction.

1. magnitude = 65 direction = 22◦.
2. magnitude = 34 direction = 15◦.
3. magnitude = 29 direction = 160◦.
4. magnitude = 100 direction = 320◦.
5. magnitude = 320 direction = 200◦.
6. magnitude = 15 direction = 110◦.
7. magnitude = 10 direction = 80◦.
8. magnitude = 90 direction = 290◦.
9. magnitude = 87 direction = 10◦.

10. magnitude = 42 direction = 150◦.

11. If |~r|= 12 and |~s|= 8, find the resultant vector magnitude and angle.
12. If |~r|= 14 and |~s|= 6, find the resultant vector magnitude and angle.
13. If |~r|= 9 and |~s|= 24, find the resultant vector magnitude and angle.
14. Will cosine always be used to find the horizontal component of a vector?
15. If you know the component form of a vector, how can you find its magnitude and direction?

Review (Answers)

To see the Review answers, open this PDF file and look for section 5.20.
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7.7 Resolution of Vectors into Components

Here you will find unit vectors and you will convert vectors into linear combinations of standard unit vectors and
component vectors. Sometimes working with horizontal and vertical components of a vector can be significantly
easier than working with just an angle and a magnitude. This is especially true when combining several forces
together.

Consider four siblings fighting over a candy in a four way tug of war. Lanie pulls with 8 lb of force at an angle
of 41◦. Connie pulls with 10 lb of force at an angle of 100◦. Cynthia pulls with 12 lb of force at an angle of
200◦. How much force and in what direction does poor little Terry have to pull the candy so it doesn’t move?

The Unit Vector and Component Form

A unit vector is a vector of length one. Sometimes you might wish to scale a vector you already have so that it has
a length of one. If the length was five, you would scale the vector by a factor of 1

5 so that the resulting vector has

magnitude of 1. Another way of saying this is that a unit vector in the direction of vector →v is
−→v
|−→v | .

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61370

There are two standard unit vectors that make up all other vectors in the coordinate plane. They are
−→
i which is

the vector < 1,0 > and
−→
j which is the vector < 0,1 >. These two unit vectors are perpendicular to each other. A
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linear combination of
−→
i and

−→
j will allow you to uniquely describe any other vector in the coordinate plane in

component form. For instance the vector < 5,3 > is the same as 5
−→
i +3

−→
j .

Often vectors are initially described as an angle and a magnitude rather than in component form. Working with vec-
tors written as an angle and magnitude requires extremely precise geometric reasoning and excellent pictures. One
advantage of rewriting the vectors in component form is that much of this work is simplified. Remember that
component form is the form < x,y > and to translate from magnitude r and direction θ to component form, use the
relationship < r · cosθ,r · sinθ >=< x,y >. In this situation r is the magnitude and θ is the direction.

Take a plane that has a bearing of 60◦ and is going 350 mph. To find the component form of the velocity of the air-

plane, note that a bearing of 60◦ is the same as a 30◦ on the unit circle. This corresponds to the point
(√

3
2 , 1

2

)
which

is the same as (cos30,sin30). When written as a vector <
√

3
2 , 1

2 > is a unit vector because it has magnitude 1. Now
you just need to scale by a factor of 350 and you get your answer of < 175

√
3,175 >. This is the same as using the

relationship < r · cosθ,r · sinθ >=< x,y >.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/61372

Examples

Example 1

Earlier, you were asked to consider four siblings fighting over a candy in a four way tug of war. Lanie pulls with
8 lb of force at an angle of 41◦. Connie pulls with 10 lb of force at an angle of 100◦. Cynthia pulls with 12 lb of
force at an angle of 200◦. How much force and in what direction does poor little Terry have to pull the candy so it
doesn’t move?
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To add the three vectors together would require several iterations of the Law of Cosines. Instead, write each vector
in component form and set equal to a zero vector indicating that the candy does not move.

−→
L +
−−→
CON +

−−→
CY N +

−→
T =< 0,0 >

< 8 · cos41◦,8 · sin41◦ >+< 10 · cos100◦,10 · sin100◦ >

+< 12 · cos200◦,12 · sin200◦ >+
−→
T =< 0,0 >

Use a calculator to add all the x components and bring them to the far side and the y components and then subtract
from the far side to get:

−→
T ≈< 6.98,−10.99 >

Turning this component vector into an angle and magnitude yields how hard and in what direction he would have to
pull. Terry will have to pull with about 13 lb of force at an angle of 302.4◦.

Example 2

Consider the plane that has a bearing of60◦ and is going 350 mph. If there is wind blowing with the bearing of 300◦

at 45 mph, what is the component form of the total velocity of the airplane?

A bearing of 300◦ is the same as 150◦ on the unit circle which corresponds to the point
(
−
√

3
2 , 1

2

)
. You can now

write and then scale the wind vector.
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45·<−
√

3
2 , 1

2 >=<−45
√

3
2 , 45

2 >

Since both the wind vector and the velocity vector of the airplane are written in component form, you can simply
sum them to find the component vector of the total velocity of the airplane.

< 175
√

3,175 >+<−45
√

3
2 , 45

2 >=< 305
√

3
2 , 395

2 >

Example 3

Consider the plane from Example 2 with the same wind and velocity. Find the actual ground speed and direction of
the plane (as a bearing).

Since you already know the component vector of the total velocity of the airplane, you should remember that these
components represent an x distance and a y distance and the question asks for the hypotenuse.

(
305
√

3
2

)2

+

(
395

2

)2

= c2

329.8≈ c

The airplane is traveling at about 329.8 mph.

Since you know the x and y components, you can use tangent to find the angle. Then convert this angle into bearing.

tanθ =

(395
2

)(
305
√

3
2

)
θ≈ 36.8◦

An angle of 36.8◦ on the unit circle is equivalent to a bearing of 53.2◦.

Note that you can do the entire problem in bearing by just switching sine and cosine, but it is best to truly understand
what you are doing every step of the way and this will probably involve always going back to the unit circle.

For Examples 4 and 5, use the following information:
−→v =< 2,−5 >,−→u =<−3,2 >,

−→t =<−4,−3 >,−→r =< 5,y >

B = (4,−5),P = (−3,8)

Example 4

Find the unit vectors in the same direction as −→u and −→t .

To find a unit vector, divide each vector by its magnitude.
−→u
|−→u | =< −3√

13
, 2√

13
>,
−→t
|
−→t |

=< −4
5 , −3

5 >

Example 5

Find the point 10 units away from B in the direction of P.

The vector
−→
BP is <−7,13 >. First take the unit vector and then scale it so it has a magnitude of 10.
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BP
|BP|

=<
−7√
218

,
13√
218

>

10 · BP
|BP|

=<
−70√

218
,

130√
218

>

You end up with a vector that is ten units long in the right direction. The question asked for a point from B which
means you need to add this vector to point B.

(4,−5)+< −70√
218

, 130√
218

>≈ (−0.74,3.8)

Review

−→v =< 1,−3 >,−→u =< 2,5 >,
−→t =< 9,−1 >,−→r =< 2,y >

A = (−3,2),B = (5,−2)

1. Solve for y in vector −→r to make −→r perpendicular to −→t .

2. Find the unit vector in the same direction as −→u .

3. Find the unit vector in the same direction as −→t .

4. Find the unit vector in the same direction as −→v .

5. Find the unit vector in the same direction as −→r .

6. Find the point exactly 3 units away from A in the direction of B.

7. Find the point exactly 6 units away from B in the direction of A.

8. Find the point exactly 5 units away from A in the direction of B.

9. Jack and Jill went up a hill to fetch a pail of water. When they got to the top of the hill, they were very thirsty so
they each pulled on the bucket. Jill pulled at 30◦ with 20 lbs of force. Jack pulled at 45◦ with 28 lbs of force. What
is the resulting vector for the bucket?

10. A plane is flying on a bearing of 60◦ at 400 mph. Find the component form of the velocity of the plane. What
does the component form tell you?

11. A baseball is thrown at a 70◦ angle with the horizontal with an initial speed of 30 mph. Find the component
form of the initial velocity.

12. A plane is flying on a bearing of 200◦ at 450 mph. Find the component form of the velocity of the plane.

13. A plane is flying on a bearing of 260◦ at 430 mph. At the same time, there is a wind blowing at a bearing
of 30◦ at 60 mph. What is the component form of the velocity of the plane?

14. Use the information from the previous problem to find the actual ground speed and direction of the plane.

15. Wind is blowing at a magnitude of 40 mph with an angle of 25◦ with respect to the east. What is the velocity of
the wind blowing to the north? What is the velocity of the wind blowing to the east?

Review (Answers)

To see the Review answers, open this PDF file and look for section 7.3.
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7.8 Resultant of Two Displacements

In this Concept you will learn to interpret the resultant of vector addition as a physical situation involving the
combination of two displacements.

You are outside playing frisbee on a warm afternoon with your friends. You are trying to throw the frisbee to your
friend, but unfortunately, the wind is blowing and keeps pushing your frisbee away from your friend and off course.
If you are throwing the frisbee at 20 miles per hour at your friend who is due North of you, and the wind is blowing
toward the East at 5 miles per hour, what is the actual trajectory of the frisbee?

Finding the Resultant of Two Displacements

We can use vectors to find direction, velocity, and force of moving objects. In this section we will look at a few
applications where we will use resultants of vectors to find speed, direction, and other quantities. A displacement is
a distance considered as a vector.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/176749

If one is 10 ft away from a point, then any point at a radius of 10 ft from that point satisfies the condition. If one is
28 degrees to the east of north, then only one point satisfies this.

Find the speed of the ship

A cruise ship is traveling south at 22 mph. A wind is also blowing the ship eastward at 7 mph. What speed is the
ship traveling at and in what direction is it moving?
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In order to find the direction and the speed the boat is traveling, we must find the resultant of the two vectors
representing 22 mph south and 7 mph east. Since these two vectors form a right angle, we can use the Pythagorean
Theorem and trigonometric ratios to find the magnitude and direction of the resultant vector.

First, we will find the speed.

222 +72 = x2

533 = x2

23.1 = x

The ship is traveling at a speed of 23.1mph.

To find the direction, we will use tangent, since we know the opposite and adjacent sides of our triangle.
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tanθ =
7
22

tan−1 7
22

= 17.7◦

The ship’s direction is S17.7◦E.

Find the speed of the balloon

A hot air balloon is rising at a rate of 13 ft/sec, while a wind is blowing at a rate of 22 ft/sec. Find the speed at which
the balloon is traveling as well as its angle of elevation.

First, we will find the speed at which our balloon is rising. Since we have a right triangle, we can use the Pythagorean
Theorem to find calculate the magnitude of the resultant.

x2 = 132 +222

x2 = 653

x = 25.6 f t/sec

The balloon is traveling at rate of 25.6 feet per second.

To find the angle of elevation of the balloon, we need to find the angle it makes with the horizontal. We will find the
6 A in the triangle and then we will subtract it from 90◦.

tanA =
22
13

A = tan−1 22
13

A = 59.4◦

Angle with the horizontal = 90−59.4 = 30.6◦.

The balloon has an angle of elevation of 30.6◦.

Continuing on, find:

How far from the lift off point is the balloon in 2 hours? Assume constant rise and constant wind speed. (this is total
displacement)
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After two hours, the balloon will be 184,320 feet from the lift off point (25.6 ft/sec multiplied by 7200 seconds in
two hours).

How far must the support crew travel on the ground to get under the balloon? (horizontal displacement)

After two hours, the horizontal displacement will be 158,400 feet (22ft/sec multiplied by 7200 seconds in two hours).

If the balloon stops rising after 2 hours and floats for another 2 hours, how far from the initial point is it at the end of
the 4 hours? How far away does the crew have to go to be under the balloon when it lands?

After two hours, the balloon will have risen 93,600 feet. After an additional two hours of floating (horizontally only)
in the 22ft/sec wind, the balloon will have traveled 316,800 feet horizontally (22ft/second times 14,400 seconds in
four hours).

We must recalculate our resultant vector using Pythagorean Theorem.

x =
√

936002 +3168002 = 330338 f t.

The balloon is 330,338 feet from its initial point. The crew will have to travel 316,800 feet or 90 miles (horizontal
displacement) to be under the balloon when it lands.

Examples

Example 1

Earlier, you were asked to find the actual trajectory of the frisbee.

When you draw each of the vectors, one for your throw of the frisbee and one for the wind, they look like this:

And combining them, as we saw in this Concept, results in this:
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The diagonal line in above diagram is the result of both of the vector displacements, and is therefore the actual path
of the frisbee.

Example 2

Does |~a+~b|= |~a|+|~b|? Explain your answer.

When two vectors are summed, the magnitude of the resulting vector is almost always different than the sum of the
magnitudes of the two initial vectors. The only times that |~a+~b|= |~a|+|~b| would be true is when 1) the magnitude
of at least one of the two vectors to be added is zero, or 2) both of the vectors to be added have the same direction.

Example 3

A plane is traveling north at a speed of 225 mph while an easterly wind is blowing the plane west at 18 mph. What
is the direction and the speed of the plane?

Speed (magnitude):
√

182 +2252 = 225.7 and its direction is tanθ = 18
225 = N4.6◦W

Example 4

Two workers are pulling on ropes attached to a tree stump. One worker is pulling the stump east with 330 Newtons
of forces while the second working is pulling the stump north with 410 Newtons of force. Find the magnitude and
direction of the resultant force on the tree stump.

The magnitude is
√

3302 +4102 = 526.3 Newtons and the direction is tan−1
(410

330

)
= E51.2◦N.
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Review

A ship is traveling north at 30 mph. A constant 5 mph wind is coming from the east (blowing west).

1. What is the ship’s actual speed?
2. In what direction is the ship moving?
3. How far does the ship travel in 2 hours?
4. If the ship travels for 2 hours and then just floats for another two hours, how far has the trip traveled?
5. If the ship travels for 2 hours and then just floats for another two hours, how far from its starting point is the

ship?

A balloon is rising at a rate of 20 cm/s, while a wind is blowing at a constant rate of 15 cm/s.

6. What is the balloon’s actual speed?
7. What is the balloon’s angle of elevation?
8. At what rate would the wind have to be blowing for the balloon to be traveling at 50 cm/s?
9. After 3 hours, how far must the support crew travel on the ground to get under the balloon?

A plane is traveling west at a speed of 500 mph while a northerly wind is blowing the plane south at 30 mph.

10. What is the actual speed of the plane?
11. What is the actual direction of the plane?
12. How far will the plane travel in 4 hours?
13. How long will it take for the plane to travel exactly 3000 miles?

A plane is takes off at a rate of 230 mph with an angle of 30◦ to the ground.

14. What is the rate at which the plane is receding from the ground?
15. What is its ground speed?

Review (Answers)

To see the Review answers, open this PDF file and look for section 5.16.
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7.9 Vector Multiplied by a Scalar

Here you’ll learn how to multiply a vector by a scalar, what the resulting quantity is, and how to represent it.

While at summer camp, you are enjoying a tug of war with your friends. You are on one side of the rope, pulling
with a force of 200 N. The vector for this force can be represented like this:

You decide to really go for the win and pull as hard as you possibly can. As it turns out, you are pulling with twice
the force you were before. Do you know how you can represent the vector for this?

Multiplying Vectors and Scalars

In working with vectors there are two kinds of quantities employed. The first is the vector, a quantity that has both
magnitude and direction. The second quantity is a scalar. Scalars are just numbers. The magnitude of a vector is a
scalar quantity. A vector can be multiplied by a real number. This real number is called a scalar. The product of
a vector ~a and a scalar k is a vector, written ~ka. It has the same direction as ~a with a magnitude of k|~a| if k > 0. If
k < 0, the vector has the opposite direction of~a and a magnitude of k|~a|.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/162126

Find the current vector for wind velocity.

The speed of the wind before a hurricane arrived was 20 mph from the SSE (N22.5◦W ). It quadrupled when the
hurricane arrived. What is the current vector for wind velocity?

The wind is coming now at 80 mph from the same direction.
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Find the current velocity vector of the ship.

A sailboat was traveling at 15 knots due north. After realizing he had overshot his destination, the captain turned the
boat around and began traveling twice as fast due south. What is the current velocity vector of the ship?

The ship is traveling at 30 knots in the opposite direction.

If the vector is expressed in coordinates with the starting end of the vector at the origin, this is called standard
form. To perform a scalar multiplication, we multiply our scalar by both the coordinates of our vector. The word
scalar comes from “scale.” Multiplying by a scalar just makes the vectors longer or shorter, but doesn’t change their
direction.

Multiply the vector and scalar together

Consider the vector from the origin to (4, 6). What would the representation of a vector that had three times the
magnitude be?

Here k = 3 and~v is the directed segment from (0,0) to (4, 6).

Multiply each of the components in the vector by 3.

~kv = (0,0) to (12,18)

The new coordinates of the directed segment are (0, 0), (12, 18).

Examples

Example 1

Earlier, you were asked to represent a vector.

Since the original vector looked like this:
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The new vector is equal to 2 times the old vector. As we found in this Concept, multiplication of a vector by a scalar
doesn’t change the direction of the vector, only its magnitude. Therefore, the new vector looks like this:

Its length is twice the length of the original vector, and its direction is unchanged.

Example 2

Find the resulting ordered pair that represents~a in each equation if you are given~b = (0,0) to (5,4) and~a = 2~b.

2~b = 2〈5,4〉= 〈10,8〉= 10î+8 ĵ

Example 3

Find the resulting ordered pair that represents~a in each equation if you are given~b = (0,0) to (5,4) and~a =−1
2
~b.

−1
2~c =−

1
2〈−3,7〉= 〈1.5,−3.5〉= 1.5î−3.5 ĵ

Example 4

Find the resulting ordered pair that represents~a in each equation if you are given~b = (0,0) to (5,4) and~a = 0.6~b.

0.6~b = 0.6〈5,4〉= 〈3,2.4〉= 3î+2.4 ĵ

Review

~a is in standard position with terminal point (1, 5) and~b is in standard position with terminal point (4, 2).

1. Find the coordinates of the terminal point of 2~a.
2. Find the coordinates of the terminal point of 1

2
~b.

3. Find the coordinates of the terminal point of 6~a.

~c is in standard position with terminal point (4, 3) and ~d is in standard position with terminal point (2, 2).

4. Find the coordinates of the terminal point of 3~c+2~d.
5. Find the coordinates of the terminal point of 4~c−0.3~d.
6. Find the coordinates of the terminal point of~c−3~d.
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~e is in standard position with terminal point (3, 2) and ~f is in standard position with terminal point (-1, 2).

7. Find the coordinates of the terminal point of 4~e+5~f .
8. Find the coordinates of the terminal point of 3~e−3~f .
9. Find the coordinates of the terminal point of 5~e+ 3

4
~f .

~g is in standard position with terminal point (5, 5) and~h is in standard position with terminal point (4, 2).

10. Find the coordinates of the terminal point of~g+4~h.
11. Find the coordinates of the terminal point of 5~g−2~h.
12. Find the coordinates of the terminal point of 2~g−3~h.

~i is in standard position with terminal point (1, 5) and ~j is in standard position with terminal point (-3, 1).

13. Find the coordinates of the terminal point of 3~i−~j.
14. Find the coordinates of the terminal point of 0.5~i−0.6~j.
15. Find the coordinates of the terminal point of 6~i+1.2~j.

Review (Answers)

To see the Review answers, open this PDF file and look for section 5.17.
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7.10 Unit Vectors and Components

Here you’ll learn how to break down a vector into component vectors and unit vectors.

While working in your math class at school, the instructor passes everyone a map of Your town. She asks you to find
your house and place a red dot on it, and then find the school and place a blue dot there. Your map looks like this:

She then asks you to break down the trip to your school in terms of component vectors and unit vectors. Are you
able to do this?

Unit Vectors and Components

A unit vector is a vector that has a magnitude of one unit and can have any direction. Traditionally î (read “i hat”)
is the unit vector in the x direction and ĵ (read “ j hat”) is the unit vector in the y direction. |î|= 1 and | ĵ|= 1. Unit
vectors on perpendicular axes can be used to express all vectors in that plane. Vectors are used to express position
and motion in three dimensions with k̂ (“k hat”) as the unit vector in the z direction.
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/78367

We are not studying 3D space in this course. The unit vector notation may seem burdensome but one must distinguish
between a vector and the components of that vector in the direction of the x− or y−axis. The unit vectors carry the
meaning for the direction of the vector in each of the coordinate directions. The number in front of the unit vector
shows its magnitude or length. Unit vectors are convenient if one wishes to express a 2D or 3D vector as a sum of
two or three orthogonal components, such as x− and y−axes, or the z−axis. (Orthogonal components are those that
intersect at right angles.)

Component vectors of a given vector are two or more vectors whose sum is the given vector. The sum is viewed
as equivalent to the original vector. Since component vectors can have any direction, it is useful to have them
perpendicular to one another. Commonly one chooses the x and y axis as the basis for the unit vectors. Component
vectors do not have to be orthogonal.

A vector from the origin (0, 0) to the point (8, 0) is written as 8î. A vector from the origin to the point (0, 6) is
written as 6 ĵ.

The reason for having the component vectors perpendicular to one another is that this condition allows us to use
the Pythagorean Theorem and trigonometric ratios to find the magnitude and direction of the components. One can
solve vector problems without use of unit vectors if specific information about orientation or direction in space such
as N, E, S or W is part of the problem.
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What are the component vectors of the vector shown here?

Since the length of the vector is 5, and the angle the vector makes with the x axis is 53.13◦, the "x" component of
the vector is:

|Vx|= |~V |cos53.13◦

|Vx|= (5)(.6) = 3

And the "y" component is:

|Vy|= |~V |sin53.13◦

|Vy|= (5)(.8) = 4

And we have the familiar 3, 4, 5 triangle, where the vector is the hypotenuse.
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Why are unit vectors required when dealing with vector addition?

Unit vectors are required because it is necessary to have like quantities for addition. If there are two numbers, they
can be added. If there are two vectors, they can be added. But if you have a number and a vector, they can’t be
added. Having unit vectors along with a magnitude makes a quantity a vector.

What are the unit vectors and the lengths of the component vectors when

~V = 7î+9 ĵ

The unit vectors in this case are î and ĵ. In some courses and books you might see the notation for unit vectors
written instead as x̂ and ŷ.

The length of the component vector in the î direction is 7, and the component vector in the ĵ direction is 9.

Examples

Example 1

Earlier, you were asked to break down the trip to your school in terms of component vectors and unit vectors.

In this Concept, you learned that breaking a vector down into its components involves adding the portion of the
vector along the "y" axis to the portion of the vector along the "x" axis. To accomplish this in the case of the map,
you only need to write down the length the vector has in the "x" direction (along with an "x" unit vector) and then
add to it the length the vector has in the "y" direction (along with a "y" unit vector). Your map should look like this:
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Example 2

An inclined ramp is 12 feet long and forms an angle of 28.2◦ with the ground. Find the horizontal and vertical
components of the ramp.

y = 12sin28.2◦ = 5.7,x = 12cos28.2◦ = 10.6

Example 3

A wind vector has a magnitude of 25 miles per hour with an angle of 20◦ with respect to the east. Determine how
much the wind is blowing to the north and how much it is blowing to the east.

Since the vector has an angle of 20◦ with respect to the horizontal, the component to the east is 25cos20◦ = 23.49
miles per hour. In the same way, the component to the north is 25sin20◦ = 8.55 miles per hour.

Example 4

A vector |~V | has a magnitude of 25 inches, and is at an angle of 80◦ with respect to the positive "x" axis. Write the
vector in component and unit vector notation.

The "x" component is 25cos80◦ = 4.34. The "y" component is 25sin80◦ = 24.62. Therefore, the vector can be
written as |~V |= 4.34î+24.62 ĵ.
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Review

1. Describe how to find the vertical and horizontal components of a vector when given the magnitude and
direction of the vector.

2. ~a has a magnitude of 6 and a direction of 100◦. Find the components of the vector.
3. ~b has a magnitude of 3 and a direction of 60◦. Find the components of the vector.
4. ~c has a magnitude of 2 and a direction of 84◦. Find the components of the vector.
5. ~d has a magnitude of 5 and a direction of 32◦. Find the components of the vector.
6. ~e has a magnitude of 2 and a direction of 45◦. Find the components of the vector.
7. ~f has a magnitude of 7 and a direction of 70◦. Find the components of the vector.
8. A plane is flying on a bearing of 50◦ at 450 mph. Find the component form of the velocity of the plane. What

does the component form tell you?
9. A baseball is thrown at a 20◦ angle with the horizontal with an initial speed of 30 mph. Find the component

form of the initial velocity.
10. A plane is flying on a bearing of 300◦ at 500 mph. Find the component form of the velocity of the plane.
11. A plane is flying on a bearing of 150◦ at 470 mph. At the same time, there is a wind blowing at a bearing of

200◦ at 60 mph. What is the component form of the velocity of the plane?
12. Using the information from the previous problem, find the actual ground speed of the plane.
13. Wind is blowing at a magnitude of 50 mph with an angle of 25◦ with respect to the east. What is the velocity

of the wind blowing to the north? What is the velocity of the wind blowing to the east?
14. Find a unit vector in the direction of~a, a vector in standard position with terminal point (-4, 3).
15. Find a unit vector in the direction of~b, a vector in standard position with terminal point (5, 1).

Review (Answers)

To see the Review answers, open this PDF file and look for section 5.19.
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8.1 Probability of Compound Events

Here you’ll learn how to calculate the probability of two or more events occurring.

Suppose you’re playing a card game, and you need to draw two aces to win. There are 20 cards left in the deck, and
one of the aces has already been drawn. What is the probability that you win the game? How would you go about
calculating this probability? Are drawing your first card and drawing your second card independent or dependent
events? In this Concept, you’ll learn the definitions of independent and dependent events and how to calculate the
probability of compound events like this one.

Guidance

We begin this Concept with a reminder of probability.

The experimental probability is the ratio of the proposed outcome to the number of experimental trials.

P(success) =
number o f times the event occured

total number o f trials o f experiment

Probability can be expressed as a percentage, a fraction, a decimal, or a ratio.

This Concept will focus on compound events and the formulas used to determine the probabilities of such events.

Compound events are two simple events taken together, usually expressed as A and B.

Independent and Dependent Events

Example A

Suppose you flip a coin and roll a die at the same time. What is the probability you will flip a head and roll a four?

Solution:

These events are independent. Independent events occur when the outcome of one event does not affect the outcome
of the second event. Rolling a four has no effect on tossing a head.

To find the probability of two independent events, multiply the probability of the first event by the probability of
the second event.

P(A and B) = P(A) ·P(B)

Solution:

P(tossing a head) =
1
2

P(rolling a 4) =
1
6

P(tossing a head AND rolling a 4) =
1
2
× 1

6
=

1
12
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When events depend upon each other, they are called dependent events. Suppose you randomly draw a card from
a standard deck and then randomly draw a second card without replacing the first. The second probability is now
different from the first.

To find the probability of two dependent events, multiply the probability of the first event by the probability of the
second event, after the first event occurs.

P(A and B) = P(A) ·P(B f ollowing A)

Example B

Two cards are chosen from a deck of cards. What is the probability that they both will be face cards?

Solution: Let A = 1st Face card chosen and B = 2nd Face card chosen. The total number of face cards in the deck
is 4×3 = 12.

P(A) =
12
52

P(B) =
11
51

, remember, one card has been removed.

P(A AND B) =
12
52
× 11

51
or P(A∩B) =

12
52
× 11

51
=

33
663

P(A∩B) =
11
221

Mutually Exclusive Events

Events that cannot happen at the same time are called mutually exclusive events. For example, a number cannot
be both even and odd or you cannot have picked a single card from a deck of cards that is both a ten and a jack.
Mutually inclusive events, however, can occur at the same time. For example a number can be both less than 5 and
even or you can pick a card from a deck of cards that can be a club and a ten.

When finding the probability of events occurring at the same time, there is a concept known as the “double counting”
feature. It happens when the intersection is counted twice.

In mutually exclusive events, P(A∩B) = φ, because they cannot happen at the same time.

To find the probability of either mutually exclusive event A or B occurring, use the following formula:

To find the probability of one or the other mutually exclusive or inclusive event, add the individual probabilities and
subtract the probability they occur at the same time.
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P(A or B) = P(A)+P(B)−P(A∩B)

Example C

Two cards are drawn from a deck of cards. Let:

A: 1st card is a club

B: 1st card is a 7

C: 2nd card is a heart

Find the following probabilities:

(a) P(A or B)

(b) P(B or A)

(c) P(A and C)

Solution:

(a)

P(A or B) =
13
52

+
4

52
− 1

52

P(A or B) =
16
52

P(A or B) =
4
13

(b)

P(B or A) =
4
52

+
13
52
− 1

52

P(B or A) =
16
52

P(B or A) =
4
13

(c)

P(A and C) =
13
52
× 13

51

P(A and C) =
169
2652

Video Review

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/79383
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/79384
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Guided Practice

A bowl contains 12 red marbles, 5 blue marbles and 13 yellow marbles. Find the probability of drawing a blue
marble and then drawing a yellow marble.

Solution:

Let A = blue marble chosen 1st and B = yellow marble chosen 2nd. The total number of marbles in the bowl is
12+5+13 = 30.

P(A) =
5
30

P(B) =
13
29

Remember, one marble has been removed.

P(A AND B) =
5
30
× 13

29
or P(A∩B) =

5
30
× 13

29
=

65
870

P(A∩B) =
13
174

Explore More

1. Define independent events.

Are the following events independent or dependent?

2. Rolling a die and spinning a spinner
3. Choosing a book from the shelf and then choosing another book without replacing the first
4. Tossing a coin six times and then tossing it again
5. Choosing a card from a deck, replacing it, and choosing another card
6. If a die is tossed twice, what is the probability of rolling a 4 followed by a 5?
7. Define mutually exclusive.

Are these events mutually exclusive or mutually inclusive?

8. Rolling an even and an odd number on one die.
9. Rolling an even number and a multiple of three on one die.

10. Randomly drawing one card and getting a result of a jack and a heart.
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11. Randomly drawing one card and getting a result of a black and a diamond.
12. Choosing an orange and a fruit from a basket.
13. Choosing a vowel and a consonant from a Scrabble bag.
14. Two cards are drawn from a deck of cards. Determine the probability of each of the following events:

a. P(heart or club)
b. P(heart and club)
c. P(red or heart)
d. P(jack or heart)
e. P(red or ten)
f. P(red queen or black jack)

15. A box contains 5 purple and 8 yellow marbles. What is the probability of successfully drawing, in order, a
purple marble and then a yellow marble? {Hint: In order means they are not replaced.}

16. A bag contains 4 yellow, 5 red, and 6 blue marbles. What is the probability of drawing, in order, 2 red, 1 blue,
and 2 yellow marbles?

17. A card is chosen at random. What is the probability that the card is black and is a 7?

Mixed Review

18. A circle is inscribed within a square, meaning the circle’s diameter is equal to the square’s side length. The
length of the square is 16 centimeters. Suppose you randomly threw a dart at the figure. What is the probability
the dart will land in the square, but not in the circle?

19. Why is 7−14x4 +7xy5−1x−1 = 8x2y3 not considered a polynomial?
20. Factor 72b5m3w9−6(bm)2w6.
21. Simplify 25−73a3b7 +35a3b7−23.
22. Bleach breaks down cotton at a rate of 0.125% with each application. A shirt is 100% cotton.

a. Write the equation to represent the percentage of cotton remaining after w washes.
b. What percentage remains after 11 washes?
c. After how many washes will 75% be remaining?

23. Evaluate (100÷4×2−49)2

9−2×3+22 .

Answers for Explore More Problems

To view the Explore More answers, open this PDF file and look for section 9.12.
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8.2 Experimental Probability

In this concept, you will learn to define and calculate experimental probability.

Jordan did a survey for his media class where he timed the length of TV advertisements (in seconds). The data he
collected is shown below in the table.

TABLE 8.1:

Length (s) Frequency
0 - 19 17
20 - 39 38
40 - 59 19
60+ 4

He needs to find the probability ratio that:

a. An advertisement will be between 20 and 39 seconds.
b. An advertisement will be less than 40 seconds.

In this concept, you will learn to define and calculate experimental probability.

Experimental Probability

Experimental probability is probability based on doing actual experiments -flipping coins, spinning spinners,
picking ping pong balls out of a jar, and so on. To compute the experimental probability of a number cube landing
on 3, you would need to conduct an experiment. Suppose you were to toss the number cube 60 times.
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Favorable outcomes = rolling a 3

Total outcomes = 60 tosses

Experimental probability:

P(event) = # of favourable outcomes
total # of outcomes

P(3) = # of 3′s tossed
total # of tosses

Let’s look at an example.

What is the experimental probability of having the number cube land on 3 when the cube is rolled 60 times?

TABLE 8.2:

Trial 1 2 3 4 5 6 Total
Raw data:
3’s

| ||| | || ||

Favorable
outcomes:
3’s

1 3 0 1 2 2 9

Total
Tosses

60

The data from the experiment shows that 3 turned up on the number cube 9 out of 60 times.

Experimental Probability = favorable outcomes : total outcomes

Experimental Probability = 9 : 60

Simplified, this ratio becomes:
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Experimental Probability = 3 : 20

You can see that it is only possible to calculate the experimental probability when you are actually doing experiments
and counting results.

Examples

Example 1

Earlier, you were given a problem about Jordan and the timed advertisements.

Jordan collected his data in a graph and needs to find the probability ratio that:

a. An advertisement will be between 20 and 39 seconds.
b. An advertisement will be less than 40 seconds.

TABLE 8.3:

Length (s) Frequency
0 - 19 17
20 - 39 38
40 - 59 19
60+ 4
Total 78

First, look at the data from the experiment to see how many times an advertisement was between 20 and 39 seconds.
These are the favorable outcomes.

Favorable outcomes = 38

Total Outcomes = 78

Next, calculate the experimental probability.

Experimental Probability = favorable outcomes : total outcomes

Experimental Probability = 38 : 78

Then, simplify the ratio.

Experimental Probability = 38 : 78
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Experimental Probability = 19 : 39

The answer is 19:39.

The experimental probability that an advertisement will be between 20 and 39 seconds is 19:39.

First, look at the data from the experiment to see how many times an advertisement was less than 40 seconds. These
are the favorable outcomes.

Favorable outcomes = 17+38 = 55

Total Outcomes = 78

Next, calculate the experimental probability.

Experimental Probability = favorable outcomes : total outcomes

Experimental Probability = 55 : 78

The answer is 55:78.

The experimental probability that an advertisement will be less than 40 seconds is 55:78.

Example 2

Use the table to compute the experimental probability of a number cube landing on 6.

TABLE 8.4:

Trial 1 2 3 4 5 Total
Raw data: 6’s |||| | | || |
Favorable
outcomes:
6’s

4 1 1 2 1 9

Total Tosses 50

First, look at the data from the experiment to see how many times a six turned up when rolling a number cube and
also what was the total number of outcomes.

Favorable outcomes = 9
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Total Outcomes = 50

Next, calculate the experimental probability.

Experimental Probability = favorable outcomes : total outcomes

Experimental Probability = 9 : 50

The answer is 9:50.

The experimental probability is 9:50.

A number cube was tossed twenty times. The number 2 came up 3 times and the number 5 came
up six times. Use this information to answer the following questions.

Example 3

What is the probability that the number would be a 2?

First, look at the data from the experiment to see how many times a 2 turned up when rolling a number cube and
also what was the total number of outcomes.

Favorable outcomes = 3

Total Outcomes = 20

Next, calculate the experimental probability.

Experimental Probability = favorable outcomes : total outcomes

Experimental Probability = 3 : 20

The answer is 3:20.

The experimental probability is 3:20.

Example 4

What is the probability that the number would be a 5?
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First, look at the data from the experiment to see how many times a 5 turned up when rolling a number cube and
also what was the total number of outcomes.

Favorable outcomes = 6

Total Outcomes = 20

Next, calculate the experimental probability.

Experimental Probability = favorable outcomes : total outcomes

Experimental Probability = 6 : 20

Then, simplify the ratio.

Experimental Probability = 6 : 20

Experimental Probability = 3 : 10

The answer is 3:10.

The experimental probability is 3:10.

Example 5

What is the probability of not rolling a 5?

First, look at the data from the experiment to see how many times a 5 did not turn up when rolling a number cube
and also what was the total number of outcomes. You know that it 5 did turn up 6 times in the 20 tosses.

Favorable outcomes = 20−6 = 14

Total Outcomes = 20

Next, calculate the experimental probability.

Experimental Probability = favorable outcomes : total outcomes
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Experimental Probability = 14 : 20

Then, simplify the ratio.

Experimental Probability = 14 : 20

Experimental Probability = 7 : 10

The answer is 7:10.

The experimental probability is 7:10.

Review

Find the probability for rolling less than 4 on the number cube.

1. List each favorable outcome.

2. Count the number of favorable outcomes.

3. Write the total number of outcomes.

4. Write the probability.

5. Find the probability for rolling 1 or 6 on the number cube.

6. List each favorable outcome.

7. Count the number of favorable outcomes.

8. Write the total number of outcomes.

9. Write the probability.

10. A box contains 12 slips of paper numbered 1 to 12. Find the probability for randomly choosing a slip with a
number less than 4 on it.

11. List each favorable outcome.

12. Count the number of favorable outcomes.

13. Write the total number of outcomes.

14. Write the probability.

Use the table to answer the questions. Express all ratios in simplest form.

Use the table to compute the experimental probability of flipping a coin and having it land on heads.

TABLE 8.5:

Trial 1 2 3 4 5 6 Total
Raw
data(heads)

@@|||| @@|||| | @@|||| | ||| @@|||| | @@||||

Number of
heads

5 6 6 3 6 5 31

531

http://www.ck12.org


8.2. Experimental Probability www.ck12.org

TABLE 8.5: (continued)

Total
number of
flips

10 10 10 10 10 10 60

15. How many favorable outcomes were there in the experiment?

16. How many total outcomes were there in the experiment?

17. What was the experimental probability of the coin landing on heads?

Review (Answers)

To see the Review answers, open this PDF file and look for section 11.8.
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8.3 Empirical Probability

Here you’ll learn how to perform a probability simulation to get an estimate of an outcome’s true probability. You’ll
also find the experimental probability of events.

What if your friend were performing a magic trick with a deck of cards? Every time he randomly pulls out a card
it is the queen of hearts so you suspect he is cheating. How could you perform an experiment to determine if the
queen of hearts is more likely to show up than others? After completing this Concept, you’ll be able to perform a
probability simulation and find the experimental probability of an event like this one.

Watch This

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/133138

CK-12 Foundation: Experimental Probability

Guidance

A probability simulation is an experiment designed to determine a probability from many trials. By looking at the
number of favorable outcomes and dividing by the number of trials, we can get an estimate of the true probability.
The more trials we can do, the better our estimate of the true probability will be, but given that we can’t do infinitely
many trials, the result we get will always be just an estimate of the true probability. Often we perform probability
simulations because we can’t determine theoretical probability from looking at the sample space.

Example A

A cable TV company sends out a repair technician to replace faulty receiver boxes. The company has boxes made by
Panasonic and Scientific Atlanta, both in equal quantities. The technician carries 3 of each type of box in his van,
and always replaces a box with one of the same brand. If the technician visits 4 homes before returning back to the
depot, determine the probability that he will not have enough of one box type to make all the needed replacements.

Solution

This is a situation that we can model far more easily than we could conduct a real-life experiment. Since there are
equal numbers of both boxes, we need to set up a model with a probability of 1

2 for each element, like a coin toss.
Visiting four houses where each house has an equal chance of needing one type of box or the other is like flipping a
coin four times. Getting four heads or four tails is like needing four of one type of box, which is the only situation
where the technician would not have enough of one type.

So let’s suppose we flip four coins 50 times and record the results, and they look like this:
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Out of 50 trials, it’s as if the technician required four of the same type of box 6 times. So we can say that the
probability that the technician will run out of one box type is approximately 3

25 or 0.12.

Example B

The problem in Example A can also be solved by finding the theoretical probability. Let’s see how to do that:

Solution:

Notice that instead of actually flipping the coins a lot of times, we could have used our earlier knowledge of
theoretical probability and the sample space for four coin flips:

Here, we can see that we would expect the technician to run out of one type of box about 2 times out of 16, so the
probability is about 1

8 or 0.125. But if we hadn’t known for sure what the odds of getting heads or tails on each flip
were, we wouldn’t have been able to calculate the odds of getting four heads or tails this way, so we would have had
to find out by experiment instead.

We also can check probability calculations like this against actual experimental data to see for ourselves whether
something happens as often as we’d expect it to. If it doesn’t, something might be going on that we need to
investigate.

Find Experimental Probability of an Event

In the previous examples, we saw how theoretical probability can be approximated by doing an experiment. We used
a results table to approximate the probability of a certain event occurring (the technician running out of either type
of box). We can approximate the probability of an event by using:

P(E)≈ number of matching events
total number of trials
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Randomness in the results will mean that we always get an approximation of the true probability, but the more trials
we do, the more accurately our experimental probability will match the theoretical probability.

Example C

Nadia and Peter are playing dice, but Peter keeps winning and Nadia suspects him of cheating. She is suspicious
about the number of times Peter rolls a six, and so she conducts the following experiment: She rolls the suspect die
100 times, writing down the result each time. The results are:

4,1,4,5,3,6,2,5,1,6,2,6,4,5,1,6,4,3,6,3,2,1,1,3,4,

5,5,2,3,1,1,2,3,1,2,2,1,6,6,3,4,6,3,6,6,2,2,3,4,6,

1,6,6,2,6,4,3,3,2,5,3,3,2,6,6,6,6,6,1,4,1,2,6,6,6,

3,6,4,5,6,3,5,4,6,6,4,6,6,6,6,6,2,6,6,1,1,5,1,4,6.

Organize the data in a table and determine if 6 is more likely to come up then the other numbers.

Solution

Here’s what we get if we tally up all the results in a table:

TABLE 8.6:

Number Tally Total P(number)

1 @@||||@@||||@@|||| 15 P(1) =
15

100
≈ 0.15

2 @@||||@@|||| |||| 14 P(2) =
14
100
≈ 0.14

3 @@||||@@||||@@|||| 15 P(3) =
15
100
≈ 0.15

4 @@||||@@|||| ||| 13 P(4) =
13
100
≈ 0.13

5 @@|||| |||| 9 P(5) =
9

100
≈ 0.09

6 @@||||@@||||@@||||@@||||@@||||@@|||| |||| 34 P(6) =
34
100
≈ 0.34

It’s clear looking at the table that something strange is going on with the die in question - 6 occurs approximately
twice as often as the other numbers, so we could reasonably assume that the die is weighted unfairly. However, we
still can’t be 100% certain that the results we are seeing are not just due to chance. We must therefore talk only in
terms of likelihood, and not certainty.

Watch this video for help with the Examples above.
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MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/133139

CK-12 Foundation: Experimental Probability

Guided Practice

Juan suspects that his lucky coin is actually weighted so that he gets heads more often than tails in a coin toss. The
reason he is suspicious is because he seems to get several heads in a row when he tosses it. He conducts a probability
simulation and gets the following results:

HT T HHHHT HHT T T HHHHHH

HHT T HT HHT HT T T HHT HT T HT

What is the experimental probability of getting heads with Juan’s coin in this case?

Solution:

First, find the number of total tosses, the number of heads, and the number of tails:

40 tosses

23 heads

17 tails

This means that the experimental probability of getting heads with Juan’s coin is:

P(E)≈ number of matching events
total number of trials

=
26
40

= 0.65

For the coin to be fair, we would expect heads around 50% of the time. 65% is higher than 50%, but this difference
may be due to random chance. Further experimentation would help to get a more accurate answer.

Explore More

1. Peter and Andrew each visit the hardware store in the high street every week. The store is open 6 days a week
(it is closed on Sundays) and Peter and Andrew visit the store on random days when it is open.

a. Use a pair of dice to simulate what day Andrew and Peter each visit the store, and determine experimen-
tally the probability that they both visit the store on the same day.

b. What would you expect the theoretical probability to be?

2. Find experimentally both the probability and odds for the next car passing a stoplight being red if the previous
25 car colors were: red, blue, white, blue, silver, red, black, black, white, red, green, red, black, blue, white,
red, silver, white, red, black, white, blue, silver, red, black.

For 3-13, determine whether you could calculate the theoretical probability of the given event based on your
knowledge of the possible outcomes, or whether you would have to do a test (or get more real-world information
some other way) to find the experimental probability:
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3. Flipping a coin three times in a row and getting three heads.
4. Pulling a nickel from your pocket when you know you have three nickels and five dimes in your pocket.
5. Pulling a nickel from your pocket when you know you have ten coins in your pocket but can’t remember what

they are.
6. Guessing the right answer on a multiple-choice question.
7. Guessing the right answer on a free-response question.
8. Getting a perfect score on a twenty-question multiple-choice test.
9. Getting a perfect score on a test that has ten multiple-choice questions and ten free-response questions.

10. Guessing a randomly chosen high school student’s age correctly.
11. Sharing a birthday with one of your three best friends.
12. Getting a flat tire while driving home.
13. Having your left front tire be the one that goes flat, whenever you do get your next flat tire.

Answers for Explore More Problems

To view the Explore More answers, open this PDF file and look for section 13.2.
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8.4 Probability Distribution

Here you’ll learn the definition of a probability distribution and how to determine if a probability distribution is that
of a discrete random variable. You’ll also learn how to solve problems with probability distributions and how to
create a histogram with technology.

Suppose you toss three coins. What is the probability that one of the coins would turn up heads and the other two
would turn up tails? How would you create a visual that would show all the possible values of your tosses and the
probability associated with each of these values?

Watch This

First watch this video to learn about probability distributions.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/137008

CK-12 Foundation: Chapter3ProbabilityDistributionA

Then watch this video to see some examples.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/137009

CK-12 Foundation: Chapter3ProbabilityDistributionB

Watch this video for more help.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/1067

Khan Academy Introduction to Random Variables
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Guidance

When we talk about the probability of discrete random variables, we normally talk about a probability distribution.
In a probability distribution, you may have a table, a graph, or a chart that shows you all the possible values of X
(your variable), and the probability associated with each of these values (P(X)).

It is important to remember that the values of a discrete random variable are not mutually inclusive. Think back to
our car example with Jack and his mom. Jack could not, realistically, find a car that is both a Ford and a Mercedes
(assuming he did not see a home-built car). He would either see a Ford or not see a Ford as he went from his car to
the mall doors. Therefore, the values for the variable are mutually exclusive. Now let’s look at an example.

Example A

Say you are going to toss 2 coins. Show the probability distribution for this toss.

Let the variable X be the number of times your coin lands on tails. The table below lists all of the possible events
that can occur from the tosses.

TABLE 8.7:

Toss First Coin Second Coin X
1 H H 0
2 H T 1
3 T T 2
4 T H 1

We can add a fifth column to the table above to show the probability of each of these events (the tossing of the 2
coins).

TABLE 8.8:

Toss First Coin Second Coin X P(X)

1 H H 0 1
4

2 H T 1 1
4

3 T T 2 1
4

4 T H 1 1
4

As you can see in the table, each event has an equally likely chance of occurring. You can see this by looking at
the column P(X). From here, we can find the probability distribution. In the X column, we have 3 possible discrete
values for this variable: 0, 1, and 2.

P(0) = toss 1 =
1
4

P(1) = toss 2+ toss 4

=
1
4
+

1
4

=
1
2

P(2) = toss 3 =
1
4
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Example B

Represent the probability distribution from Example A graphically.

Now we can represent the probability distribution with a graph, called a histogram. A histogram is a graph that uses
bars vertically arranged to display data. Using the TI-84 PLUS calculator, we can draw the histogram to represent
the data above. Let’s start by first adding the data into our lists. Below you will find the key sequence to perform
this task. We will use this sequence frequently throughout the rest of this book, so make sure you follow along with
your calculator.

This key sequence allows you to erase any data that may be entered into the lists already. Now let’s enter our data.

Now we can draw our histogram from the data we just entered.

The result is as follows:
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We can see the values of P(X) if we press

TRACE

. Look at the screenshot below. You can see the value of P(X) = 0.25 for X = 0.

It’s clear that the histogram shows the probability distribution for the discrete random variable. In other words,
P(0) gives the probability that the discrete random variable is equal to 0, P(1) gives the probability that the discrete
random variable is equal to 1, and P(2) gives the probability that the discrete random variable is equal to 2. Notice
that the probabilities add up to 1. One of the rules for probability is that the sum of the probabilities of all the
possible values of a discrete random variable must be equal to 1.

Example C

Does the following table represent the probability distribution for a discrete random variable?

X 0 1 2 3

P(X) 0.1 0.2 0.3 0.4

Yes, it does, since ∑P(X) = 0.1+0.2+0.3+0.4, or ∑P(X) = 1.0.

–>

Guided Practice

Say you are going to spin a spinner 3 times and that the colors red and blue are equally represented. Show the
probability distribution for these spins.

Answer:

Let the variable X be the number of times your spinner lands on red. The table below lists all of the possible events
that can occur from the spins.
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TABLE 8.9:

Trial First Spin Second Spin Third Spin X
1 R R R 3
2 R R B 2
3 R B R 2
4 R B B 1
5 B R R 2
6 B B R 1
7 B R B 1
8 B B B 0

We can add a sixth column to the table above to show the probability of each of these events (the 3 spins of the
spinner).

TABLE 8.10:

Trial First Spin Second Spin Third Spin X P(X)

1 R R R 3 1
8

2 R R B 2 1
8

3 R B R 2 1
8

4 R B B 1 1
8

5 B R R 2 1
8

6 B B R 1 1
8

7 B R B 1 1
8

8 B B B 0 1
8

As you can see in the table, each event has an equally likely chance of occurring. You can see this by looking at
the column P(X). From here, we can find the probability distribution. In the X column, we have 4 possible discrete
values for this variable: 0, 1, 2, and 3.

P(0) = trial 8 =
1
8

P(1) = trial 4+ trial 6+ trial 7

=
1
8
+

1
8
+

1
8

=
3
8

P(2) = trial 2+ trial 3+ trial 5

=
1
8
+

1
8
+

1
8

=
3
8

P(3) = trial 1 =
1
8
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Explore More

1. Does the following table represent the probability distribution for a discrete random variable?

X 2 4 6 8

P(X) 0.2 0.4 0.6 0.8

2. Does the following table represent the probability distribution for a discrete random variable?

X 1 2 3 4 5

P(X) 0.202 0.174 0.096 0.078 0.055

3. Does the following table represent the probability distribution for a discrete random variable?

X 1 2 3 4 5 6

P(X) 0.302 0.251 0.174 0.109 0.097 0.067

Say you are going to spin a spinner 2 times and that the colors green, yellow, and purple are equally represented. Let
the variable X be the number of times your spinner lands on green. The table below lists all of the possible events
that can occur from the spins.

TABLE 8.11:

Trial First Spin Second Spin X
1 G G 2
2 G Y 1
3 G P 1
4 Y G 1
5 Y Y 0
6 Y P 0
7 P G 1
8 P Y 0
9 P P 0

4. What is the probability that the spinner doesn’t land on green on either of the spins?
5. What is the probability that the spinner lands on green on 1 of the spins?
6. What is the probability that the spinner lands on green on both of the spins?
7. Create the histogram for this scenario on your TI calculator.
8. Use the TRACE feature of your TI calculator to show the probability that the spinner doesn’t land on green

on either of the spins.
9. Use the TRACE feature of your TI calculator to show the probability that the spinner lands on green on 1 of

the spins.
10. Use the TRACE feature of your TI calculator to show the probability that the spinner lands on green on both

of the spins.

Answers for Explore More Problems

To view the Explore More answers, open this PDF file and look for section 3.2.

543

http://www.ck12.org
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-03-Basic-Probability-and-Statistics-Concepts-%28revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-03-Basic-Probability-and-Statistics-Concepts-%28revised%29.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-03-Basic-Probability-and-Statistics-Concepts-%28revised%29.pdf


8.5. Additive and Multiplicative Rules for Probability www.ck12.org

8.5 Additive and Multiplicative Rules for Prob-
ability

• Calculate probabilities using the Additive Rule.
• Calculate probabilities using the Multiplicative Rule.
• Identify events that are not mutually exclusive and explain how to represent them in a Venn diagram.
• Understand the condition of independence.

The Additive and Multiplicative Rules

Venn Diagrams

When the probabilities of certain events are known, we can use these probabilities to calculate the probabilities of
their respective unions and intersections. We use two rules, the Additive Rule and the Multiplicative Rule, to find
these probabilities. The examples that follow will illustrate how we can do this.

Illustrating the Additive Rule of Probability

Suppose we have a loaded (unfair) die, and we toss it several times and record the outcomes. We will define the
following events:

A : observe an even number

B : observe a number less than 3

Let us suppose that we have P(A) = 0.4, P(B) = 0.3, and P(A∩B) = 0.1. We want to find P(A∪B).

It is probably best to draw a Venn diagram to illustrate this situation. As you can see, the probability of events A or
B occurring is the union of the individual probabilities of each event.

Therefore, adding the probabilities together, we get the following:
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P(A∪B) = P(1)+P(2)+P(4)+P(6)

We have also previously determined the probabilities below:

P(A) = P(2)+P(4)+P(6) = 0.4

P(B) = P(1)+P(2) = 0.3

P(A∩B) = P(2) = 0.1

If we add the probabilities P(A) and P(B), we get:

P(A)+P(B) = P(2)+P(4)+P(6)+P(1)+P(2)

Note that P(2) is included twice. We need to be sure not to double-count this probability. Also note that 2 is in the
intersection of A and B. It is where the two sets overlap. This leads us to the following:

P(A∪B) = P(1)+P(2)+P(4)+P(6)

P(A) = P(2)+P(4)+P(6)

P(B) = P(1)+P(2)

P(A∩B) = P(2)

P(A∪B) = P(A)+P(B)−P(A∩B)

This is the Additive Rule of Probability, which is demonstrated below:

P(A∪B) = 0.4+0.3−0.1 = 0.6

What we have shown is that the probability of the union of two events, A and B, can be obtained by adding the
individual probabilities, P(A) and P(B), and subtracting the probability of their intersection (or overlap), P(A∩B).
The Venn diagram above illustrates this union.
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The Additive Rule of Probability

The probability of the union of two events can be obtained by adding the individual probabilities and subtracting the
probability of their intersection: P(A∪B) = P(A)+P(B)−P(A∩B).

We can rephrase the definition as follows: The probability that either event A or event B occurs is equal to the
probability that event A occurs plus the probability that event B occurs minus the probability that both occur.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/1065

Using the Additive Rule of Probability

1. Consider the experiment of randomly selecting a card from a deck of 52 playing cards. What is the probability
that the card selected is either a spade or a face card?

Our event is defined as follows:

E : card selected is either a spade or a face card

There are 13 spades and 12 face cards, and of the 12 face cards, 3 are spades. Therefore, the number of cards that
are either a spade or a face card or both is 13+ 9 = 22. That is, event E occurs when 1 of 22 cards is selected, the
22 cards being the 13 spade cards and the 9 face cards that are not spade. To find P(E), we use the Additive Rule of
Probability. First, define two events as follows:

C : card selected is a spade

D : card selected is a face card

Note that P(E) = P(C∪D) = P(C)+P(D)−P(C∩D). Remember, with event C, 1 of 13 cards that are spades can be
selected, and with event D, 1 of 12 face cards can be selected. Event C∩D occurs when 1 of the 3 face card spades
is selected. These cards are the king, jack, and queen of spades. Using the Additive Rule of Probability formula:

P(A∪B) = P(A)+P(B)−P(A∩B)

=
13
52

+
12
52
− 3

52
= 0.250+0.231−0.058

= 0.423

= 42.3%
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Recall that we are subtracting 0.058 because we do not want to double-count the cards that are at the same time
spades and face cards.

2. If you know that 84.2% of the people arrested in the mid 1990’s were males, 18.3% of those arrested were under
the age of 18, and 14.1% were males under the age of 18, what is the probability that a person selected at random
from all those arrested is either male or under the age of 18?

First, define the events:

A : person selected is male

B : person selected in under 18

Also, keep in mind that the following probabilities have been given to us:

P(A) = 0.842 P(B) = 0.183 P(A∩B) = 0.141

Therefore, the probability of the person selected being male or under 18 is P(A∪B) and is calculated as follows:

P(A∪B) = P(A)+P(B)−P(A∩B)

= 0.842+0.183−0.141

= 0.884

= 88.4%

This means that 88.4% of the people arrested in the mid 1990’s were either male or under 18.

Mutually Exclusive Events

If A∩B is empty (A∩B = ∅), or, in other words, if there is not overlap between the two sets, we say that A and B
are mutually exclusive.

The figure below is a Venn diagram of mutually exclusive events. For example, set A might represent all the outcomes
of drawing a card, and set B might represent all the outcomes of tossing three coins. These two sets have no elements
in common.
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If the events A and B are mutually exclusive, then the probability of the union of A and B is the sum of the probabilities
of A and B: P(A∪B) = P(A)+P(B).

Note that since the two events are mutually exclusive, there is no double-counting.

Calculating Probability Using the Additive Rule

If two coins are tossed, what is the probability of observing at least one head?

First, define the events as follows:

A : observe only one head

B : observe two heads

Now the probability of observing at least one head can be calculated as shown:

P(A∪B) = P(A)+P(B) = 0.5+0.25 = 0.75 = 75%

The Multiplicative Rule of Probability

Recall from the previous section that conditional probability is used to compute the probability of an event, given
that another event has already occurred:

P(A|B) = P(A∩B)
P(B)

This can be rewritten as P(A∩B) = P(A|B)•P(B) and is known as the Multiplicative Rule of Probability.

The Multiplicative Rule of Probability says that the probability that both A and B occur equals the probability that B
occurs times the conditional probability that A occurs, given that B has occurred.

Using the Multiplicative Rule of Probability

1. In a certain city in the USA some time ago, 30.7% of all employed female workers were white-collar workers. If
10.3% of all workers employed at the city government were female, what is the probability that a randomly selected
employed worker would have been a female white-collar worker?

We first define the following events:

F : randomly selected worker who is female

W : randomly selected white-collar worker
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We are trying to find the probability of randomly selecting a female worker who is also a white-collar worker. This
can be expressed as P(F ∩W ).

According to the given data, we have:

P(F) = 10.3% = 0.103

P(W |F) = 30.7% = 0.307

Now, using the Multiplicative Rule of Probability, we get:

P(F ∩W ) = P(F)P(W |F) = (0.103)(0.307) = 0.0316 = 3.16%

Thus, 3.16% of all employed workers were white-collar female workers.

Suppose a coin was tossed twice, and the observed face was recorded on each toss. The following events are defined:

A : first toss is a head

B : second toss is a head

2. Does knowing that event A has occurred affect the probability of the occurrence of B?

The sample space of this experiment is S = {HH,HT,T H,T T}, and each of these simple events has a probability
of 0.25. So far we know the following information:

P(A) = P(HT )+P(HH) =
1
4
+

1
4
= 0.5

P(B) = P(T H)+P(HH) =
1
4
+

1
4
= 0.5

A∩B = {HH}
P(A∩B) = 0.25

Now, what is the conditional probability? It is as follows:

P(B|A) = P(A∩B)
P(A)

=
1
4
1
2

=
1
2

What does this tell us? It tells us that P(B) = 1
2 and also that P(B|A) = 1

2 . This means knowing that the first toss
resulted in heads does not affect the probability of the second toss being heads. In other words, P(B|A) = P(B).

When this occurs, we say that events A and B are independent events.
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Independence

If event B is independent of event A, then the occurrence of event A does not affect the probability of the occurrence
of event B. Therefore, we can write P(B) = P(B|A).

Recall that P(B|A) = P(B∩A)
P(A) . Therefore, if B and A are independent, the following must be true:

P(B|A) = P(A∩B)
P(A)

= P(B)

P(A∩B) = P(A)•P(B)

That is, if two events are independent, P(A∩B) = P(A)•P(B).

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/1066

Determining Independence

The table below gives the number of physicists (in thousands) in the US cross-classified by specialty (P1,P2,P3,P4)
and base of practice (B1,B2,B3). (Remark: The numbers are absolutely hypothetical and do not reflect the actual
numbers in the three bases.) Suppose a physicist is selected at random. Is the event that the physicist selected is
based in academia independent of the event that the physicist selected is a nuclear physicist? In other words, is event
B1 independent of event P3?

TABLE 8.12:

Academia (B1) Industry (B2) Government (B3) Total
General Physics
(P1)

10.3 72.3 11.2 93.8

Semiconductors
(P2)

11.4 0.82 5.2 17.42

Nuclear Physics
(P3)

1.25 0.32 34.3 35.87

Astrophysics (P4) 0.42 31.1 35.2 66.72
Total 23.37 104.54 85.9 213.81

Figure: A table showing the number of physicists in each specialty (thousands). These data are hypothetical.

We need to calculate P(B1|P3) and P(B1). If these two probabilities are equal, then the two events B1 and P3 are
indeed independent. From the table, we find the following:

P(B1) =
23.37
213.81

= 0.109
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and

P(B1|P3) =
P(B1∩P3)

P(P3)
=

1.25
35.87

= 0.035

Thus, P(B1|P3) 6= P(B1), and so events B1 and P3 are not independent.

Caution! If two outcomes of one event are mutually exclusive (they have no overlap), they are not independent. If
you know that outcomes A and B do not overlap, then knowing that B has occurred gives you information about A
(specifically that A has not occurred, since there is no overlap between the two events). Therefore, P(A|B) 6= P(A).

Example

A college class has 42 students of which 17 are male and 25 are female. Suppose the teacher selects two students at
random from the class. Assume that the first student who is selected is not returned to the class population.

Example1

What is the probability that the first student selected is female and the second is male?

Here we can define two events:

F1 : first student selected is female

M2 : second student selected is male

In this problem, we have a conditional probability situation. We want to determine the probability that the first
student selected is female and the second student selected is male. To do so, we apply the Multiplicative Rule:

P(F1∩M2) = P(F1)P(M2|F1)

Before we use this formula, we need to calculate the probability of randomly selecting a female student from the
population. This can be done as follows:

P(F1) =
25
42

= 0.595

Now, given that the first student selected is not returned back to the population, the remaining number of students is
41, of which 24 are female and 17 are male.

Thus, the conditional probability that a male student is selected, given that the first student selected was a female,
can be calculated as shown below:

P(M2|F1) = P(M2) =
17
41

= 0.415
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Substituting these values into our equation, we get:

P(F1∩M2) = P(F1)P(M2|F1)

= (0.595)(0.415)

= 0.247

= 24.7%

We conclude that there is a probability of 24.7% that the first student selected is female and the second student
selected is male.

Review

For 1-4, you toss a coin and roll a die. Find each of the following probabilities:

1. P(a head and a 4)
2. P(a head and an odd number)
3. P(a tail and a number larger than 1)
4. P(a tail and a number less than 3)
5. Two fair dice are tossed, and the following events are identified:

A : sum of the numbers is odd

B : sum of the numbers is 9, 11, or 12

a. Are events A and B independent? Why or why not?
b. Are events A and B mutually exclusive? Why or why not?

6. The probability that a certain brand of television fails when first used is 0.1. If it does not fail immediately,
the probability that it will work properly for 1 year is 0.99. What is the probability that a new television of the
same brand will last 1 year?

7. A coin is tossed 3 times. Determine the probability of getting the following results:

a. head, head, head
b. Head, tail, head

8. Given that a couple decides to have 4 children, none of them adopted. What is the probability their children
will be born in the order boy, girl, boy, girl?

9. Two archers, John and Mary, shoot at a target at the same time. John hits the bulls-eye 70% of the time and
Mary hits the bulls-eye 90% of the time. Find the probability that

a. They both hit the bulls-eye
b. They both miss the bulls-eye
c. John hits the bulls-eye but Mary misses
d. Mary hits the bulls-eye but John misses

10. A box contains 8 red and 4 blue balls. Two balls are randomly selected from the box without replacement.
Determine each of the following probabilities:

a. Both are red
b. The first is blue and the second is red
c. A blue and a red are obtained

11. A hat contains tickets with numbers 1, 2, 3, . . . . . . 20 printed on them. If three tickets are drawn from the hat
without replacement, determine the probability that none of them are primes.

12. Suppose you have a spinner with 4 sections: Black, black, yellow and red. You spin the spinner twice;
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a. What is the probability that black appears on both spins?
b. What is the probability that red appears on both spins?
c. What is the probability that different colors appear on both spins?
d. What is the probability that black appears on either spin?

13. Bag A contains 4 red and 3 blue tickets. Bag B contains 3 red and 1 blue ticket. A bag is randomly selected
by tossing a coin and one ticket is removed from it. Using a tree diagram, determine the probability that the
ticket chosen is blue.

14. Matthew and Chris go out for dinner. They roll a die and if the number of dots comes up even Matthew will
pay and if the number of dots comes up odd Chris will pay. They roll the die twice, once for the decision
about who pays for dinner and the second roll for the decision about who leaves the tip. A possible outcome
lists who pays for dinner and then who leaves the tip. For example a possible outcome could be Chris, Chris.

a. List all the possible simple events in this sample space.
b. Are these events equally likely?
c. What is the probability that Matthew will have to pay for lunch and leave the tip?

15. When a fair die is tossed each of the six sides is equally like to land face up. Suppose you toss two die, one
red and the other blue. Explain if the following pairs of events are disjoint.

a. A = red die is 4 and B = blue die is 3
b. A = red die and blue die sum to 5 and B = blue die is 1
c. A = red die and blue die sum to 5 and B = red die is 5

16. Amy is taking a statistics class and a biology class. Suppose her probabilities of getting A’s are: P(grade of A
in statistics) = .65 P( grade of A in biology) = .70 P(grade of A in statistics and a grade of A in biology) = .50

a. Are the events “a grade of A in statistics” and a grade of A in biology independent? Explain.
b. Find the probability that Amy will get at least one A between her statistics and biology classes.

Review (Answers)

To view the Review answers, open this PDF file and look for section 3.5.
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8.6 Using the Fundamental Counting Principle
with and without Repetition

Here you’ll learn how to determine the number of possible combinations in situations where elements may be
repeated.

A lock has the digits 0-39. A series of three numbers unlocks the lock. How many possible unlocking combinations
are there if the numbers cannot be repeated?

Fundamental Counting Principle

Consider a phone number. A phone number consists entirely of numbers or repeated items. In this concepts we will
look at how to determine the total number of possible combinations of items which may be repeated.

Solve the following problems

A license plate consists of three letters and four numbers in the state of Virginia. If letters and numbers can be
repeated, how many possible license plates can be made?

If we consider the three slots for the letters, how many letters can be chosen to place in each slot? How about the
four slots for the numbers? If there are no restrictions, i.e. letter and numbers can be repeated, the total number of
license plates is:

26×26×26×10×10×10×10 = 175,760,000

Now, what if letters or numbers could not be repeated? Well, after the first letter is chosen, how many letters could
fill the next spot? Since we started with 26, there would be 25 unused letters for the second slot and 24 for the third
slot. Similarly with the numbers, there would be one less each time:

26×25×24×10×9×8×7 = 78,624,000

How many unique five letter passwords can be made? How many can be made if no letter is to be repeated?

Since there are 26 letters from which to choose for each of 5 slots, the number of unique passwords can be found
by multiplying 26 by itself 5 times or (26)5 = 11,881,376. If we do not repeat letters, then we need to subtract one
each time we multiply: 26×25×24×23×22 = 7,893,600.

How many unique 4 digit numbers can be made? What if no digits can be repeated?

For the first part, consider that in order for the number to be a four digit number, the first digit cannot be zero. So,
we start with only 9 digits for the first slot. The second slot could be filled with any of the ten digits and so on:
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9×10×10×10 = 9000.

For the second part, in which digits cannot be repeated, we would still have 9 possible digits for the first slot, then
we’d have 9 again for the second slot (we cannot repeat the first digit, but we can add 0 back into the mix), then 8
for the third slot and 7 for the final slot:

9×9×8×7 = 4536.

MEDIA
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Examples

Example 1

Earlier, you were asked how many possible unlocking combinations are there if the numbers cannot be repeated.

Since there are 40 numbers from which to choose for each of 3 slots, the number of unique passwords can be found
by multiplying 40 by itself 3 times or (40)3 = 64,000. However, we cannot repeat numbers so we need to subtract
one each time we multiply: 40×39×38 = 59,280.

Therefore, there are 59,280 possible unlocking combinations.

Example 2

How many unique passwords can be made from 6 letters followed by 1 number or symbol if there are ten possible
symbols? No letters or numbers can be repeated.

26×25×24×23×22×21×20 = 3,315,312,000

Example 3

If a license plate has three letters and three numbers, how many possible combinations can be made?

26×26×26×10×10×10 = 17,576,000

Example 4

In a seven digit phone number, the first three digits represent the exchange. If, within a particular area code, there
are 53 exchanges, how many phone numbers can be made

53×10×10×10×10 = 530,000
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Review

Use the Fundamental Counting Principle to answer the following questions. Refer back to the examples and guided
practice for help.

1. How many six digit numbers can be formed if no digits can be repeated?
2. How many five digit numbers can be formed that end in 5?
3. How many license plates can be formed of 4 letters followed by 2 numbers?
4. How many seven digit phone numbers can be made if there are 75 exchanges in the area?
5. How many four letter pins (codes) can be made?
6. How many four number/letter pins can be made if no number or letter can be repeated?
7. How many different ways can nine unique novels be arranged on a shelf?
8. How many different three scoop cones can be made from 12 flavors of ice cream allowing for repetition? What

if no flavors can be repeated?
9. How many different driver’s license numbers can be formed by 2 letters followed by 6 numbers?

10. How many student ID numbers can be made by 4 random digits (zero cannot come first) followed by the
student’s grade (9, 10, 11 or 12). Example: 5422-12 for a 12th grader.

Answers for Review Problems

To see the Review answers, open this PDF file and look for section 12.2.
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8.7 Probability and Permutations

Here you’ll learn how to find the number of permutations in a given situation and how to use this number in
calculations of probability.

Suppose there are 15 people in a meeting, and one person will be the facilitator, while another person will be the
scribe. In how many different ways can the facilitator and the scribe be chosen? What formula do you think you
can use to answer this question? If the facilitator and the scribe were chosen at random, could you determine the
probability of any particular pair of people? In this Concept, you’ll learn to work with permutations and probability
so that you can handle scenarios like this one.

Guidance

Congratulations! You have won a free trip to Europe. On your trip you have the opportunity to visit 6 different cities.
You are responsible for planning your European vacation. How many different ways can you schedule your trip?
The answer may surprise you!

This is an example of a permutation.

A permutation is an arrangement of objects in a specific order. It is the product of the counting numbers 1 through
n.

n!= n(n−1)(n−2) · . . . ·1

How many ways can you visit the European cities? There are 6 choices for the first stop. Once you have visited this
city, you cannot return so there are 5 choices for the second stop, and so on.

6 ·5 ·4 ·3 ·2 ·1 = 720

There are 720 different ways to plan your European vacation!
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A permutation of nobjects arranged kat a time is expressed as nPk.

nPk =
n!

(n− k)!

Example A

Evaluate 6P3.

Solution:

This equation asks, “How many ways can 6 objects be chosen 3 at a time?”

There are 6 ways to choose the first object, 5 ways to choose the second object, and 4 ways to choose the third object.

6 ·5 ·4 = 120

There are 120 different ways 6 objects can be chosen 3 at a time.

Example A can also be written using the formula for permutations: 6P3 =
6!

(6−3)! =
6!
3! = 6 ·5 ·4 = 120.

Permutations and Graphing Calculators

Most graphing calculators have the ability to calculate a permutation.

Example B

Evaluate 6P3 using a graphing calculator.

Solution:

Type the first value of the permutation, the n. Choose the [MATH] button, directly below the [ALPHA] key. Move
the cursor once to the left to see this screen:

Option #2 is the permutation option. Press [ENTER] and then the second value of the permutation, the value of k.
Press [ENTER] to evaluate.

Permutations and Probability
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Example C

The letters of the word HOSPITAL are arranged at random. How many different arrangements can be made? What
is the probability that the last letter is a vowel?

There are eight ways to choose the first letter, seven ways to choose the second, and so on. The total number of
arrangements is 8!= 40,320.

There are three vowels in HOSPITAL; therefore, there are three possibilities for the last letter. Once this letter is
chosen, there are seven choices for the first letter, six for the second, and so on.

7 ·6 ·5 ·4 ·3 ·2 ·1 ·3 = 15,120

Probability, as you learned in a previous Concept, has the formula:

Probability (success) =
number o f ways to get success

total number o f possible outcomes

There are 15,120 ways to get a vowel as the last letter; there are 40,320 total combinations.

P(last letter is a vowel) =
15,120
40,320

=
3
8

Video Review

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/79553

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/79554

–>

Guided Practice

1. You have 8 different colors of nail polish. How many ways can you paint each of your 5 finger nails on one hand
a different color?

2. Suppose 1 of your nail colors is purple. What is the probability that your thumb will be painted purple?
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Solution:

1. There are 8 colors to paint, but you will only use 5 of them to paint your nails, which are in a particular order.
This can be represented as 8P5. It can be calculated by considering that there are 8 choices for the first nail, 7 choices
for the second nail, and so on:

8P5 = 8 ·7 ·6 ·5 ·4 = 6,720

2. The number of ways to paint your 5 nails different colors, where the thumb is purple, is calculated as:

1 ·7 ·6 ·5 · ·4 = 840

Explore More

1. Define permutation.

In 2 - 19, evaluate each permutation.

2. 7!
3. 10!
4. 1!
5. 5!
6. 9!
7. 3!
8. 4!+4!
9. 16!−5!

10. 98!
96!

11. 11!
2!

12. 301!
300!

13. 8!
3!

14. 2!+9!
15. 11P2
16. 5P5
17. 5P3
18. 15P10
19. 60P59
20. How many ways can 14 books be organized on a shelf?
21. How many ways are there to choose 10 objects, four at a time?
22. How many ways are there to choose 21 objects, 13 at a time?
23. A running track has eight lanes. In how many ways can 8 athletes be arranged to start a race?
24. Twelve horses run a race.

a. How many ways can first and second places be won?
b. How many ways can all the horses finish the race?

25. Six actors are waiting to audition. How many ways can the director choose the audition schedule?
26. Jerry, Kerry, Larry, and Mary are waiting at a bus stop. What is the probability that Mary will get on the bus

first?
27. How many permutations are there of the letters in the word “HEART”?
28. How many permutations are there of the letters in the word “AMAZING”?
29. Suppose I am planning to get a three-scoop ice cream cone with chocolate, vanilla, and Superman. How many

ice cream cones are possible? If I ask the server to “surprise me,” what is the probability that the Superman
scoop will be on top?

30. What is the probability that you choose two cards (without replacement) from a standard 52-card deck and
both cards are jacks?

560

http://www.ck12.org


www.ck12.org Chapter 8. Unit 8: Probability

31. The Super Bowl Committee has applications from 9 towns to host the next two Super Bowls. How many ways
can they select the host if:

a. The town cannot host a Super Bowl two consecutive years?
b. The town can host a Super Bowl two consecutive years?

Mixed Review

32. Graph the solution to the following system:

2x−3y >−9

y < 1

33. Convert 24 meters/minute to feet/second.
34. Solve for t : |t−6|≤ −14.
35. Find the distance between 6.15 and -9.86.
36. Which of the following vertices provides the minimum cost according to the equation 12x + 20y = cost :

(3,6),(9,0),(6,2),(0,11)?

Answers for Explore More Problems

To view the Explore More answers, open this PDF file and look for section 7.8.
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8.8 Probability and Combinations

Here you’ll learn how to find the number of combinations in a given situation and how to use this number in
calculations of probability.

Suppose you’re at the local animal shelter, and you want to adopt two dogs. If there are 45 dogs from which to
choose, how many different pairs of dogs could you adopt? What formula do you think you could use to calculate
this number? If the dogs were chosen at random, would it be possible for you to find the probability of adopting a
particular pair? In this Concept, you’ll learn about combinations and probability so you can answer these types of
questions when they come up.

Guidance

When the order of objects is not important and/or the objects are replaced, combinations are formed.

A combination is an arrangement of objects in no particular order.

Consider a sandwich with salami, ham, and turkey. The order in which we place the deli meat does not matter, as
long as it’s on the sandwich.

There is only one way to stack the meat on the sandwich if the order does not matter. However, if the order mattered,
there are 3 choices for the first meat, 2 for the second, and one for the last choice: 3 ·2 ·1 = 6.

Combination 6= Permutation

A combination of nobjects chosen kat a time is expressed as nCk.

nCk =
n!

k!(n− k)!
=

(
n
k

)
This is read “n choose k.”

Example A

How many ways can 8 students be chosen from a class of 21?

Solution:
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It does not matter how the eight students are chosen. Use the formula for combinations rather than permutations.

=
21!

8!(21−8)!
= 203,490

There are 203,490 different ways to choose eight students from 21.

Combinations on a Graphing Calculator

Just like permutations, most graphing calculators have the capability to calculate combinations. On the TI calcula-
tors, use these directions.

• Enter the n, or the total to choose from.
• Choose the [MATH] button, directly below the [ALPHA] key. Move the cursor once to the left to see this

screen:

• Choose option #3, nCr. Type in the k value, the amount you want to choose.

Example B

Calculate
(100

4

)
using a graphing calculator.

Solution:

Probability and Combinations

Combinations are used in probability when there is a replacement of objects or the order does not matter.

Example C

Suppose you have ten marbles: four blue and six red. You choose three marbles without looking. What is the
probability that all three marbles are blue?

Probability (success) =
number o f ways to get success

total number o f possible outcomes

There are 4C3 ways to choose the blue marbles. There are 10C3 total combinations.

P(all 3 marbles are blue) =

(4
3

)(10
3

) = 4
120

=
1
30

There is approximately a 3.33% chance that all three marbles drawn are blue.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/79560

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/79561

–>

Guided Practice

The Senate is made up of 100 people, two per state.

1. How many different four-person committees are possible?

2. What is the probability that the committee will only have members from two states?

Solution:

1. This question does not care how the committee members are chosen; we will use the formula for combinations.

(
100
4

)
=

100!
4!(100−4)!

= 3,921,225 ways

That is a lot of possibilities!

2. If there are only members from two states, that means two are from one state and two are from another. This
problem is simply about how many ways you can choose 2 states out of 50 states.

(
50
2

)
=

50!
2!(50−2)!

= 1,225 ways

P(only two states represented) = 1225
3,921,225 = 0.00031

The probability that only two states will be represented on the committee is 0.031%, which is a very small chance!

Explore More

1. What is a combination? How is it different from a permutation?
2. How many ways can you choose k objects from n possibilities?
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3. Why is 3C9 impossible to evaluate?

In 4 - 19, evaluate the combination.

4.
(12

2

)
5.
(8

5

)
6.
(5

1

)
7.
(3

0

)
8.
(9

9

)
9.
(9

4

)
10.

(20
10

)
11.

(19
18

)
12.

(20
14

)
13.

(13
9

)
14. 7C3
15. 11C5
16. 5C4
17. 13C9
18. 20C5
19. 15C15
20. Your backpack contains 6 books. You select two at random. How many different pairs of books could you

select?
21. Seven people go out for dinner. In how many ways can 4 order steak, 2 order vegan, and 1 order seafood?
22. A pizza parlor has 10 toppings to choose from. How many four-topping pizzas can be created?
23. Gooies Ice Cream Parlor offers 28 different ice creams. How many two-scooped cones are possible, given that

order does not matter?
24. A college football team plays 14 games. In how many ways can the season end with 8 wins, 4 losses, and 2

ties?
25. Using the marble situation from the Concept, determine the probability that the three marbles chosen are all

red?
26. Using the marble situation from the Concept, determine the probability that two marbles are red and the third

is blue.
27. Using the Senate situation from the Concept, how many two-person committees can be made using Senators?
28. Your English exam has seven essays and you must answer four. How many combinations can be made?
29. A sociology test has 15 true/false questions. In how many ways can you answer 11 correctly?
30. Seven people are applying for two vacant school board positions; four are women, and three are men. In how

many ways can these vacancies be filled ...

a. With any two applicants?
b. With only women?
c. With one man and one woman?

Mixed Review

31. How many ways can 15 paintings be lined along a wall?
32. Your calculator gives an “Overload” error when trying to simplify 300!

296! . What can you do to help evaluate this
fraction?

33. Consider a standard six-sided die. What is the probability that the number rolled will be a multiple of 2?
34. Solve the following system: The sum of two numbers is 70.6 and their product is 1,055.65. Find the two

numbers.
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Answers for Explore More Problems

To view the Explore More answers, open this PDF file and look for section 7.9.
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8.9 Permutations and Combinations Com-
pared

Here you’ll learn how to identify the difference between permutations and combinations and how to use the formula
for permutations to solve problems.

You have six photographs and you want to choose three to position in three different picture frames. You’re planning
to hang the picture frames horizontally on your wall. How many different possible arrangements could you create?
Do you think there would be at least 25 different ways? Would you be surprised to find out that there are over 100
different ways?

Watch This

First watch this video to learn about permutations.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/137022

CK-12 Foundation: Chapter2PermutationsA

Then watch this video to see some examples.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/137023

CK-12 Foundation: Chapter2PermutationsB

Watch this video for more help.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/1404

Khan Academy Permutations
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Guidance

Permutations and combinations are the next step in the learning of probability. It is by using permutations and
combinations that we can find the probabilities of various events occurring at the same time, such as choosing 3 boys
and 3 girls from a class of grade 12 math students.

In mathematics, we use more precise language:

If the order doesn’t matter, it is a combination.

If the order does matter, it is a permutation.

Say, for example, you are making a salad. You throw in some lettuce, carrots, cucumbers, and green peppers. The
order in which you throw in these vegetables doesn’t really matter. Here we are talking about a combination. For
combinations, you are merely selecting. Say, though, that Jack went to the ATM to get out some money and that he
has to put in his PIN number. Here the order of the digits in the PIN number is quite important. In this case, we are
talking about a permutation. For permutations, you are ordering objects in a specific manner.

The Fundamental Counting Principle states that if an event can be chosen in p different ways and another
independent event can be chosen in q different ways, the number of different ways the 2 events can occur is p×q. In
other words, the Fundamental Counting Principle tells you how many ways you can arrange items. Permutations
are the number of possible arrangements in an ordered set of objects.

Example A

How many ways can you arrange the letters in the word MATH?

You have 4 letters in the word, and you are going to choose 1 letter at a time. When you choose the first letter, you
have 4 possibilities (’M’, ’A’, ’T’, or ’H’). Your second choice will have 3 possibilities, your third choice will have
2 possibilities, and your last choice will have only 1 possibility.

Therefore, the number of arrangements is: 4×3×2×1 = 24 possible arrangements.

The notation for a permutation is: nPr,

where:

n is the total number of objects.

r is the number of objects chosen.

For simplifying calculations, when n = r, then nPr = n!.

The factorial function (!) requires us to multiply a series of descending natural numbers.

Examples:

5! = 5×4×3×2×1 = 120

4! = 4×3×2×1 = 24

1! = 1

Note: It is a general rule that 0!= 1.

Example B

Solve for 4P4.

4P4 = 4 ·3 ·2 ·1 = 24
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This represents the number of ways to arrange 4 objects that are chosen from a set of 4 different objects.

Example C

Solve for 6P3.

Starting with 6, multiply the first 3 numbers of the factorial:

6P3 = 6 ·5 ·4 = 120

This represents the number of ways to arrange 3 objects that are chosen from a set of 6 different objects.

The formula to solve permutations like these is:

nPr =
n!

(n− r)!

Look at Example C above. In this example, the total number of objects (n) is 6, while the number of objects
chosen (r) is 3. We can use these 2 numbers to calculate the number of possible permutations (or the number of
arrangements) of 6 objects chosen 3 at a time.

nPr =
n!

(n− r)!

6P3 =
6!

(6−3)!

6P3 =
6!
3!

=
6×5×4((((

((×3×2×1

���
��3×2×1

6P3 =
120
1

6P3 = 120

–>

Guided Practice

a. What is the total number of possible 4-letter arrangements of the letters ’s’, ’n’, ’o’, and ’w’ if each letter is used
only once in each arrangement?

b. A committee is to be formed with a president, a vice president, and a treasurer. If there are 10 people to select
from, how many committees are possible?

Answer:

a. In this problem, there are 4 letters to choose from, so n = 4. We want 4-letter arrangements; therefore, we are
choosing 4 objects at a time. In this example, r = 4.
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b. In this problem, there are 10 committee members to choose from, so n = 10. We want to choose 3 members to be
president, vice-president, and treasurer; therefore, we are choosing 3 objects at a time. In this example, r = 3.

nPr =
n!

(n− r)!

10P3 =
10!

(10−3)!

10P3 =
10!
7!

=
10×9×8×7×6×5×4×3×2×1

7×6×5×4×3×2×1

10P3 =
720

1
10P3 = 720

Explore More

1. Solve for 7P5.
2. Evaluate 4P2× 5P3.
3. How many different 4-digit numerals can be made from the digits of 56987 if a digit can appear just once in a

numeral?
4. In how many ways can 6 students be chosen from 9 students if the order in which the students are chosen

matters?
5. A TV station has 8 hour-long TV shows to choose from in order to fill 2 one-hour time slots. In how many

ways can it fill the time slots?
6. A basketball league consists of 12 teams. In how many ways can the teams finish in first, second, and third

place?
7. A secret code consist of 3 digits from 0 to 9 followed by 2 letters from ’A’ to ’Z’. None of the digits or letters

repeat. How many secret codes are possible?
8. On a test, Robert has been presented with 15 vocabulary words and 15 definitions. He is being asked to match

each vocabulary word to the appropriate definition. How many different ways are there for Robert to do the
matching?

9. A couple just had twin boys, but they can’t decide between the names Mike, Mark, Peter, Paul, Sam, and
Sonny. If the couple randomly chooses names for the 2 boys from the names listed, what is the probability
that the first boy born will be named Sam and the second boy born will be named Mark? Assume that the boys
will not have the same name.

10. For question 9, what is the probability that one of the boys will be named Peter and the other boy will be
named Paul?
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Answers for Explore More Problems

To view the Explore More answers, open this PDF file and look for section 2.2.
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8.10 Discrete Random Variables

Here you’ll learn the definition of discrete random variables and how to make judgments about whether certain
values or sets of values fall into this category.

What do you think the probability is that it will rain on Monday? You watched the weather forecast yesterday and
the meteorologist said that the probability is 100% certain that it will rain on Monday and about 75% chance of rain
on Tuesday. Could the probability of rain ever be described by 200%? What about 12%?

Watch This

First watch this video to learn about discrete random variables.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/137004

CK-12 Foundation: Chapter3DiscreteRandomVariablesA

Then watch this video to see some examples.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/137005

CK-12 Foundation: Chapter3DiscreteRandomVariablesB

Watch this video for more help.

MEDIA
Click image to the left or use the URL below.
URL: https://www.ck12.org/flx/render/embeddedobject/1067

Khan Academy Introduction to Random Variables
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Guidance

In previous Concepts, we looked at the mathematics involved in probability events. We looked at examples of
event A occurring if event B had occurred (conditional events), of event B being affected by the outcome of event
A (dependent events), and of event A and event B not being affected by each other (independent events). We also
looked at examples where events cannot occur at the same time (mutually exclusive events), or when events were
not mutually exclusive and there was some overlap, so that we had to account for the double counting (mutually
inclusive events). If you recall, we used Venn Diagrams (below), tree diagrams, and even tables to help organize
information in order to simplify the mathematics for the probability calculations.

Our examination of probability, however, began with a look at the English language. Although there are a number of
differences in what terms mean in mathematics and English, there are a lot of similarities as well. We saw this with
the terms independent and dependent. In this and the following Concepts, we are going to learn about variables. In
particular, we are going to look at discrete random variables. When you see the sequence of words discrete random
variables, it may, at first, send a shiver down your spine, but let’s look at the words individually and see if we can
"simplify" the sequence!

The term discrete, in English, means to constitute a separate thing or to be related to unconnected parts. In
mathematics, we use the term discrete when we are talking about pieces of data that are not connected. Random, in
English, means to lack any plan or to be without any prearranged order. In mathematics, the definition is the same.
Random events are fair, meaning that there is no way to tell what outcome will occur. In the English language, the
term variable means to be likely to change or subject to variation. In mathematics, the term variable means to have
no fixed quantitative value.

Now that we have seen the 3 terms separately, let’s combine them and see if we can come up with a definition of a
discrete random variable. We can say that discrete variables have values that are unconnected to each other and have
variations within the values. Think about the last time you went to the mall. Suppose you were walking through the
parking lot and were recording how many cars were made by Ford. The variable is the number of Ford cars you see.
Therefore, since each car is either a Ford or it is not, the variable is discrete. Also, random variables are simply
quantities that take on different values depending on chance, or probability. Thus, if you randomly selected 20 cars
from the parking lot and determined whether or not each was manufactured by Ford, you would then have a discrete
random variable.
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Now let’s define discrete random variables. Discrete random variables represent the number of distinct values that
can be counted of an event. For example, when Robert was randomly chosen from all the students in his classroom
and asked how many siblings there are in his family, he said that he has 6 sisters. Joanne picked a random bag of
jelly beans at the store, and only 15 of 250 jelly beans were green. When randomly selecting from the most popular
movies, Jillian found that Iron Man 2 grossed 3.5 million dollars in sales on its opening weekend. Jack, walking
with his mom through the parking lot, randomly selected 10 cars on his way up to the mall entrance and found that
only 2 were Ford vehicles.

The probability of a discrete random variable can range anywhere from 0 to 1. The less likely a discrete random
variable is to occur, the closer the probability will be to 0, and the more likely a discrete random variable is to occur,
the closer the probability will be to 1.

Example A

Which of the following can be represented by a discrete random variable?

a. The heights of the students in a high school

b. The number of sit-ups that you can do

c. The distances between stars in a galaxy

d. The number of wins by a professional hockey team

e. The speeds of the cars in a race

The heights of the students in a high school cannot be represented by a discrete random variable, since a height
can take on any value within a certain range. For example, a height could be 64 inches, 64.5 inches, 64.55 inches,
64.555 inches, and so on. On the other hand, the number of sit-ups that you can do can be represented by a discrete
random variable, because the number will always be an integer. The distances between stars in a galaxy are similar
to the heights of the students in a high school in that there are an infinite number of possibilities, so these distances
cannot be represented by a discrete random variable. However, the number of wins by a professional hockey team is
similar to the number of sit-ups that you can do in that the number will always be an integer, so this number can be
represented by a discrete random variable. Finally, the speeds of the cars in a race can take on any values, such as
100 MPH, 100.1 MPH, 100.12 MPH, 100.123 MPH, and so on, so these speeds cannot be represented by a discrete
random variable. In summary, the answers to this question are as follows:

a. Cannot be represented by a discrete random variable

b. Can be represented by a discrete random variable

c. Cannot be represented by a discrete random variable

d. Can be represented by a discrete random variable

e. Cannot be represented by a discrete random variable

Example B

It is very likely, but not certain, that the high temperature will exceed 75◦F every day next week. Suppose that the
discrete random variable X represents the number of days next week that the high temperature will exceed 75◦F.
Which of these could be P(X = 7)?

a. P(X = 7) = 0

b. P(X = 7) = 0.14

c. P(X = 7) = 0.5

d. P(X = 7) = 0.96
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e. P(X = 7) = 1

If the probability of an event is 0, it is impossible, and if the probability of the event is 1, it is certain. In this case,
it is very likely, but not certain, that the high temperature will exceed 75◦F every day next week, so the probability
will be close to 1, but not 1. Therefore, P(X = 7) could be equal to 0.96, so the correct answer is d.

Example C

Suppose that the discrete random variable X represents the number of points out of 100 that Royce scores on a test.
If P(X = 42) = 0.88, which of these statements is most likely true?

a. Royce is likely to do well on the test.

b. Royce doesn’t even know a single correct answer on the test.

c. Royce didn’t study much for the test.

d. Royce knows all the correct answers on the test.

e. Royce studied a lot for the test.

Since P(X = 42) = 0.88, the probability is high that Royce will get a low score on the test. However, if Royce gets
42 points out of 100, he at least knows some correct answers on the test. Therefore, the statement that is most likely
true is that Royce didn’t study much for the test, so the correct answer is C.

–>

Guided Practice

Put the following statements in order from least likely to most likely.

a. If a die is rolled 2 times, the same number will come up each time.

b. Christmas will be in December next year.

c. A letter chosen at random from the alphabet will be a consonant.

d. If a couple has a baby, it will be a girl.

e. The population of Wyoming will be greater than that of California in 10 years.

Answer:

Let’s look at each statement individually. The first statement is, "If a die is rolled 2 times, the same number will
come up each time." The probability of this statement can actually be calculated to be 1

6 . Next, we have, "Christmas
will be in December next year." This probability of this statement is extremely high, as Christmas has traditionally
been in December every year. After this, we have, "A letter chosen at random from the alphabet will be a consonant."
Since 21 out of 26 letters in the alphabet are consonants, the probability of this statement is 21

26 . The next statement
is, "If a couple has a baby, it will be a girl." The probability of this statement will be about 1

2 , since a boy and a
girl are almost equally likely. Finally, we have, "The population of Wyoming will be greater than that of California
in 10 years." The probability of this statement is extremely low, as the population of California is currently about
37,000,000, while the population of Wyoming is less than 600,000. In summary, here are our probabilities:

a. 1
6

b. Extremely high

c. 21
26

d. About 1
2

e. Extremely low
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Therefore, the order of the statements from least likely to most likely is e, a, d, c, b.

Explore More

1. Match the following statements from the first column with the probability values in the second column.

TABLE 8.13:

Probability Statement P(X)
a. The probability of this event will never occur. P(X) = 1.0
b. The probability of this event is highly likely. P(X) = 0.33
c. The probability of this event is very likely. P(X) = 0.67
d. The probability of this event is somewhat likely. P(X) = 0.00
e. The probability of this event is certain. P(X) = 0.95

2. Match the following statements from the first column with the probability values in the second column.

TABLE 8.14:

Probability Statement P(X)
a. I bought a ticket for the State Lottery. The probabil-
ity of a successful event (winning) is likely to be:

P(X) = 0.80

b. I have a bag of equal numbers of red and green jelly
beans. The probability of reaching into the bag and
picking out a red jelly bean is likely to be:

P(X) = 0.50

c. My dad teaches math, and my mom teaches chem-
istry. The probability that I will be expected to study
science or math is likely to be:

P(X) = 0.67

d. Our class has the highest test scores in the State Math
Exams. The probability that I have scored a great mark
is likely to be:

P(X) = 1.0

e. The Chicago baseball team has won every game this
season. The probability that the team will make it to the
playoffs is likely to be:

P(X) = 0.01

3. Read each of the following statements and match the following words to each statement. You can put your
answers directly into the table. Here is the list of terms you can add:

• certain or sure
• impossible
• likely or probable
• unlikely or improbable
• maybe
• uncertain or unsure

TABLE 8.15:

Statement Probability Term
Tomorrow is Friday.
I will be in New York on Friday.
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TABLE 8.15: (continued)

Statement Probability Term
It will be dark tonight.
It is snowing in August!
China is cold in January.

4. Read each of the following statements and match the following words to each statement. You can put your
answers directly into the table. Here is the list of terms you can add:

• certain or sure
• impossible
• likely or probable
• unlikely or improbable
• maybe
• uncertain or unsure

TABLE 8.16:

Statement Probability Term
I am having a sandwich for lunch.
I have school tomorrow.
I will go to the movies tonight.
January is warm in New York.
My dog will bark.

5. Can the amount of lemonade in a pitcher be represented by a discrete random variable? Why or why not?
6. Can the number of musicians in an orchestra be represented by a discrete random variable? Why or why not?
7. Can the weights of the alligators in a swamp be represented by a discrete random variable? Why or why not?
8. Can the number of tickets sold to a movie be represented by a discrete random variable? Why or why not?
9. Give an example of something that can be represented with a discrete random variable. Explain your answer.

10. Give an example of something that cannot be represented with a discrete random variable. Explain your
answer.

Answers for Explore More Problems

To view the Explore More answers, open this PDF file and look for section 3.1.
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8.11 Expected Value and Payoffs

Here you will apply what you know about mean and averages to weighted averages and expected value.

When playing a game of chance there are three basic elements. There is the cost to play the game (usually), the
probability of winning the game, and the amount you receive if you win. If games of chance with these three
elements are played repeatedly, you can use probability and averages to calculate how much you can expect to win
or lose in the long run.

Consider a dice game that pays you triple your bet if you roll a six and double your bet if you roll a five. If you roll
anything else you lose your bet. What is your expected return on a one dollar wager?

Expected Value and Payoffs

There are two ways to be given data, raw form and summary form. The following data represents which numbers
are rolled with a standard six-sided dice:

Data in Raw Form:

1, 3, 5, 3, 2, 1, 2, 5, 6, 4, 5, 2, 6, 1, 4, 3, 6, 1, 2, 4, 6, 1, 3, 1, 3, 5, 6

Data in Summary Form:

TABLE 8.17:

Number Occurrence Count
1 6
2 4
3 5
4 3
5 4
6 5
Total Occurrences: 27

Notice that the summary data indicates, for example, how many times a 1 was rolled (6 times). To calculate the total
number of occurrences of data:

• In raw form: count how many data points you have
• In summary form: find the sum the occurrence column

To calculate the average:

• In raw form: find the sum of the data points and divide by the total number of occurrences.
• In summary form: find the sum of the data points by finding the sum of the product of each number and its

occurrence:

1 ·6+2 ·4+3 ·5+4 ·3+5 ·4+6 ·5 = 91
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Then, divide that sum by the total number of occurrences. In a sense, you are assigning a weight to each of
the six numbers based on their frequency in your 27 trials.

The same logic of finding the average of data given in summary form applies when doing theoretical expected value
for a game or a weighted average. The expected value is the return or cost you can expect on average, given many
trials. A weighted average is an average that multiplies each component by a factor representing its frequency or
probability.A weighted average is like a regular average except the data is often given to you in summary form.

Consider a game of chance with 4 prizes ($1, $2, $3, and $4) where each outcome has a specific probability of
happening, shown in the table below:

TABLE 8.18:

Number Probability
$1 50%
$2 20%
$3 20%
$4 10%

Note that the probabilities must add up to 100%. In order to calculate the expected value of this game, weight the
outcomes by their assigned probabilities.

$1 ·0.50+$2 ·0.20+$3 ·0.30+$4 ·0.10 = $2.20

This means that if you were to play this game many times, your average amount of winnings should be $2.20. Note
that there will be no game that you actually get $2.20, because that was none of the options. Expected value is a
measure of what you should expect to get per game in the long run.

The payoff of a game is the expected value of the game minus the cost. If you expect to win about $2.20 on average
if you play a game repeatedly and it costs only $2 to play, then the expected payoff is $0.20 per game.

In general, to find the expected value for a game or other scenario, find the sum of all possible outcomes, each
multiplied by the probability of its occurrence.

Examples

Example 1

Earlier, you were asked to consider a dice game that pays you triple your bet if you roll a six and double your bet if
you roll a five. For this game, the expected return on a one dollar wager is:

$0 · 2
3 +$2 · 1

6 +$3 · 1
6 = 5

6

If you spend $1 to play the game and you play the game multiple times, you can expect a return of 5
6 of one dollar

or about 83 cents on average.

Example 2

What is the expected value of an experiment with the following outcomes and corresponding probabilities?

TABLE 8.19:

Outcome 31 35 37 39 43 47 49
Probability 0.1 0.1 0.1 0.2 0.2 0.2 0.1
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31 ·0.1+35 ·0.1+37 ·0.1+39 ·0.2+43 ·0.2+47 ·0.2+49 ·0.1 = 41

Example 3

A teacher has five categories of grades that each make up a specific percentage of the final grade. Calculate Owen’s
grade.

TABLE 8.20:

Category Weight Owen’s grade
Quizzes and Tests 30% 78%
Homework 25% 100%
Final 20% 74%
Projects 20% 90%
Participation 5% 100%

Using the concept of weighted average, weight each of Owen’s grades by the weight of the category.

0.78 ·0.3+1 ·0.25+0.74 ·0.20+0.90 ·0.20+1 ·0.05 = 0.862

Owen gets an 86.2%.

Example 4

Courtney plays a game where she flips a coin. If the coin comes up heads she wins $2. If the coin comes up tails she
loses $3. What is Courtney’s expected payoff each game?

The probability of getting heads is 50% and the probability of getting tails is 50%. Using the concept of weighted
averages, you should weight winning 2 dollars and losing 3 dollars by 50% each. In this case there is no initial cost
to the game.

2 ·0.50−3 ·0.50 =−0.50

This means that while sometimes she might win and sometimes she might lose, on average she is expected to lose
about 50 cents per game.

Example 5

Paul is deciding whether or not to pay the parking meter when he is going to the movies. He knows that a parking
ticket costs $30 and he estimates that there is a 40% chance that the traffic police spot his car and write him a ticket.
If he chooses to pay the meter it will cost 4 dollars and he will have a 0% chance of getting a ticket.

Is it cheaper to pay the meter or risk the fine?

Since there are two possible scenarios, calculate the expected cost in each case.

Paying the meter : $4 ·100% = $4

Risking the f ine : $0 ·60%+$30 ·40% = $12

Risking the fine has an expected cost three times that of paying the meter.

Review

1. Explain how to calculate expected value.
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2. True or false: If the expected value of a game is $0.50, then you can expect to win $0.50 each time you play.

3. True or false: The greater the number of games played, the closer the average winnings will be to the theoretical
expected value.

4. A player rolls a standard pair of dice. If the sum of the numbers is a 6, the player wins $6. If the sum of the
numbers is anything else, the player has to pay $1. What is the expected value for this game?

5. What is the payoff of a slot machine that costs 25 cents to play and pays out $1 with probability 10%, $50 with
probability of 1%, and $100 with probability 0.01%?

6. A slot machine pays out $1 with probability 5%, $100 with probability of 0.5%, and $1000 with probability
0.01%? If the casino wants to guarantee that they won’t lose money on this machine, how much should they charge
people to play?

7. What is the expected value of an experiment with the following outcomes and corresponding probabilities?

TABLE 8.21:

Outcome 12 14 18 20 21 22 23
Probability 0.05 0.1 0.6 0.1 0.1 0.03 0.02

Calculate the final grades for each of the students given the information in the table.

TABLE 8.22:

Category Weight Sarah Jason Kimy Maria Kayla
Quizzes and
Tests

30% 74% 85% 90% 80% 75%

Homework 25% 95% 40% 100% 90% 95%
Final 20% 68% 80% 85% 70% 50%
Projects 20% 85% 70% 95% 75% 85%
Participation 5% 95% 100% 100% 80% 60%

8. What is Sarah’s final grade?

9. What is Jason’s final grade?

10. What is Kimy’s final grade?

11. What is Maria’s final grade?

12. What is Kayla’s final grade?

13. Look back at the grades and final grades for the five students. Do the grades seem fair to you given how each
student performed in each of the areas? Do you think the category weights should be changed?

14. You are in charge of a booth for a game at the fair. In the game, players pick a card at random from the deck.
If the card is a J, Q, or K, the player wins $5. What is the minimum amount you should charge in order to feel
confident you will make a profit by the end of the fair?

15. Make up your own game that has at least 2 possible outcomes with an expected payoff of $0.50.

16. Explain why it makes sense for a casino to consider the concept of expected value when designing their games.

Review (Answers)

To see the Review answers, open this PDF file and look for section 15.2.

581

http://www.ck12.org
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-15-PreCalculus-Concepts.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-15-PreCalculus-Concepts.pdf
http://www.ck12.org/flx/show/answer%20key/Answer-Key_CK-12-Chapter-15-PreCalculus-Concepts.pdf

